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PREFACE TO THE FIFTH EDITION 


From the very rapid sale of the first four heavy editions and a 
roaring demand for the fifth it appears that the book has really 
been found useful and has supplied a very real need. I take this 
opportunity of thanking the numerous readers for their unsolicited 
letters of appreciation, and offer an apology for the unavoidable delay 
in brmging out the present edition. 

In view of the recently raised standard of Examinations the book 
has been thoroughly revised, recast at some places, and brought up 
to date. Slight modifications have been effected in the wording of 
some Articles and Examples set in the University Examinations to 
make them of more permanent value. Older Examples of lesser 
importance have been deleted or in a few cases replaced by modem 
Examples of greater importance. 

Copious hints and complete solutions have been given to typical 
Examples. 

It is hoped that the book in its present form will be found more 
useful to those for whom it is meant. 

BANSI LAL 

D.A.-V. COLLEGE, JULLUNDUR CITY, 

ht January, 1962. 


EXTRACT FROM THE PREFACE TO THE FIRST EDITION 

Analytical Solid Geometryi yvith its imaginative character and 
complicated figures, is generally looked upon, with disfavour by the 
students. The very idea of a parallelepiped, which is unfortunately 
taken as the starting point by almost every writer on the subject, 
scares them away. This book has, therefore, been written so as to 
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PREFACE 


avoid that bugbear and the like, and make Analytical Solid Geometry 
easily comprehensible to the students. 

The book has the following 
Distinguishing Features ; 


(1) It just covers the University Syllabus and is complete in itself, 
rigidly excluding all matters, however important they might appear 
from other points of view. 

(2) Written primarily from the view-point of an examinee, it 
attempts, with its simple figures and neat proofs (e.g., see Arts. 4, 9 
and 13, (a)), to present the subject in an easy-to-understand and easy- 
to-reproduce form. 

(3) Wherever possible, the method under consideration has been 
summarized in a Buie stated in consecutive steps. 

(4) After an Article or two, only typied Examples, whether 
classical or modern, but mostly taken from the Examination papers, 
have been given and carefully graded. Their number, it is hoped> is 
sufficient to meet the requirements of even the most ambitious candi- 
date for the Degree (Pass and Honours) Examination. The most 
important Examples have been fully solved. 

All tins has been done to give the students an idea of the type of 
questions favourite with the Examiners and of the type of answers 
expected by them to award cent per cent marks. 

(5) Each chapter ends with a set of Miscellaneous Examples, not 
to form necessarily a part of the class-work, to help the ambitious 
student to take stock of the knowledge acquired so far. 

(6) Ai-ic^cs and Examples which are most important from the 


Examination stand-point have been printed in bold type, and those 
next to rh.cm in importance in italics. This will help the student in 
his judic-oLis c’loice of them when the time at his disposal is limited. 

(^) The cemmon errors usually made by the students, as noticed 
by The author in Ihv long experience of about one-third of a century 
as n '..achcr and Examiner, have been pointed out as ‘Caution*, 


(•'} A chapter- .vise list of all the important results and formulae 
fo to remembered by the student has been prefixed to the book for 



reiercnce and occasional review. 


In shert. no pains have been spared to make the book useful for 
ad V pes of students — ordinary, average and brilliant. 

!ti fine, acknowledgment is due, and is hereby made to all the authors 
consulted in the preparation of the book particularly to Charles Smith 
and Robert J. T. Bell, 

BANSI LAL 

d.a.-v. college, jullundur city. 
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2z_, 

d' "^6“ c ' a- hr c ' 

X** ^ 
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Rene Descartes (1596—1650), a French mathematician, 
the ‘father” of Analytical Geometry, who invented 
the basis of the subject from his dream on the 
night of lOtb November, 1619. 


IMPORTANT RESULTS AND FORMULAE 

[To Be Remembered) 

CHAPTER I 

1. Distance formula. The distance between the points zj 

and [X 2 , z^) is d = v'(*2-Xi)“ -i-(y2-yi)^ +(*2-Zl)^ [Art. 4] 

2. Section formulae. The co-ordinates of the point which 
divides the join of (Xj, yi, Zj) and [x^, y^, zj in the ratio m^ : m.i are 

m.yg-i-mayi fArt. 51 

[ Remember the Rule to write 
down these from the Fig. See page 6. J (*i» yt>^g»i : 

^ / 

Mid-point formulae. The co-ordinates of the mid-point of 
the join of [xi, yi, Zj) and (Xg, y-i, Zj) are 


x= 


_xi+*2 «_yi+y2. 


y= 


2, ^ ^ — 2*” 2* [Art. 5/ Cor.] 

3. Centroid formulae or centre of gravity formulae for the 
triangle. The co-ordinates of the centroid or the centre of gravity 
of the triangle, whose vertices are (x^, y^, z^), {x^, y^ ^zh (x^ y^, z^), 
are 


_ X.-I-Xg-I-Xa yi4-y2 4-y3 
X = 3 , y- 


3 


, *i-fa2+*3 

, * 3 — 


X = 


[Ex. 3, Art. 5] 

4. Centre of gravity formulae for the tetrahedron. The co- 
ordinates of the centre of gravity of the tetrahedron, whose vertices 
are (xj, ^j, Z|), (Xg, y^, Zg), (xa, ^^3, z^), (X4, y^ z*), are 
x,4-xo4-xtJ-x 4 yi+y2+y3+y4 _ 

y- 4 , z= ^ 

[Ex. 4, Art. 5] 

CHAPTER II 

1. If /, m, n are the direction-cosines of a line OP, and OP=r, 

then the co-ordinates of P are (hr, mr, nr). [Art. 8] 

2. Relation between the direction-cosines. If m, n are the 

direction-cosines of a line, then l--|-m®+ix2=l. [Art. 9J 

Cor. Relation between the direction-cosines. (Another 
form.) If a, y are the angles which a line makes with the axes, 
then cos* a-Hcos^ p + cos* y=l, [Art. 9, Cor.] 


XI 


NEW ANALYTICAL SOLID GEOMETRY 


XI/ 


3. If the direction-cosines of a line are proportional to a, b, c, 
the actual direction-cosines are 

a b c 


Va^-f-b^+c- 

[ Rule to find the actual direction-cosines of a line, which 
are proportional to a, b, c. 

Divide a, b, c each by Va^-i-b'+c^, The resulting ratios are the 
actual direction-cosines. ] [Art. 10] 

♦♦Complete results. The actual direction-cosines are 

° . <> 

> X y .. ... .f X 


± 




\/n’+&'4*C“ ‘^Va'^‘^b--hc^ 
the ambiguous signs being taken all positive or all negative. 

[Complete results. Art. 10] 

4. Length of the projection. The projection of a segment AB 

on a line X'X is A'B'=AB cos 6, 

where 0 is the angle which AB makes with X'X. [Art. 11, (c)] 

5. Direction-cosines of the join of two points. The direction- 
cosines of the join of (Xi, Zi) and (xg, >^ 2 / are proportional to 

Yi—yu * 2 — * 1 - [ArL 12] 

6. Angle formula for two lines whose actual direction- 

cosines are given. If $ is the angle between the lines ivhose direction- 
cosines are l.m,n; m\ n’, then cos ^=ll'-fmm'-l-nn', [Art. 13,(a)] 

7. Lagrange’s identity. 

(l“-[-m2-t-ii=)fl'=4-m'2-;-n'2]— (ll'-f-mm'+nn')® ! m, n 

= (mn'-m'n)3-f(nl'-n'lj2 + (lni'-l'm)=. ; 1% m', n' 

[Art. 13,(fl)] 

Cor. 1. Angle formula (sine form) for two lines whose actual 

direction-cosines are given. If 0 is the angle between the lines 
whose directioji-c^nes are /, m, n ; m', n', then n 

sin O^V (mn'-m'n)“=n:'(nrr^^^^ ! 

[ Art. 13, (a). Cor. I] 

♦♦Complete angle formula (sine form) for two lines. If Bis 

the angle between the lines whose direction-cosines are /, m, n ; 
/', m', n', then 

sin 0 = ± V{m“' — n'i)=X(rm^'--Tin)2. 

[ Complete angle formula. Art. 13, (n). Cor. 1] 

Cor. 2, Angle formula (tangent form) for two lines whose 

actual direction-cosines are given. If 0 is the angle between the 
lines whose direction-cosines are ?, m, n ; m', n', then 


IMPORTANT RESULTS AND FORMULAE 


Xlll 


tan e= V(™”'- ro'n)2 + (iir-n'ij^ + (lm'-i'mP 

U'+mm'-|-nn' 


/, m, n 
V, m', ti 


r sin 0, ~| 

[Art. 13. (a). Cor. 2] 


♦♦Complete angle formula (tangent form) for two lines. If 6 

is the angle between the lines whose direction-cosines are I, m, n : 
V. m', n', then 

tan 0= i Tsin 0 "I 

ll'+mm'-t-nn' * |_cos 0 J 

[Complete angle formula. Art. 1 3. (a). Cor. 2] 

Cor, 3. Condition of perpendicularity of two lines whose 

actual direction-cosines are given. The condition that the lines 
whose direction-cosines are /. m. n ; m'. n'. may be perpendicular, 

IS U'+mm'-fnn'=0. [Art. 13. (o). Cor. 3] 

Cor. 4. Conditions of parallelism of two lines whose actual 
direction-cosines are gi^ea. The conditions that the lines whose 
direction-cosiries are . m. n ; T. m'. n'. may be parallel, are 

, l-r, m = m', n = n'. [Art. 13. (a). Cor. 4] 

^ 8. Angle formula for two lines whose proportional direction- 
cosmes are given. If 0 is the angle between the lines whose direction- 

cosines are proportional to n. 6. c; n'. 6'. c'. then 

aa' + bb' -}- cc' 

[Art. 13. (6)] 


cos 0:= 


Va^-l-b^-l-c^ V a'* + b^2 + c'* * 

•‘Complete angle formula for two lines whose proportional 
dtrecfon-eosmes are given. If 9 is the angle betareen the lines 

whose direction-cosmes are proportional to a, 6, c; a'. 6'. c'. then 

cos 0 = ± + cc' 

V a* + + cWa'2 + b'2~^^'2~ * 

[ Complete angle formula. Art. 13, (b) ] 

.. ®“r; *• formula (sine form) for two lines whose proper 

**’®rt»on-cosmes are given. If 9 is the angle between the lines 

whose dircction-^osii^ are proportional to a, 6. c ; o', b', c'. then 

8in0= I a. 6. c 

^ i » 9 n . 'fk. ~ * 


O'. b‘, c' 


Va^-fb^-f-c* V a"*-i-b'2-f c'2 

[ Art. 13. (6), Cor. I ] 

••Complete angle formula (sine form) for two lines. If 0 is 
the angle between the lines whose direction -cosines are proportional 
to a, b,c; a', b’, c', then 
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. ^ . V(bc'-b'c)=^ + (ca'~c'a)«i-(ab'-a'b)2 

sm V — + — — •• ■ — 7 ■ ' ^ I - 4 

V + b“ + c“ Va.“ + b'‘ -f 0'^= 

[ Complete angle formula. Art. 1 3, (6), Cor. 1 ] 

Cor. 2. Angle formula (tangent form) for two lines whose 

proportional direction-cosines are given. If 6 is the angle between 

the lines whose direction-cosines are proportional to a,b,c; a', b', c\ 

then 


tan 0 = 


V(bc^-b^<;)2''+ (ca^~c*a)^ 4- (ab^-a^b)^ 

aa' T ob' 4- cc' 


a, b, c 
V, c' 


Note, The angle formula (tangent form) for two lines is the 
same whether the actual direction-cosines are used or their propor- 
tionals. 


**Gomplete angle formula (tangent form) for two lines. If d is 
the angle between the lines whose direction-cosines are proportional 
to a, b, c ; a’, 6', c', then 


tan 0 — 


V (be' - b'c)--f(ca' - c;a)£+ ( ab'~a'b)» T sing H 

aa' + bV 4* cc' * L cos 6 J 

[ Complete angle formula. Art, 13, (6), Cor. 2 ] 


Cor. 3. Condition of perpendicularity of two lines whose 
proportional direction-cosines are given. The condition that the 
lines whose dircction-cosines are proportional to a, 6, c ; a', 6', d, 
may be perpendicular, is aa'-l-bb'4-cc' = 0. [ Art. 13, (6), Cor. 3 ] 
Note. The condition of perpendicularity of two lines is the same 
whether the actual direction-cosines are used or their proportionals^ 

[ Note, Art, 13, (6), Cor* 3 ] 

Cor. 4. Conditions of parallelism of two lines whose pro- 


portional direction-cosines are given. The conditions that the 
lines whose direction-cosines are proportional to a,b, c; a',b‘,d. 


may be parallel, are 


a 

a' 


b 


t • 


[ Art. 13, (b). Cor. 4] 


9. Projection of the join of two points on a line whose dir- 
ection-cosines are given. The projection of the join of the points 
{•'Tj, yu Zi) and {x 2 t >’ 2 . ^ 2 ) on a line whose direction-cosines are /, m, n 
IS (* 2 — ln-(y 2 — Yi) m4-(z3— Zj) n. [ Art. 14 ] 

CHAPTER III 

1, Equation of a plane parallel to one of the co-ordinate 

planes. 
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The equation of the plane parallel to the >/^-pIane and at a 
distance a from it, is x a. 

The equation of the plane parallel to the rx-plane and at a 
distance b from it, is y = b. 

The equation of the plane parallel to the xy-plane and at a 
distance c from it, is z = c. [ Art. 15 ] 

Cor. Equations of the co<ordinate planes. 

The equation of the yr-plane is x = 0. 

The equation of the zx-plane is y = 0. 

The equation of the x>'-plane is z = 0. [ Art. 15, Cor. ] 

2* (0 / (Jf)=0 represents a system of planes (parallel to the 
plane of the absent variables, i.e.,) parallel to the yr-plane. 

{ii) /(x, y)=0 represents a cylinder generated by a straight line 
(parallel to the axis of the absent variable, i.e.,) parallel to the z-axis. 

{Hi) f{x,y,2)=0 represents a surface. [ Arts. 16, 17, 18 ] 

3, Equations of a curve. /i(x, y, z)=0, f^ix, y, z) = 0, together 
represent the curve of intersection of the two surfaces 

fi(x,y, 2 ) = 0 and Uix, y, z)=--0, [ Art. 19 ] 

Cor, Equations of the axes. 

The equations of the x-axis are y = 0, z = 0. 

The equations of the y-axis are z = 0, x = 0. 

The equations of the z-axis are x = 0, y = 0. [Art. 19, Cor.l] 

CHAPTER IV 


1. General form. The general equation of a plane is 

Ax + By -f- Cz -|- D = 0. [ Art. 21 ] 

Cor. One-point form. The equation of any plane through 
(Xi,yi, 2 i)is A(x— x,)+B(y— yi)-fC(z — Zi) = 0. [ Art. 21, Cor. ] 

2. Normal form. The equation of a plane in terms of p, the 
length of the perpendicular from the origin on the plane, and /, m, n, 
the direction-cosines of this perpendicular, is Ix-j-my +nz=p. 

[ Art. 22 ] 

3. Intercept form. The equation of a plane in terms of a, b, c, 

the intercepts of the plane on the axes, is — f- ^- + = 


[ Art. 23 ] 

4. Three-point form. The equation of the plane through 
{Xt, yu (Xg, yg, Zg), (Xa, ya, Za) is 


y» 

*2> y2> 
y^* 


Z, 1 
Z], 1 



[Art. 26] 
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5. Direction-cosines of the normal. The dircction-cbsines 
of the normal to the plane Ax-i-By + 02 + 0=0 are proportional to 
A, B, C, i.e,, proportiona to the coefficients of z, y, z. 

[Art. 24, Cor.] 

6. Angle formula for two planes. If 5 is the angle between 

the planes A;c+By+C2+D=0, A'x+B'y+C'2+D'=0, then 


cos 6 


AA M BB +CC' 


_ . [Art. 27] 

-v/A“-t-B--{-C" VA'^+B’^ + C'^ 

** Complete angle formula for two planes. If d is the angle 

between the planes Ax+By+C2+D=0, A'x+B'_y+C'2+D'=0, then 


cos f)~ + 


AA'+BB' + CC' 


VA2+BHC2 VA'=^+B'2 + C'2 

[Complete angle formula. Art. 27] 

7. Angle formula (tangent form) for two planes. If d is the 

angle between the planes Ajr+By+C2+D=0,A'x+B'y +C'2+D'=0, 
then 

A, B, C 

A^ B', C 
[Ex. 5, Art. 27] 

’^*Corr.{-Ute angle formula (tangent form) for two planes. If 0 

IS the angle between the planes 


^/(BC'-B'C)2-f-(CA'-C’A) +(AB'-A'B)2 

AA'+BB'+CC ' 


then 


Ax-i B;’-IC2-|D=0, A'x+B>+C2+D'=0, 


tan 6 = 


V tBC'-B'C)2 + (CA'-CA}*+(AB'-A'B)2 

AA'-rBB' + CC' " ' ' ’ 


[Complete angle formula. Ex. 5, Art. 27] 
Cor. 1. Condition of perpendicularity of two planes. The 

condition that the planes Ax+By+C2+D=0,A'x+B'y+C'2+D'=0 
may be perpendicular, is AA'-4-BB' +CC'=0. 

[In words : product of coefficients of x-\-product of coefficients of y 

-\-product of coefficients of z=0,] 

[Art. 27, Cor, 1] 

Cor. 2. Conditions of parallelism of two planes. The 

conditions that the planes Ax-; B_v+Cj+D=0, A'x+B'>^+C' 2 +D '«=0 


may be parallel, are 


ABC 
A' ~ B “ C' * 


[In words: ratio cf coefficients of ratio of coefficients of y 

= ratio of coefficients of z* ] 

[Art. 27, Cor. 2] 
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Cor. 3. Equation of any plane parallel to a given plane. The 

equation of any plane parallel to the plane Ax-fBy + Cz-|-D=0 is 

Ax -f By -f Cz -{- k = 0, 

where k is any constant. 

[ Rule to write down the equation of any plane parallel to a 
given plane (equation in the general form) : 

In the equation of the given plane, change only the constant term to a 
new constant k. ] 

Note. The value of k is found from the second condition 
satisfied by the plane. [Art. 27, Cor. 3] 

8. Position of the origin with respect to the angle between 

two planes. The quantity AA' -} BB' +CC' is negative or positive 
according as the origin is in the acute angle or obtuse angle between 
the planes Ax+B_y +Cz+D = 0, A'jc^-B>-f C'2-|-D'=0, D, D' being 
both positive, [Ex. 6, Art. 27] 

9. Rule to find whether tv/o points arc on the same side or 
on opposite sides of a plane : 

In the L. H. S. of the equation of the plane {R. H, 5. being zero) 
substitute in succession the co-ordinates of the two points ; if the results 
are of the same sign, the points are on the same side of the plane ; if the 
results are of opposite signs, the points are on opposite sides. [Art. 28) 

10. Perpendicular distance formula for the plane (equation 
in the normal form). The perpendicular distance of the point 
(XuPi, Zi) from the plane lx-\-my-}‘nz=p is 

d = Ix,+myi + nzi-p. [Art. 29, fa)] 

**Complete perpendicular distance formula for the plane 
(equation in the normal form). The perpendicular distance of the 
point (xi, Pi, Zi) from the plane lx-^my-ynz=p is 

d=±(lx,+myiH-n2i-p), 

that sign being taken on the R.H.S. which gives a positive result for d. 

[Complete perpendicular distance formula. Art. 29, (a)) 

11. Perpendicular distance formula for the plane (equation 
in the general form). The perpendicular distance of the point 
{XuPu ^i) from the plane Ax+By+Cz+D=0 is 


Axt+By ^-l-Czj -f D 


[ Art. 29, (6) ] 


**Complete perpendicular distance formula for the plane 
(equation in the general form). The perpendicular distance of the 
point (Xi/ ?i) from the plane Ax-}-B>;-|-Cz4*D~o is 
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Axt+Byi+Czt+P 
^ VA2+B2+C2 ’ 

that sign being taken on the R.H.S. which gives dipositive result for d* 

[Complete perpendicular distance formula. Art. 29, (b)] 

[ Aid to memory. For the complete perpendicular distance formula for the 
plane (like the complete angle formula for two planes), take Ihe double sign ( i ) 
uith the ordinary perpendicular distance formula. ] 

[ Rule to find the perpendicular distance of a point from a 
plane (equation in the general form) : 

In the L. H. S. of the equation of the plane {R. H, 5. hein% zero), 
substitute the co-ordinates of the point, and divide the result by 

Vicoeff. of x)^-^{coeff. of y)^+{coeff, of zf. 

The result gives the perpendicular distance. [ Art. 29, (6) ] 

12. Equations of the planes bisecting the angles between 
two given planes. The equations of the planes bisecting the angles 
between the planes Ax+By+Cz+D=0, A'x-fB'y-l-C'j+D'=0 are 

Ax-LBy-i-Cz-LD A'x-l-B'y+C'z+D' 

VA'2-fB'2 + C'2 

To distinguish between the two bisecting planes. If the cons- 
tant terms D, D' in the equations of the two planes are both positive, 
the positive sign on the R.H.S. of (1) gives the equation of the plane 
bisecting that angle between the two planes in which the origin lies, 
and the negative sign gives the equation of the plane bisecting that 
angle between the two planes in which the origin does not lie. [Art. 30] 

13. (n) Length of the projection on a plane. The projection 
of a segment AB on a plane :: is A'B' = AB cos B, 

where 0 is the angle which AB makes with the plane -. [Art. 32, (a)] 

(6) Area of the projection. The projection of a plane area A on 
a plane - is A' = A cos 6, 

where 0 is the angle which the plane of the area A makes with the 
plane [ Art. 32, (b) ] 

14. If Ai, Ay, A: are the projections of a plane area A on the 

co-ordinate planes, then A=v'A,--rA^-+A--, [Art. 33] 

25. Volume formula for the tetrahedron. The volume of the 
tetrahedron, whose vertices are {x^,yitZi), iXz,y 2 ,Z 2 ), {x^, y^, z^), 

is y = l * 1 , yi, Zi, 1 |. [Art. 34] 

Xs* *2» I I 

I Va# *3> ^ I 

1 ^4> y4> **> ^ i 



IMPORTANT RESULTS AND FORMULAE 


XIX 


**Coiuplete volume formula for the tetrahedron. The volume 
of the tetrahedron^ whose vertices are {x^, {Xz, yz^ Zz), {x.^, y-^, z-^, 

{^4/ V= ± 4 Xi) yi» 1 , 

*2» y2> ^ 

*js y3> *3) ^ 

^4» y4> *4» 1 

that sign being taken on the R.H.S. which gives a positive result for V. 

[ Complete volume formula^ Art. 34 ] 

16. Condition for the general homogeneous equation of the 
second degree in x, y, z to represent a pair of planes. The Condi* 
tion that the equation 

ax^+by^+cz-+2fyz-{-2gzx+2hxy = 0 
may represent a pair of planes^ is abc-l-2fgh— af-— bg^— ch2=0. 

[ Art. 35 ] 

Cor. Condition of perpendicularity of a pair of planes. The 

condition that the pair of planes ax-+by-i’CZ'-\-2fyz-\-7gzx-h2hxy = 0 
may be perpendicular^ is a+b+c =s 0, 

[ In words : 

coefficient of x^+coefficient of y^-|~coefficient of s= 0. ] 

[Art. 35, Cor. ] 

CHAPTER V 


1. (Distance form or) Symmetrical form of the equations of 
a line whose actual direction-cosines are given. The equations of 
the straight line passing through {xi^y^^Zi) and having direction- 

cosines I, m, n are ^ ^ (=*■)• [ Art. 37 ] 

Cor. 1. Symmetrical form of the equations of a straight line 
whose proportional direction-cosines are given. The equations 
of the straight line passing through Zj) and having direction- 

cosines proportional to a, b, c, are 



y-Yi _ 

b ™ 



[ Art. 37, Cor. 1 ] 


Cor. 2. Any point on the line. Any point on the line 

(xx+l>-.yi+mr, Zx+nr). [Art. 37, Cor.2] 
2. Two-point form. The equations of the straight line through 
(Xi, y,. X*) are . [ Art. 40] 
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( 




**Cor, Any point on the line 
through two points. Any point on the ^ ^ 

line through {xi,yi, 2 i), is / - - ^ . 

kxa-f-Xj hys+yi kz^+zi ^ 

k + 1 ’k+r ’ k+i ;* ^ 

[ Art. 40> Cor. ] 

**3. The equations of the bisectors of the angles between the lines 

~ ~ ^ ~W~~tY ^ direction- 

cosines) are 

, . [Ex. 3,Art. 40] 


X 

1 ur 


y 

m -I m 


n4n'’ 1- V 


m — m n-n 

4. Perpendicular distance formula for the line [equations 
in the symmetrical (actual direction-cosines form )]. The 

perpendicular distance of the point (/, g, h) from the line 

x-Xt y~y^ z-2y, , j- . -x- 

' I ~ r» ~ ^ actual direction-cosines) is 

d={(f-xjH{g-ydH(h-Zi)= 

-[ (f-Xi)H(s-yi)ni 

.:(h-z.)o p}i 
... First form [ Art. 41 ] 

y'u 

/, m, n 

or d=[ [ {g-yj)n - (h -- Zj)m V 






A;x,trj,Zj) 


N 


Umm B 




- [ (k Zi)l-(f-Si)n]=-f[ (f-xi)m-(g-y,)l r 

... Second form [Art. 41, Cor. ] 
5. ({) Conditions of parallelism of a line and a plane. The 

conditions that the line ” = ~ — — = may be parallel to 

loe plane Ax+B_y4-Cr - are [ that it should be perpendicular 

to the normal to the plane, and its point (Xu yi, Zi) should not lie 
on the plane, i.e., ] 

Al-i-Bm : Cn=0, and By.^Cz^-rD # 0. [ Art. 43, (a) ] 

■ Conditions of perpendicularity of a line and a plane. The 

conditions that the line = y~yi _ perpendi- 

cular to the plane Ax rBv ; CjO-D — 0 are [that it should be parallel 

[ Art. 43, (b) ] 


to the normal to the piano. 
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{Hi) Conditions for a line to lie in a plane. The conditions that 

the line ^ may lie in the plane Ax 4 By rCz - D = 0 

I m n 

are [that it should be perpendicular to the normal to the phne, and 

its point (Xi, yi, Zi) should lie on the plane, i.e., ] 

Al+Bm+Cn=0, and AX( +Byi + Cz^ -hD =0. [ Art. 43, (c) ] 

6. (a) Any plane through a given line (equations in the 
general form). The equation of any plane through the line 

Ax^By-i Cz+D^O, A'x t-B'y+C'z-f D'-O 

is Ax -By-fCz+D+k(A'x+B'y-fC'z-i-D') = 0, 

where k is any constant. 

[In words: one plane -i-k(other plane) =0, where 'one plane’ 
stands for the 'L.H.S. of the equation of one plane (R.H.S. being 
zero)', and so for the 'other plane’, ] [ Art. 44, (a) ] 

Note. The value of k is found from the second condition 

satisfied by the plane. 

(6) Any plane through a given line (equations in the 
symmetrical form). The equation of any plane through the line 

^“■^1 = y - y ^^ = 

l m n 


is A(x-X|)+B(y~y,)-|-C(z-z,) = 0 ... (1) 

where AI-j-Bm-|-Cn = 0 ... (2) [ Art. 44, (6)] 

Cor. Plane through one line and parallel to another line 
(equations of both lines in the symmetrical form). The equation 

of the plane through the line , = ~ „ * 

‘1 'U 

and parallel to the line ~ ~ ^ 

'= 0. 


IS 


X-X., y-y„ Z-Zi 


1 


19 


1 


29 


m 

m 


19 

29 


u 


[ Art. 44, (6), Cor. ] 


7. Rule to prove that two given lines intersect (or are co- 
planar) (equations of both lines in the symmetrical form) : 

(0 Write down the equation of the plane through one line and 
parallel to the other, 

(»} Show that this plane passes through one point of the other line. 
Cor. Plane through two intersecting lines. The equation of 


the plane, in which the intersecting lines 

= y~yi = = y~yi == 

/i nil til I 2 tn^i fi2 

lie, is [ the same as the equation of the plane through one line and 
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parallel to the other, ue,, ] 

x-xi, y-Yi, z-Zj 

^2> *“2> “a 

8. Shortest distance between two lines. 

Rale to find the shortest distance between the lines 

= y~yi ^ Izh. ^-^2 ^ y— ya ^ 

li nj Ig mg Og 

[ Method of projection. ] 

Find the direction-cosines of KL {shortest 
distance) which is J_ to both the lines* 

(a) To find the length of the S.D. 

KL = projection of AC on KL. 

(b) To find the equations of the S.D. 

KL is the line of intersection of the planes 

AKL (thro’ AB and KL) and CKL (thro’ CD and KL). [Art. 46] 

Another Rule to find the length of the shortest distance 
between two lines : 

[ Method of parallel plane. ] 

(0 Find the equation of the plane through the second line and 
parallel to the first. 

{ii) Find the perpendicular distance of one point on the first line 
from the plane whose equation has been found above. 

The result gives the required S. D. [ Ex. 9, Art. 46 ] 

9. Equations of two lines in the simplest form. For prob- 
lems relating to two given lines, let the equations of the lines be 

y = mx, zx=c 5 y = — mx, z = — c. [Note, Art. 47 ] 

10. Any line intersecting two given lines. The equations of 
any line intersecting the lines Ui=0, 1’l— 0 ; U3=0, ^2=0, are 

Uj- kjv,=0, Ug-|-k.v.=0, where any constants. [Art. 48] 

Note. The values of kx, ^2 found from the second 
condition satisfied bv the line. 

to 

11. Condition for three planes to intersect at a point. The 

condition that the planes 

a^x-\ bxy -rCiZ a.x-!-^oy+C2^-|-^f2=0, a^-{-b3y-\-C3Z-\-d2=0 

may intersect at a point, is A4 # 0, where A4 is the determinant 
obtained by omitting the fourth column from the result of writing 
do\t*n the coefficients in the equations of the planes, 

bif Cif di . [ Art. 51 ] 

0-2^ Cg, dg 

63, C3, dg i 
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**12. Conditions for three planes to form a triangular prism. 

The conditions that the above planes may form a triangular prism, are 

A 4 = 0, A 3 ^ 0. [ Art. 52 ] 

13. Conditions for three planes to have a common line of 
intersection. The conditions that the above planes may have a 
common line of intersection, are A 4 = 0 , A 3 =*h [ Art. 53 ] 

CHAPTER VI 

1. Formulae for change of origin. If (/, g, h.) are the co- 
ordinates of the new origin referred to the old axes, the new axes 
being parallel to the old, {x, y, z) the co-ordinates of any point 
referred to the old axes, and {x\ y', z') referred to the new, then 

x = x'4-f, yi=y'H-g, z = 2 '-f-h. [Art. 55] 

2. Formulae for change of directions of axes. If l-y, m„ n, ; 
ht ^^ 2 , rii ; /j, / 773 , ^3 are the direction-cosines of the new axes referred 
to the old, the origin remaining the same, (at, y, z) the co-ordinates of 
any point referred to the old axes, and (x', y\ z') referred to the new, 

x=ljx' 

y = m^x' -f m^y' + m ,z', 

z = njx' -l-n-jy H [ Art. 56 ] 

3. Relations between the direction-cosines of three 

mutually perpendicular lines. If /„ n, ; m^, n-> ; /j, m 3 , n, 

are the direction-cosines of three mutually perpendicular lines, then 

ni 2 = l, I j mgmj-f n2n3 = 0 , '] 

VH-m;^2-f-n22 = l, ^ ...{A) I 3 I 1 -f-n.,ni = 0, j- ...(B) 

V-j-mj 2 -f 032 = 1 . j I,l 2 -|-m,m 2 -|-njn 2 — 0 . j 

[ Also /„ I 2 , 13 ; mi, m... ; n„ n.^, n-^ are the direction-cosines of 

three mutually _L lines, ] 


=1, 


mi2-)-m22-|-mj2=l, 


1 ... 


(C) 


2 . 


1-022 -^032 =1. J 


mjnj-f-m.na-j m3nj=0, ■] 

-fojla =0, ?■ ...(D) 
=0. J 

[Art. 58) 

Cor. If rrii, ni ; I2, mi, ; I3, m3, ^3 are the direction-cosines 
of three mutually perpendicular lines, then 




23 


23 


®3» ***3» ** 3 ". 


= il. 


[ Art, 58, Cor. ] 


1 ffi-i, tii ; I3, m3, n3 are the direction-cosines 
of three mutually perpendicular lines, then 

Ij=±(ni 2 ii 3 -m 3 n 2 ), mi.= ±(0,13-0312), 0^= ±(l,m3-l3m,), 

and so on. 



XXiv NEW ANALYTICAL SOLID GEOMETRY 

[ In words : In the determinant 

j f 

j ^2 

I ^3> ^3 

each constituent= i (Its co-factor). ] [ Art. 59 ] 

CHAPTER Vri 

1. Central form. The equation of the sphere# whose centre is 

(ff# b, c) and radius r# is (x'-a)^-i-(y— b)--f-(z-c}==^^ [ Art. 61 ] 

Cor, Standard form. The equation of the sphere# whose 
centre is the origin and radius fl# is x2-fy2+22=a2. [Art. 61# Cor. 1] 

2. General form. The general equation of a sphere is 

X- +y- -i-Z' -f-2ux -{-2vy -j'2wz -i-d=0. 

Its centre is (— «, — v, — w), 

and radius =\/u'+v--['W'— d ‘ [ Art. 62 ] 

3. Diameter form. The equation of the sphere on the join of 
{Xu and (x^. y.,, z..) as diameter is 

(x-x,'(x-x,.)-^(y-y,)(y-y,.)-|-(2~z,)(z-Z2)=0. [ Art. 65 ] 

4. Any sphere through a given circle. The equation of any 
sphere tlirough the circle of intersection of 

the sphere x-^, y--\-z~^-2uK-\-2vy-T2wz-\-d—0, 
and the plane Ax- B;'-rC^+D=0, 

is X'‘ + y- -- 2 --’ 2ux '-2vy ;-2wz-i d-*-l*;(Ax'fBy4-Cz+D)=0, 
where k is anv constant. 

[ In words : sphere -’ k (plane)=0, where 'sphere' stands for 
the "L.H.S. of the equation of the sphere (R.H.S. being zero)'# and 
so for the "plane'. ] 

Note. The value of k is found from the second condition 
satisfied by the sphere. 

5. (a) Equation of the tangent plane to a sphere (equation 
in the standard form). The equation of the tangent plane at the 

point (Xi# >',# z,) of the sphere x--yy^-\-z-^ar is xxi-fyyi+zzi^a^. 

[ Art. 70# (a) ] 

(6) Equation of the tangent plane to a sphere (equation 

jn the general form). The equation of the tangent plane at the 
point (a'i# Vu ^i) of the sphere x=+y’^+22+2ux+2ty+2H)z+d=0 is 
xxi4-yyj-4-zZi4-ufx-- x,) -f v(y-f y,) -|-w(z-}-z,)-f-d=0. [ Art. 70# (6) ] 

[ Rule to write down the equation of the tangent plane at 
the point (x,, y,, z,) of a sphere (or conicoid whose equation 
contains no* product terras yz, zx, xy). 

In the equation of the mrface, change x- to xxi, y^ to yyj> z® to z*ij 
X to l(x-l-Xi), y to ^(y+Vi), z to i(z4Zi). 
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The resulting equation is the required equation* [ Art. 70, (b) ] 
•Note 1. If, however, the equation contains the product terms 
yz,zx,xy, change yz to My*i+yi*)> ^(zzi-i-z^x), xy to i(xyi+Xiy). 
(See Art. 95.) 

Note 2. Important. If the numerical values of x,, y,, Zi are giver}, 
substitute them in the above equation.'\ [ Note, Art. 70, (fc) ] 

6. Tangent plane property. If a plane touches a sphere, 
the perpendicular distance of the centre from the plane = the radius. 

Note. For the tangent plane property we use the complete 
perpendicular distance formula for the plane. [ Note, Art. 71, (6) ] 

7. (a) Equation of the polar plane w.r.t. a sphere (equation 

in the standard form). The equation of the polar plane of the 
point (X],yi, ^i) w.r.t. the sphere is 

X*i+yyi + *3:i = a 2 . [ Art. 74 ] 

(6) Equation of the polar plane w.r.t. a sphere (equation 
in the general form). The equation of the polar plane of the point 
{Xi,yu zf) w.r.t. the sphere x’-^y^+z^-\-2uX'\-2vy+2wz-\-d=0 is 
«tl^-yyl+**l+“(*^-*l)^-’v(y+yl)^-'w(z+Zl)^-d=0. [Ex. l. Art. 74] 

[ Aid to memory. The equation of the polar plane of zO w.r.t. a 

sphere (or conicoid) is of the same form as the equation of the tangent plane at 

(Xi, >'1, zi). ] 

8. If two spheres cut orthogonally, 
the square of the distance between 
their centres=the sum of the squares 

of their radii. 

[ Art. 75, Cor. ] 


Condition of orthogonality of two spheres. The condition 
that the spheres 

-\.z^-\-2u'x-\-2v'y-\-2w'z-\-d'=0 

may cut orthogonally, is 2uu'-|-2vv'-f-2ww'=d4-d\ [ Art. 76 ] 

9. Formula for the power of a point w.r.t. a sphere or the 
square of the tangent from a point to a sphere. The power of 
the point (xj, y„ w.r.t. the sphere or the square of the tangent 
from the point (xi, yx, Zx) to the sphere 

x“4y“+^^+2ux+2py+2wz+d=0 is 
* 1 * +yi“ +2uxi +2vy, 4- 2wzi +d. 

[ Rule to find the power of a point w. r. t. a sphere or the 
square of the tangent from a point to a sphere : 

(i) the equation of the sphere so that the coefficients of 
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X',y-fZ'^aTeeach^}ontheL.H*S, {by dividing thro* out by the co- 
efficient of x^f if necessary)^ R.H.S, being zero. 

(ii) In the L.H.S. substitute the co-ordinates of the point. The result 
is the power of the point or the square of the tangent from the point. ] 

[ Art. 77 and Cor. ] 

10. Equation of the radical plane of two spheres. The equa* 
tion of the radical plane of the spheres 

x=+>'2+2-+2u'x+2p>+2w'r+d'=0, is 
2x(u— u')-f 2y(v— v') 4-2z(w— w') +d— d'=0, 

[Rule to find the equation of the radical plane of two spheres : 

(i) Write the equation of each sphere so that the coefficients of 
y-, z- are each^l on the L.H.S. {by dividing thro* out by the co- 
efficient of if necessary), R.H.S. being zero. 

(ii) Subtract one equation from the other. 

The resulting equation is the required equation. ] [ Art. 79 ] 

11. Equations of two spheres in the simplest form* For 
problems relating to two given spheres, let the equations of the 

spheres be x2+y“4-z“-f'2uiX-{-d— 0, x2-fy2-{-z2-|-2u3x4-d=0. 

[ Note, Art. 82 ] 

12. Equation of a coaxal system. The equation of a coaxal 
system of spheres is x^+ys 2ux4*d=0, 

where u is a parameter. [ Art. 84 ] 

•♦Limiting points. The limiting points of the coaxal system of 
spheres .x"-ry“i-^"+2ux+d=0 are (x\/d, 0, 0). [Note, Ex. 4, Art. 84] 

CHAPTER VIII 


1. General equation of a quadric cone whose vertex is the 
origin. The general equation of a quadric cone, whose vertex is the 
origin, is ax=yby‘--f cz-+2fyz-|-2g2x+2hxy = 0. [ Art. 87, Cor.] 

2. Equation of a quadric cone through the axes. The equa- 
tion of a quadric cone through the axes is fyz-f-g 2 x+hxy= 0 . 

[ Art. 89 ] 

3. Equation of a right circular cone. Standard form* 

The equation of the right circular cone, whose vertex is the origin, 
axis the z-ax'is, and semivertical angle a, is x--{-y-=z^ tan^a. 

[Art. 91 ] 

4. Equation of the (tangent cone or) enveloping cone. The 
equation of the enveloping cone from the point {Xi,yi,Zi) to a 
sphere (or conicoid) is SS,=T-, 

where S=0 is the equation of the sphere (or conicoid). 

Si is the result of substituting the co-ordinates of the point 
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(^1/ yu zi) in s. 

T=0 is the equation of the tangent plane at (Xi, Zi)* 

[ Art. 94 and Ex. 1 ] 

5. Equation of the tangent plane. The equation of the 

tangent plane at the point Zi) of the cone 

ax^-\-by--\-cz^-{-2fyz-\-2gzx-\-2hxy=0 is 
x{ax, -f hyi +gZi) -ry(hxi +hyi +f«x) +z(5*i +czi) =0. [Art. 95] 

[ Rule to write down the equation of the tangent plane at 
the point (xj, Zj) of the cone 

ax2 4 -by 2 +cz2 -f 2fyz -h2gzx +2hxy=0. 

See Rule in 5, {b), and Note /, page xxv. ] 

6. Notation. (1) D= h, g =abc-f2fgh — af^— bg-— ch-. 

h. h, f 

(2) A,B/C,F/G/H are the co-factors of a, 6, c, f, g, h respectively 

in the determinant ’ a, h, g , 

K K f i 

ir A C 

I.C.. A=^bc-fS B=ca-g% C=afe-/i2; 

F = gh— af, G=hJ~bg, H=fg-ch. 

Cor. 1. BC-F2=aD, CA-G*=f>D, AB-H^ = cD . 

Cor. 2. GH-AF=fD, HF-BG= 5 D, FG-CH=/iD, 

where D = a, h, g =abc-\-2fgh~ap~bg^-chK 

K b, / 

£/ // c 

(3) = a, K g. u 

K b, f, V 
gp fp c, w 
Uj V, w, 0 

= — (Au® +Bv2 + Cw’* -f 2Fvw +2Gwu -f 2Huv), 

where A,B/CF,G,H are the co-factors of a, b, c, f, g, h respectively 
in the determinant a. Kg \, 

hp K f 
gp fp c 

i.e.p k=bc~p, B=ca— C=ab—h}; 

V=gh-af, G=hf~bg, U=fg-ch. [Art. 96. and Cors. 1 and 2] 

7. Condition of tangency of a plane and a cone. The 
condition that the plane lx-\-my-ynz=0 may touch the cone 

ax^-yby^-^cz'^+2fyz+lgzx+2hxy = 0. is 
AF -j-Bm2 -f-Cn2 +2Fmn -|-2GnI +2Hlni =0, 
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where A3,aF,G,H are the co-factors of a, h, c, f, g, h respectively 

in the determinant | a. Kg \ , 

K h, f \ 

g. /> c ' 

ue.,A=bc~fK B^ca-g^ C=ab-¥ ; 

F=gh-af. G=hf-bg, H-/g-c/i. [ Art. 98 ] 

8. Equation of the reciprocal cons. The equation of the 
cone reciprocal to the cone ax~-\-by'^^C2’-\-2fyZ’i-2gzx+2hxy~0 is 

AxHBy2-i Cz“^2Fyz +2Gzx+2Hxy=0, 
where A,B,C,F,G,H are the co-factors of a, K c, f, g, h respectively 
in the determinant K g ' , 

i K K f , 

i g. // c ' 

i.e., A=6c-/“. B=ca--g% C=a6-/i® ; 

F^gh-af. G=hf-bg. U^fg-cK [Art. 100] 

9. Invariants. Practical form. If, by a change of rectangular 
axes, origin remaining the same, aX‘-\-by--^cz~-\-2fyz-\-2gzx-\-2hxy 

is changed into a'x''-^b'y^-{-c'z‘^-\-2f'y2-\~2g'zx+2h'xy, 

then a -t b 4 - c = a' -|- b' -he', 

A H B + C = A -h B -f-C', 

r e., bc-f - -I ca—g~-rab—h- = 6'c'— /'"-f-cV— -~b. 

D = D', 

i.e., abc^7fgh~aj-- bg~—ch^ = a'b'c'+2f'g'h'—a'f'-—bg^ -ch^, 

[ Art. 101, Cor. ] 

10. Condition that a cone may have three mutually perpen- 
dicular generators. The condition that the cone 

QX--\-by-+cz^-^2fyz-\-2gzx‘^2hxy = 0 
may have three mutually perpendicular generators, is 

a -h b -j- c = 0, 

[ In words : coefficient of a:* 4 cocj^cient of y^ coefficient of z^=0.] 

[Art. 102] 

11. Condition that a cone may have three mutually per- 
pendicular tangent planes. The condition that the cone 

ax'^-]-by--icz--h2fyz+2gzx-]-2hxy = 0 

may have three mutually perpendicular tangent planes, is [ that the 
reciprocal cone should have three mutually perpendicular generators, 

i.e., ] A + B + C = 0, 

i.e.j bc—f--rca — g~-{-ab — h- = 0 . 


[Art. 103 ] 
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CHAPTER X 


Equation of surface 

Name 

1 

Equation of surface 

Name 

! a® ^6® “ 

% 

• 

Ellipsoid 

a- O' c- 

Hyperbo- 
loid of 
one sheet 

G® 6® c- ~ ' 

Hyperboloid 

of 

two sheets 

4- f 0 

a® ^ 6® c® 

Cone 

X® y® 22 

; 0 ® 6® “ c • 

1 

Elliptic 
; paraboloid 

X® y® 2z 

a® b- c ’ 

Hyperbo- 
lic para- 
boloid 

j y® = 4ax. 

1 Parabolic 
j cylinder 

-1- = 1 

a- 0^ 

Elliptic 

cylinder 

X® y® 
a® 6® 

1 

Hyperbolic 

cylinder 

[Arts. 109, 

111, 112] 


[ The following important results and formulae of 

chapters Xf — XIII should be omitted by the B.A. & B.Sc. (Pass 
Course) students of the Panjab University. ] 

CHAPTER XI 

THE CENTRAL CONICOID 

1. Standard form. The equation of the central conicoid, whose 
centre is the origin and axes are the co-ordinate axes, is 

ax'^ + by 2 + cz- = 1. [ Note 3, Art. 110 ] 

[ T'/ic equation of the central conicoid, when not stated, is 

taken for granted as ax"^ •\-by^-\-c 2 ^ = A ] 

2. Equation of the tangent plane. The equation of the tangent 
plane at the point {Xi, yi, Zi) of the central conicoid is 

axxj + byyi + ezz^ = 1. [ Art. 115] 

3. Condition of tangency of a plane and a central conicoid. 
The condition that the plane lx+my-\-nz=p may touch the central 

conicoid, is h ir H = pA [ Art. 116] 

a b c ■' 

4. Condition of perpendicularity of a pair of lines. The 

condition that the two lines whose direction-cosines {l,m,n) are given 
by ul vm wn — 0, 

6m® -h cn- = 0, 

may be perpendicular, is 

u*(b-}-c)+v®(c-|-a)-fw®(a |-b) =0. [Note, Ex. 5, Art. 116] 
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5. Equation of the director sphere. The equation of the 

director sphere of the central conicoid is x*-|-y3-f z2= • 

[Art. 117] 

[ equation of the ellipsoid, when not stated, is taken for 

y2 ^2 

granted as ^ ^ ] 

6. Equations of the normal to an ellipsoid. The equations 
of the normal at the point (xi^ yx, Zi) of the ellipsoid are 

x-x, y-y, Z-Zi 



i e ~ Izyi _ 

“ _aF “ ’ 

9*1 cXi 0*1 

where F(x^ a) =0 is the equation of the ellipsoid (or any comcoid). 

[Art. 119] 

Cor. Equations of the normal in the actual direction>co> 
sines form. The equations of the normal at the point {Xi, yu Zi) of 
the ellipsoid^ in the actual direction-cosines form^ are 

^-*1 ^ y -Yi ^ *-*i 

PYi ^ * 

b2' c2 


where p is the perpendicular from the centre of the ellipsoid on the 
tangent plane at [ Art. 119, Cor. ] 

7. Co-ordinates of the foot of a normal from a point to an 

ellipsoid. The co-ordinates of the foot of a normal from (a, p, y) 
to the ellipsoid arc 


a=x _ 
a= + A ’ -b2+A’ 



[Art. 120, (3)] 


8. Quadric cone through the feet of the six normals from 
a point to an ellipsoid. The feet of the six normals from (a, [3, y) 
to the ellipsoid lie on a cone of the second degree in whose equation, 
coefT. of x®=0, coeff. ofy2=0, coefiT. ofz-=0, constant term =0. 

[ Ex. 2, Cor., Art. 120 ] 

9. Equation of the polar plane w.r.t. a central conicoid. 

The equation of the polar plane of the point (Xi, yj, Zi) w.r.t. the 
central conicoid is axxj + byy, -f czz^ = 1. [ Art. 121 ] 

10. Equations of the polar of a line. The equations of the 


polar of the line ^ ~ ~ ^~~n^ w.r.t, the central conicoid are 

axxi-t-byy,-fcz 2 i = l, axl i-bym-|-czn=0. [Art. 123] 
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11. Equations of the polar of a line through two points. The 

equations of the polar of the line through {Xi,y\,Z\) and {xi^yif^ 2 ) 
w.r.t. the central conicoid are 

axxj-f byyi4-czz, = l, axx 2 -f-byy 2 +czz 2 =l. [Ex. 6 , (a)/ Art. 123] 

12. Equation of the enveloping cone. The equation of the 
enveloping cone from the point (Xi, y^ Zi) to the central conicoid is 

SSj = T 2 , 

where S = 0 is the equation of the central conicoid# 

Si is the result of substituting the co-ordinates of the point 
(^ 1 / yu Zi) in S, 

T =0 is the equation of the tangent plane at {x^,yuZi). [Art. 124] 

13. Equation of the cone whose vertex is the origin and 
generators parallel to those of a given cone. If the equation 

ax--\-by‘^‘^cz^+2fyz+2gzx+2hxy-\-lux-\-lvy+2wz-\-d = 0 

represents a cone# the equation of the cone whose vertex is the origin 
and generators parallel to those of the above cone# is 

ax^+by-f cz“+2fyz -{-2gzx+2hxy = 0, 

z.e., second degree terms = 0. [Ex. 5# Cor.# Art. 124] 

14. Equation of the enveloping cylinder. The equation of the 
enveloping cylinder of the central conicoid# whose generators are 

parallel to the line 

(ax2 +by2 4 cz2— 1) (aP 4bm2 4cn2)= (axl 4bym 4 c 2 n)S 
f.e.# Ssi=t% 

where S=0 is the equation of the central conicoid# 

Si is the result of substituting the co-ordinates of the point 
(/# m# n) in S# the comtant term (—7) being omitted, 

t =0 is the equation of the tangent plane at (/# m# n), the constant 
term ( — /) being omitted. [ Art. 125 ] 

15. Equation of the plane of the section with a given centre. 
The equation of the plane of the section of the central conicoid# 
whose centre is (xi# yi, z^), is T=Si, 

where T=0 is the equation of the tangent plane at (xi# yi, z,)# 

S=0 is the equation of the central conicoid# 

Si is the result of substituting the co-ordinates of the point 
{Xi, yu Zi) in S, [ Art. 126 ] 

16. Equation of the diametral plane. The equation of the 

X V 2 

diametral plane of the line -r= ^=5 — w.r.t. the central conicoid 
^ I m n • 

is laxTn^by 4 i>cz= 0 , 
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i.e*t 


, +n ?^=0, 

8* ^ oy a* 


where F(.x^y, z)=0 is the equation of the central conicoid. [Arf. 129] 

17. Relations between the co-ordinates of the extremities of 
three conjugate semi-diameters of an ellipsoid. If 

{X,, ytf Z^), (Xg. yg, Z^ are the extremities of three conjugate semi- 
diameters of the ellipsoid, then 


S' b 2 + ^ and so on...; 

[Art. 131, (A), (B)] 

xr-l- Xo®-f-x,2=a2, and so on ; yiZi+y2*2+y3*3— ®> so on. 

[Art. 131, (C),(D)] 

♦*Cor. A useful relation. 

^ X^+Xo+Xg y ^ ^yi +^±^3^ ^3^ 

[ Note 2, Mis. Ex. 24, Chap. XI ] 

**18. Equation of the plane through the extremities of three 
conjugate semi-diameters. If P(Xx, yi, Zi), Q(X 2 »y 2 / Zn)* RCXg, y^t Z^) 
are the extremities of three conjugate semi-diameters of the ellipsoid, 
then the equation of the plane PQR is 

(yi±^)-,z 

[Ex. 1,{6), Art. 131] 

**19. Equation of a plane in terms of the foot of the perpendi- 
cular from the origin on it. The equation of the plane, on which 
the foot of the perpendicular from the origin is Pfe Zi) is 

+ yyi -f = Xx3 -f yj2 -|-Zi3. 

The plane thro’ P(.Yi, Zj) ‘and X to OP (direction-cosines 
propertionai to Xi, r,)] [ Note, Ex. 7, Art. 131 ] 

20. Three important properties of three conjugate semi- 
diameters, If OP, OQ, OR are three conjugate semi-diameters of 
the ellipsoid, then 

(1) OPM OQ"- [OR2 = aHh= + c2, 

(2) the volume of the parallelepiped whose coterminous 
edges are OP, OQ,, OR 

= abc, 

**.'ind (3) if Aj, Ao, Agare the areas of the triangles QOR, ROP, 
POQ, then 

i(b=cHc^aHa'b3). [ Arts. 132, (a), (6), (c) ] 
**21. Conjugate semi-diameters of the ellipsoid. If P is any 

point on an ellipsoid, and OQ, OR are any two conjugate semi- 



IMPORTANT RESULTS AND FORMULAE 


XXXlll 


diameters of the ellipse in which the diametral plane of OP meets the 
ellipsoid, then OP, OQ, OR are conjugate semi-diameters of the 

ellipsoid. f ^ 

THE CONE 


1. Standard form. The equation of the cone, whose vertex is 

the origin, and axes are the co-ordinate axes, is 

ax 2 +by 2 +cz 2 = 0 . [ Art. 134 ] 

[E^^The equation of the cone, when not stated, is taken for 

granted as ax^-j-by-^j-cz^^O,] 

2. Equation of the tangent plane. The equation of the tangent 

plane at the point (Xi, Vi, Zi) of the cone is axx^-f byyi j czzi=0. 

[Art. 135, (1)] 

3. Condition of tangency of a plane and a cone. The condi- 
tion that the plane /xH-m>'-[-nz=0 may touch the cone, is 

il+ =0. [ Art. 1 35, (2) ] 

a b c 

•♦Cor, The condition that the plane /(x— a) p)-l-n(z — y)=0 
may touch the cone a(x— p)"-|-c(z— y)-=0, is 

i: + ””+?!.=0. [Art. 135, (2), Cor. ] 

a b c 

4. Equation of the polar plane. The equation of the polar 

plane of the point (Xi,yi, Zi) w.r.t. the cone is axx^H byyi-fczz,=0. 

[Art. 135, (3)] 

5. Equation of the plane of the section with a given 
centre. The equation of the plane of the section of the cone, whose 
centre is (Xj, yi, Zj), is T=Si, 

where T=0 is the equation of the tangent plane at {Xi,yi, zf), 

S=0 is the equation of the cone. 

Si is the result of substituting the co-ordinates of the point 
(xi, yi, z,) in S. [ Art. 135, (5) ] 

6. Equation of the diametral plane. The equation of the 


X y 

diametral plane of the line 


z , 

— w.r.t. the cone is 
n 


lax -|-mby -f ncz = 0, 


i.e. 


I f- + 

dx 


^ +n ^ =0, 

ey ^ a* 


where F(x,y, z)=0 is the equation of the cone 


[Art. 135, (6)) 


7. Equation of the asymptotic cone of the central conicoid. 
The equation of the asymptotic cone of the central conicoid 
ax^-{-by^-\-cz^~\ is ax^-fby^+cz^^O, [ Ex. 10, Art. 135 ] 
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THE PARABOLOID 

1. Standard form. The equation of the paraboloid^ whose 
vertex is the origin and axis the r-axis, is ax--}-by-=2z. 

[Note 3, Art. 111,(6)] 

[ f^rhe equation of the paraboloid, when not stated, is taken for 
granted as ax^-\-by‘^—2z, ] 

2. Equation of the tangent plane. The equation of the tangent 
plane at the point (Xi, yi, Ti) of the paraboloid is axXi+byyi=z+Zi. 

[Art. 137,(1)1 

3. Condition of tangency of a plane and a paraboloid. The 

condition that the plane lx-\-my-\-nz=p may touch the paraboloid, is 

.-+ =-2np. • [ Art. 137, (2) ] 

a D 

4. Equation of the polar plane. The equation of the polar 
plane of the point {xi, yi, z^ w.r.t. the paraboloid is 

axxi + byyi = z+ 2 i. [ Art. 137, (3) ] 

5. Equation of the enveloping cone. The equation of the 
enveloping cone from the point {xuPu^i) to the paraboloid is SSi=T*, 
where S=0 is the equation of the paraboloid, 

S, is the result of substituting the co-ordinates of the point 
Zi) in S, 

T=0 is the equation of the tangent plane at {xi, yi, Zi). 

[Art. 137, (4)] 

6. Equation of the plane of the section with a given 
centre. The equation of the plane of the section of the paraboloid, 
whose centre is (Xi, yi, Zi), is T=Si, 

where T=0 is the equation of the tangent plane at (Xi, y^, Zi), 

S=0 is the equation of the paraboloid. 

Si is the result of substituting the co-ordinates of the point 
ixu yi> ^i) in S. [ Art, 137, (5) ] 

7. Equations of the normal to an elliptic paraboloid. The 

equations of the normal at the point (xi, yi, Zi) of the elliptic para- 
boloid -i- 'k-=2z are 

O' 0 ^ 

x-x, y-yi _ z-z^ 

Xl ’ 

h- 

eF ^ eF ’ 

cXi ryi 0Zi 

where F(x, y, z)—0 is the equation of the elliptic paraboloid. 

[ Art 139 ] 
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8. Equation of the diametral plane w.r.t. a paraboloid. The 

X V ^ 

equation of the diametral plane of the line ItT ~ ^ 
paraboloid ax^+by^=2z is lax-f mby — n=0, 


i.e,. 


cx 


c 


-fn =0j 

cy ez 


where F(x,y, z) = 0 is the equation of the paraboloid. [ Art. 143 ] 

Cor. Equation of any diametral plane. The equation of any 

diametral plane of the paraboloid is lax-j-mby— n=0. 

[ Art, 143, Cor. 2 ] 

CHAPTER XII 

1. All parallel plane sections of a conicoid are similar and 

similarly situated conics. [ Art. 145 ] 

2. Axes of a central section of a central conicoid. The 
equation giving the lengths (r) of the semi-axes of the section of the 
central conicoid ax^-j-by^-{-cz'^=l by the plane lx-i-r72y-hnz=0^ is 


P 


+ 


m 


- + 


= 0 


[Art. 146, (5)] 


b- 


.2 


C — 


r- 


or 


^ - (P+m^-fn’^) ^ [ P{b+c)+m*(c-Ha)-fn2(a + b) ] 

*** r 


^-(l^.bc+m^ca+n2,ab) = 0. [ Art. 146, (6) ] 
and the equations giving the direction-ratios (A, v) of the axis 
of semi-length r, are 

— T— = \n ] 

Cor. 1. Area of a central section of an ellipsoid. The area 

X^ ^2 

of the section of the ellipsoid ^ + ‘^ 1 — h ^ plane 

lx+my+m=0, is [ Art. 146, Cor. I ] 


Cor. 2. Condition for a central section of a central conicoid 
to be a rectangular hyperbola. The condition that the section of 
the central conicoid ax'^‘\-by‘^-\-cz^=\ by the plane lx-\-my+nz=^ 
may be a rectangular hyperbola, is P{b-|-c)+m-(c+a)+n2(aH-b)=0. 

[ Art. 146, Cor. 2 ] 

3. Axes of any section of a central conicoid. The equation 
giving the lengths (r) of the semi-axes of the section of the central • 
conicoid ax‘^-\-by^-\-cz*=i by the plane lx-]-my-\-nz=p, is 
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12 


a 


T b 


[ArM47,(ll)] 


k2 


k2 




or 


[ l'(b4-c) + m’(c+a)-|-n’(a+b) ] 


+ (I’.bcH m=.ca+ii'.ab)=0, [Art. 147, (12)] 

and the equations giving the direction-ratios (A, v) of the axis 
of semi-length r, are 


^ f *‘0 






1 


m 


n 


12 


where k® =1— and p;,- = 

Pi)” ® 


m2 n* 

b ' T 


[Art. 147,(13)] 


Cor. 1. Relation between the semi- axes of a central section 
and a parallel section. If Ti, are the lengths of the semi-axes of 
the section of the central conicoid ax-+by--\-C2-=l by a central plane 
/x-r/n_y-i-nr=0, and r/, Ta' the lengths of the corresponding semi- 
axes of the section of the conicoid by a parallel plane lx-]-my-\-n 2 =p, 
then [ r' = kr, i.e„ ] 

rj' = kr^, r^' = krj, 


m2 


p-= . and p„= = -^- + V- + 


n- 


where k2 = i _ , . 

b c 

and the corresponding axes of the two sections are parallel. 

[Art. 147, Cor. 1] 

Cor. 2. Relation between the areas of a central section and a 
parallel section. If A is the area of the section of the central coni- 
coid ox'--r6y-4-c22=l by a central plane and A' the 
area of the section of the conicoid by a parallel plane lx+my-\-nz=p, 
then A' = k2A , 


#; 


where k2 = 1 — “ , and po2= 

P(*” 


a ^ b ^ c 


[Art. 147, Cor. 2 ] 


Cor. 3. Area of any section of an ellipsoid. The area of the 


V* 2^ 

section of the ellipsoid — r + “r = 1 plane 


lx -I- my nz = p, is 

VI- 4 


. VV~'rm--rn-^ r, 

77 dbc — — — — 1 “ — ^ 

■V-'a^P-j- b*m'“ -f c-n2 L a-l'-j-b-j 


«) f> I 

-n- J 


•m- + c 

[Art. 147, Cor. 3 ] 

4, Axes of any section of a paraboloid. The equation giving 
the lengths (r) of the semi-axes of the section of the paraboloid 


IMPORTANT RESULTS AND FORMULAE 


XXXVll 


ax^-\-by^=2z by the plane lx-\-my-\-nz=p, is 

i! I 

1 T~ 1. 1 I 1 — ''j 


a 

£2 




1 




or ^ (P+m=+n=)- [P(b)+m'(a)+n=(a+b)]+ i- (n= . ab)=0, 

and the equations giving the directionTatios (A, v) of the axis 
of semi-length r, are 


* & - i) 


(i-,!) ’(-w) 


1 


m 


1 


m- 


[ Art. 148] 


where k2=s ??- , and Po-= ^ + "jr H- 2np. 

n- 3. o 

5. Area of any section of a paraboloid. The area of the 
section of the paraboloid ax'-\-by’=2z by the plane lK+my~\-nz=p, is 


7c 


n 


3 


V ab 


'■ + ? + 


2np 


[Art. 148, Cor. 1] 


6. Condition for any section of a paraboloid to be a rect- 

angular hyperbola. The condition that the section of the parabo- 
loid ax*+6y-—2z by the plane /x+myfnr=p may be a rectangular 
hyperbola, is l-(b) -i-m2(a)+n2(a-f b) = 0. [ Art. 148, Cor. 2 ] 

7. Central circular sections of an ellipsoid. The equations of 
the planes of the central circular sections of the ellipsoid 

<> A 

y® , z 


a- 


+ ^ 2 - + >- = l.are 


'^\/a^-b*± •^Vb^-c==0. [Art. 149] 

Circular sections of an ellipsoid. The equations of the 

planes of the circular sections of the ellipsoid ^ + ^ 

— v/a2- b2 + — Vb*^" =A, — - ±- Vb2^2 = ^ 

3 C 3 c 

for all values of A and /*. [ Art. 149 ] 

8. Co-ordinates of tbe umbilics of an ellipsoid. The co-ordi- 

y2 ai2 m% 

nates of the umbilics of the ellipsoid ^ ^ given by 

X , Va“ — b^^ z \/b* — c® 

(a“>»>=>0 [Art. 154] 

CHAPTER XIII 

[ E®** 2'/ie equation of the hyperboloid of one sheet, when not 
stated, is taken for granted as ^ -f = / i 

tt 0^ 



xxxvni 


NEW ANALYTICAL SOLID GEOMETRY 


I. Equations of any generators of the A-, and /^-systems* The 

equations of any generator of the A-system, of the hyperboloid of one 
sheet, are 



and the equations of any generator of the /^-system are 



2. Equations of any generator. The equations of any gener- 
ator of one system, of the hyperboloid of one sheet, [ through 

{a cos a, b sin a, 0) ], are 

X— a cos a _ y— b sin a _ z 
a sin a ~ — b cos a c 

and the equations of any generator of the other system are 


X — a cos a_ y— b sin a 
a sin a — b cos a 



[ Ex. 4, Cor», Art. 158 ] 


The equations of any generator of the A-system [ through 
(a cos a, b sin a, 0) ] are 

X— a cos a_ y— b sin a_ z 
a sin a — b cos a — c ’ 

and the equations of any generator of the M-system [ through 
(a cos a, b sin a, 0) ] are 

X— a cos a_ y — b sin a_ z 
a sin a — b cos x c 


3. (a) No two generators of the same system, of a hyperboloid 

of one sheet, intersect. [ Art. 159, (a) ] 

(6) Any generator of the A-system, of a hyperboloid of one 
sheet, intersects any generator of the /^-system. [ Art. 159, (6) ] 

4. (a) Section of a hyperboloid of one sheet by the tangent 
plane at a point. The section of a hyperboloid of one sheet by the 
tangent plane at a point is the two generating lines through the point. 

[ Art. 160, (a) ] 

(6) Any plane through a generating line. Any plane 
through a generating line of a hyperboloid of one sheet is a tangent 
plane. [ Art. 160, (6) ] 

5. Locus of the points of intersection of perpendicular gene- 
rators. The locus of the points of intersection of perpendicular 
generators of the hyperboloid of one sheet is the curve of intersection 
of the hyperboloid and its director sphere 

[ Art. 161 ] 
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6, Co-ordinates of any point on a hyperboloid of one 

sheet. The co-ordinates of any point on the hyperboloid of one 
sheet are (a cos 6 sec 0, b sin 6 sec 0, c tan 0). [ Art. 162 ] 

Cor. For all points "6, 0" on a generator of the A-sy?tem, of 
the hyperboloid of one sheet, 0—0 is constant, and for all points on 
a generator of the M-system, 0-1-0 is constant. [ Art. 162, Cor. ] 

7. Co-ordinates of the point of intersection of two gene- 
rators of opposite systems through two points on the principal 
elliptic section. If a, ^ are the eccentric angles of two points P, Q 
on the principal elliptic section of the hyperboloid of one sheet, then 
the co-ordinates of R, the point of intersection of two generators of 
opposite systems, one drawn through P and the other through Q, are 


x=a cos 


P+« 

2 


3-a 


sec 


y=b 


Sin 


?4 


sec 


!3— a 


z = :h c tan 


(3 — a 


(p. > a) 


[ Note, Art. 163, (6) ] 


[ ^d^The equation of the hyperbolic paraboloid, when not stated, 
is taken for granted as —2z. ] 

8. Equations of any generators of the X- and /‘-systems. The 

equations of any generator of the A-system, of the hyperbolic para- 


* 4. y - * — - y -2A • 

“a V“ “a" * a ‘b ’ 


boloid, are 

and the equations of any generator of the /^-system are 


T- ■b-= V ’ T+ t Note, Art, 165 ] 

9. (a) No two generators of the same system, of a hyperbolic 
paraboloid, intersect. [ Art. 167, (I), (a) ] 

(6) Any generator of the A-system, of a hyperbolic paraboloid, 
intersects any generator of the /^-system. [ Art. 167, (1), (6) ] 

10. (a) Section of a hyperbolic paraboloid by the tangent 
plane at a point. The section of a hyperbolic paraboloid by the 
tangent plane at a point is the two generating lines through the point. 

[Art. 167, (2), (a)] 

(6) Any plane through a generating line. Any plane 
through a generating line of a hyperbolic paraboloid is a tangent 
plane. [ Art. 167, (2), (6) ] 

11. Angle between a pair of planes. If 6 is the angle between 
the pair of planes ax^-i-by^-\-C2^i-2fyz -\-2gzx-\-2hxy=0, then 
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tan 6= 


2x/P+g^^+hJ-bc-ca-ab ^ 35 ^ ^ 

[ Aid to memory. From Analytical Plane Geometry, if 0 is the angle between 
the pair of lines ax’-i-2hxy-\'by^=0t then 


tan 0= 


ly/lx^-ab 

a+b 


Here instead of we have and instead of ab, we have ab-^bc+ca, 
and instead of 3+A, we have n+A+e. ] 

**12. Co-ordinates of any point d*’ on a hyperbolic parar 
boloid. The co-ordinates of any point on the hyperbolic paraboloid 
are (ar cos 0, br sin 6, ^r- cos 26'). [ Art. 167/ (4) ] 



CHAPTER I 

THE POINT 
SECTION I 

CO-ORDINATES 




YZ-PLANE5 


ZX-PLANE 
Y' 



1. (a) OHgin. Def. ‘Let X'OX, 

Y'OV, Z'OZ be three fixed mutually 
perpendicular straight lines whose posi- 
tive directions are X'OX, Y'OY, Z'OZ 
as indicated by arrow-heads in the Fig., 
and which intersect in a point O. 

Then O is called the origin. 

(b) Co-ordinate axes. Def. 

X'OX is called the x-axis [ or, more fully, the axis of x ], Y'OY 
the y-axis, Z'OZ the z-axis, and the three together, taken in this 
particular order, are called the co-ordinate axes or, more shortly, 
the axes. 


OCorigin; 

XY-PLANE 
1 ' 


Note. (0 Rectangular axes. Since the axes are mutually at 
right angles, they are also called rectangular axes. 

(ii) Oblique axes. If the axes are not mutually at right 
angles, they are called oblique axes. 

In this book we shall deal with rectangular axes only. 

(c) Co-ordinate planes. Def. The plane YOZ is called the 
yz-plane, the plane ZOX the zx-plane, the plane XOY the xy-plane, 
and the three together, taken in this particular order, are called the 

co-ordinate planes. 


2. (a) Co-ordinates, Def. Let P be any 
point in space. From P draw PL, PM, PN per- 
pendiculars respectively on the yz-, zx-, xy- 
planes. Then LP is called the X'COordinate of 
P, MP the y-coordinate, NP the z-coordinate, 
and the three together, taken in this particular 
order, are called the co-ordinates of P [ or, 
more fully, the Cartesian co-ordinates of PJ. 

Thus the co-ordinates of a point are Y 

• How to draw the Fig. Draw two perpendicular straight lines X'OX, Z'OZ 
and through their point of intcrsecljon. O, draw a third straight line Y'OY 
perpendicular to the plane in which X'OX and Z'OZ lie. 

How to imagine (he Fig. Take O, a corner of the floor of a room, looked 
at by the reader, X'OX the edge of the floor running towards bis right, Y'OY the 
edge running towards him and Z'OZ the edge running towards the ceiling. 



X t 
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[ Art. 3, (a) 


its perpendicular distances from the three co-ordinate planes. 

{b) Convention for signs of co-ordinates. 

[i) LP, or the x-coordinate, is considered positivj if it is measured 
in the direction OX [as in the Fig. of Art. 2, [a) I and negative if 
measured in the opposite direction OX'. [ Elementary Geometry ] 

((i) MP, or the y-coordinate, is considered positive if it is measured 
in the direction OY [as in the Fig. of Art. 2, [a) ], and negative if 
measured in the opposite direction OY'. 

[Hi) NP, or the z-coordinate, is considered positive if it is measured 
in the direction OZ [os in the Fig. of Art. 2, (a) ], and negative if 
measured in the opposite direction OZ'. 

Point (x, y, z). Def. The point whose co-ordinates are {x, y* z) 
is called the point (x, y, z) or> more shortly, (xj y* *)• 

Thus the origin is (0, 0, 0). 

(c) Octants. The three co-ordinate planes divide space into 
2 X 2x2=8 parts called octants. The octant OXYZ in which the 
three co-ordinates are all positive is called the first octant. There 
is no established order in numbering the other octants. 

Two important facts about co-ordinates. 

3. (a) If A is the foot of the perpendicular from P{x, y, z) on the 

x-axis, then OA=x. 

Proof, From P draw PL, PM, PN J_s 
respectively on the yz-^ zx-, xy- planes. 

Let the plane MPN which is !1 to the 
plane YOZ [•.’ MP is li to OY, NP 11 to OZ] 
meet the x-axis in A. 

Then OA is _L to the plane MPN 

[ •/ OA is _L to plane YOZ 
and plane YOZ is || to plane MPN ] 

OA is J_ to AP which meets it in that plane, or PA is ± to 
OA, i.e., A is the foot of the _L from P on the x-axis. 

Also OA=LP [Distance between two |! planes YOZ and MPN] 
=x. 

Note. Similarly if B is the foot of the perpendicular from P(x, z) 
on they-axis, then OB=y, 

and if C is the foot of the perpendicular from P{x,y,z) onthez~axis, 
then OC == z. 
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V* 

z 

XT’ 

0 

/fK 


l' 

/y 



Art. 3, (a) ] 

Cor, 1. Rule to find the co- 
ordinates of a point P : 

From P draw PN _L on the xy- 
plane ; from N, the foot of this _L, draw 
NA _L on the x-axis (i.fiv 11 io they-axis). 

Then if OA=x, AN=y, iVP=z 
[observing the convention for signs of 
co-ordinates [Art. 2, (b) )], (x, y, z) are 
the required co~ordinates of P. 

♦♦[Proof. From P draw PL, PM, 

PN Xs respectively on the yz-, zx-, xy~ 
planes. 

Let the plane MPN meet the x-axis 
in A. 

Then OA=x (Proved in Art. ?, (a)). 

Also OA is X to the plane MPN 

(Proved in Art. 3, (a)). 

OA is X to AN which meets it 
in that plane, or NA is X to OA. 

Again the two 1| planes MPL, XOY are cut by the plane MPNA 
in the lines of section MP, AN, 

MP is 11 to AN. 

Similarly NP is 11 to AM. 

MPNA is a l^gm., AN=MP=>'. 

Also NP=z. ] 

Cor. 2. Rule to plot the point 

{*/ y/ *) : 

Measure OA along the x-axis and 
=x ; in the xy-plane, measure AN X 
to the x-axis (i.e., || to the y-axis) and 
=y, measure NP X to the xy-plane 
and =z [observing the convention for 
signs of co-ordinates {Art. 2, (6)) ]. 

Then P is the required pt. 

EXAMPLES 

1. In the Fig. of Cor. 1, Art. 3, (a), write down the co-ordinates 
of the points N and A. 

2 Sketch in a figure the positions of the points : 

(1, 0, 2), (-L -2, 3), (-2, -3, 0), (0, 0, - I). 


( Elementary Geometry) 




Y 





N 


*X XX fx 
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[ Art. 4 


3. (6) If N is the foot of theper^ 
pendicular from P(x, y, z) on the xy- 
plane, then the co-ordinates of N, in the 
xy-plane, are (x, y). 

Proof. From N draw NA X on 
the x-axis {i.e., !1 to the y-axis). Then 
OA=x> AN=y. [ Art, 3, (c). Cor, I ] 
by Analytical Plane Geometry, 
the co-ordinates of N, in the xy-plane, ( referred to X'OX, Y'OY as 
axes) are (x,y). 

Note. Similarly if L is the foot of the perpendicular from P{x,y^z) 
on tkeyz-plane, then the co-ordinates of L, in the yz-plane, are (y, z), 
and if M is the foot of the perpendicular from P(x, y, z) on the zx-plane, 
then the co-ordinates of M, in the zx-plane, are (z, x). 

SECTION II 

DISTANCE BETWEEN TWO POINTS 

4, Distance formula. To find the distance between two points 
whose co-ordinates are given. 

Let Q be the pts. and 

(Xi, yi, Zi), (x 2 , y 2 , Zi) their co- 
ordinates. 

Let d be the required dis- 
tance PQ. 

Let N, R be the feet of the 
Xs from P, Q on the xy-plane, so 
that the co-ordinates of N, R, in 
the xy-plane, are (xj, y^), (xj, y.). 

t Art. 3, (6) ] 

by Analytical Plane Geometry, NR=V(x 2 — A:i)^+{y 2 — yi)®* 

[ Distance formula ] 

Thro' P draw PS ij to NR to meet QR in S. 

[*.' PN, QR, being Xs on the xy-plane, are |j and lie in the same 
plane, a line thro' P |] to NR also lies in that plane and meets QR] 

Then from the rt. /_d A PSQ, 

PQa = PS=+SQ2 ... (I) 

But PS=NR=V(xa— Xij^-H(y.a-y,j 2 ^ [Proved above] 

SQ=RQ-RS=RQ-NP=r2-r„ 

from (1), d^ = (x^~Xiy+{y^~yiY-\-[z 2 -ZiY 

d =\/(xj-x,)^+( yj-yj^+fza-z,)- . 




or 
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Art. 5 ] 


**Note 1. Complete distance formula. 

'.* +(y2-yl)=^-(22-2'l^ 

d=± \^{X2 -xi)® + (y. -yi)^ + (^2 - zi)^ 
that sign being taken on the R.H.S.f which gives a positive* result 
for d. 

Note 2. The student should notice the close analogy between 
the distance formula [d =V{x 2 —Xi)~-j~{y 2 -y^)^] in Analytical Plane 

Geometry and that \d=^/[x 2 —XiY -^{yi—yiY Zi)- ] in Analytical 
Solid Geometry. He will constantly come across examples of this 

kind. He should make use of this analogy as an aid to memory 
for standard results and formulae in Analytical Solid Geometry. 


Cor, Distance of a point from the origin. The distance of the 

point {Xu yu 2i) horn the origin is Vxr-i-yY~\-2r- 

Proof. Let d be the required distance. (1) (2) 

(0, 0, 0) ixy yi, Zi) 

Then d^\/{^WT( yl- 0)- +(jj - OJ^ 

[ (Art. 4) J 

EXAMPLES 

1 . (a) Find the distance between P(Xi, y^ z^) and Q{x 2 , y^. z^), the 
axes being rectangular, 

(6) Find the distance between the points (/, 2,-3) and {3,-2, J), 

• 2. A, B are the points (L 2, 3) and (—1, 4,-3) and P a variable 
point whose co-ordinates are (x, y, z). Find the equations satisfied by 
x,y,z, il (i) PA=PB, (it) PAHPB*=2ft^ (m) PA^-PB^=2/c^ 

3. Find the locus of points which are equidistant from the points 
{-J, 2, 3) and {3, 2, I), 

SECTION III 

CO-ORDINATES OF THE POINT DIVIDING THE 
JOIN OF TWO GIVEN POINTS IN A GIVEN RATIO 

5. Section formulae. To find the co-ordinates of the point which 

divides the straight line joining two given points in a given ratio. 

•Except when PQ is parallel to one of the co-ordinate axes, there is no 
convention for signs with regard to the direction which is to be considered positive. 
We have, however, considered the direction PQ to be positive. 

tlhe letters *R.H.S-* stand, as usual, for ‘Right Hand Side’. 
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Let Q,(x2/y2f^2) 

be the given pts. 

Let (jc, y, z) be the requi- 
red co-ordinates of R, the pt. 
which divides PQ in the 
given ratio mi : mg. 

From P, Q, R draw PN 
QS, RT _Ls on the xj^-plane. 

Thro' R draw a st. line 
ARB 1 [ to NTS to meet NP 
produced and SQ in A and B. 

[ *.* PN, QS, RT, being JLs on the xy-plane, are ! 1 , and, being 
cut by the same st. line PRQ, lie in the same plane, 

( Elementary Geometry ) 
a line thro' R |i to NTS also lies in that plane and meets 
NP produced and SQ ] 

Then from the similar As APR, BQR, 

PA _ PR_ _ mi , 

BQ " RQ “ 7 ^ 

But PA = NA-NP = TR-NP - j-Zi, 

BQ = SQ-SB = SQ-TR =^3-^, 
from (1), 
z~Zx m, 

or m,z-miZi = m^z^-miZ, 
or aCmi +m2) = -Vm2Z^ 

• ni,22-f nigZi 

• • A— .. . — ^ 

Similarly x=. m.y^+mgyi^ ^ 

mj—nij ’ ^ mj-fitig 

Note* The section formulae give the co-ordinates of the point 
of division, for all real values of mi : mg. 

li mi : mg is -fve, is +ve. p— ^ q 

.*. PR, RQ have the same sign (direction) (0 



R divides PQ internally as in 

Fig. (z). 

Similarly if mj : mg is — ve, R divides* 
PQ externally as in Fig. (zi). 



[ Rule to find the co-ordinates of the point wUch divides 
the join of (xi, y^, z,) and (xg^ y^ *2) in the ratio ni] : ntg. 
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Multiply nil the x-coordinate of 
the point remote from mu and m 2 by the (^i» yi>g|)g^i : m 2 (x 2 fy 2 }ZA 

x-coordinate of the point remote from m 2 '' -v ^ 

as shown by the arrows, add these products, and divide the result by 

mi+mg. 

This gives the x~coordinate of the point of division. 

Similarly for the y- and 2 -coordinates > 

Cor. Mid’pomt formulae. The co-ordinates of the mid-point of 
the join of (Xi, yu Zi) and {Xz, y 2 , Z 2 ) are 


i+»2 .. yi+y2 , zii-z 

= - 2 ’ ' — r 


Proof. Let P, Q be the pts. {Xuyu ^i)/ 
{X2, y2, Zz), and R the mid-pt. of PQ. 


( ^vyi’Zj) 1 : 1 (X2> 


R 


Now PR— RQ, 


• » 


P? _ L 

RQ I 
the co-ordinates of R are 

I(X2) + 1(X,) 


x= 


1+1 

xH-Xo 


Similarly y= 


z= 


2 r\-z. 


EXAMPLES 


[ Rule (Art. 5 ) J 


1 . {a) Find the co-ordinates of the point which divides the join of 
P{xu yi, 2 i) and Q{xt, yz, z.) in a given ratio A : /. 

(6) Find the co-ordinates of the points which divide the join 
of {\, —2, 3h (3, 4, -5) in the' ratios 1 : 3, — 1 ; 3, 2 : -3. 

2. Converse problem. Given that P{3, 2, ~4), Q{5, 4, ~6), 
P(9, 8, —10) are collinear, find the ratio in which Q divides PR, 

[ P{P). U, B, Sc. 1956 S ] 

3. Centroid formulae (or centre of gravity) formulae for the 

triangle. Prove that the co-ordinates of the centroid (or the centre 
of gravity) of the triangle, whose vertices are 

(*i» yi> *i)> y 2 » ^i)> (*3» y3j * 3 )* 

are ^ yi+y 2 +y 3 Zi+Z, + Z, 

3 3 * 3 * 
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[ Note on tetrahedron, (i) Def. A 
tetrahedron* is a solid bounded by four 
triangular faces. 

Thus ABCDf is a tetrahedron bounded 
by four triangular faces> the As ABC> ACD, 

ADB, BCD. 

(n) Vertices. It has four vertices, the 
points A, B, C, D. 

(in) Edges. It has six edges, the lines AB, AC, AD ; BC, CD, DB. 

Opposite edges. It has three pairs of opposite edges, i.e., edges 
which do not meet, AB and CD, BC and AD, CA and BD» ] 

4. Centre of gravity formulae for the tetrahedron. 

Prove that the co-ordinates of the centre of gravity of the 
tetrahedron whose vertices are (x„ yi, Zj), (x^, z^), (* 3 * y 3 > * 3 )> 

(».i) y4» 24) > 

Xi+X2-tXa+X4 __ yi+yz+ys+Yi _ 
x= , y= , Z_ ^ 


A 



[ Centre of gravity of a tetrahedron. 

If ABCD is a tetrahedron, Gj the centre of 
gravity of the face A BCD, then G, the centre 
of gravity of the tetrahedron, divides AG^ in 
the ratio 3 : J. {From Statics) ] 

5. ABCD is a tetrahedron, and A', B', C', D' the centroids of 
the triangles BCD, CDA, DAB, ABC. Prove that— 

(ij AA', BB', CC', DD' divide one another in the ratio 3:1. 

(iO The centres of gravity of the tetrahedral ABCD, A'B'C'D' 
coincide. 

6 . Show that the three lines joining the middle points of 

opposite edges of a tetrahedron meet in a point. [L, U»] 

Show also that this point is on the line joining any vertex to 
the centre of gravity of the opposite face, and divides that line 
in the ratio 3:1. 



• Greek, tetra, four; fwdra a base. 

t Mow to draw the Fi'g Take a A BCD, and a point A outside its plane. Join 
AD, AC, AD. 

* Plural of tetrahedron. 
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MISCELLANEOUS EXAMPLES ON CHAPTER I 

1. Prove by distances that the three points (I, 2, 3), {—2, 3, 4), 
{7, 0^ 1) are collinear. 

2. Show that the points (0, 2), (2, — I, 3) and (L —3, 1) are 

the vertices of an isosceles right-angled triangle. 

3. Show that the four points (I, I, 1), {~2, 4, \), (—1, 5, 5), 
{2, 2, 5) arc the vertices of a square. 



CHAPTER ir 

DIRECTION-COSINES. PROJECTION ON A LINE 

SECTION I 

DIRECTION-COSINES 

6. (a) Angle between two intersecting lines, Def. 



ft 



(0 


line OX is the smallest angle tracea out oy a revuivuig xi-v 
about O in the plane XOP from the position OX to the position UP. 
The sign of the angle is determined by the usual convention 

adopted in Trigonometry. • • /• 

Thus in Fig. (i). is the angle traced out in the positive (i-c., 

counter-clockwise) direction and the angle traced out in t e negative 

ii.e,, clock-wise direction), and 0, is numerically <0^ 

is the angle which OP makes with OX, and it is P^sitm. 
Similarly in Fig. (i7), is the angle which OP makes with OX, 

and it is negative. 

(/?) Angle between two non-inter- 
secting {i.e., non-coplanar) lines. Def. 

If PQ, RS are two directed non-inter- 
secting lines, then the angle which RS 
makes with PQ is the angle which the 
directed line OB ( ll m the same sense to 
RS) makes with the directed line OA 
( , in the same sense to PQ), f-e., /.AOB. 


/ 



Q 


Thus the angles which a directed line 
PQ makes with the positive directions of 
the axes are the angles a, [J, y which the 
directed line OA (II in the same sense to PQ) 
makes with the positive directions of the 


*l.e., described in the s.’nsc from O to P. 

10 
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7. Direction-cosines. Def. If a, [i, y are the angles which a 
directed line makes with the positive directions of the axes, then cos 
cos p, cos y are called the direction-cosines of the line. 

Note. The expression "the angles which a line makes with the 
positive directions of the axes" is generaliy shortened into "the angles 
which a line makes with the axes". 

Notation. The direction-cosines of a line are usually denoted 
by the letters I, m, n. 

Cor. 1. Direction-cosines of the axes. The direction-cosines of 

the x-axis are 1, 0, 0. 

Proof. The X-axis makes with the axes> angles 0% 90", 90^ 
its direction-cosines are cos 0", cos 90% cos 90 , i.e., J, 0, 0. 

Note. Similarly the direction-cosines of the y-axis are 0, 1, 0, 

the direction-cosines of the z-axis are 0, 0, 1. 

Cor. 2. If the direction-cosines of a line PQ are I, m, n, then the 

direction-cosines of QP are —I, — tn, — n* 

Proof. Let PQ make Zs y 
with the axes, so that cos a=/, cos [i = 

CCS y=n. [ Def. (Art. 7) ] 

Thro’ O draw OA 11 in the same 
sense to PQ, so that OA makes Zs 
with the axes [ Art. 6, (b) end ]. ^ , 

Now the angles which QP makes A 
with the axes are the angles which AO 
produced, i.e., OA' makes with the axes [ Art. 6, (6) end ]. 

the direction-cosines of QP are cos (180"— a), cos (180°— (4), 
cos (180°— y), I.e., —cos a, —cos fi, —cos y, i.e., -I, — m, — n. 

Note. Important. If, however, we ignore the two senses of a line 
{PQ and QP), we may take I, m, n (or —m,-n) the direction-cosmes 
of one and the same line, 

8. Ifl,m,nare the direciion-cosines of a line OP, and OP = r, 
then the co-ordinates of P are (Ir, mr, nr). • 

Proof. Let (x, y, z) be the co- 
ordinates of P, and A the foot of the ±_ 
from P on the x-axis. 

Then x=OA [ Art. 3, (a) ] 

OA 

[ But QP = cos a, where a is the 

angle which OP makes with the x-axis ] 

=OP cos «=r/=/r. 
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Similarly y—mr, z=nT, 

the co-ordinates of P are {Ir, mr, nr), 

9. Relation between the direction-cosines. If 1, m, tl are ths 
direction-cosines of a line, then P+m^+n* — 1. 

[ In words : T he sum of the squares of the direction-cosines of a line 
is equal to one, ] 

Let PQ be the line. 

Thro' 0 draw OA !| in the same 
sense to PQ> and =1. 

Then the direction-cosines of 
OA are I, m, n, and OA=l, 

the co-ordinates of A are 

(/, m, n), 

[ (Ir, mr, nr) (Art. 8), here r=l ] 
and the co-ordinates of O are (0, 0, 0) 

/. OA2=(/-0)H(m-0)2-l-(n-0)2 

[ Cje 2 -JCi)“+(ya-yi)®-!-(ra-^i)® (Art. 4) ] 
or (1)2 = [ V OA = 1 ] 

i. e„ l~ = 1. 

Cor. Relation between the direction-cosines. (Another form.) 

If a., y are the angles which a line makes with the axes, then 

COs2 a -fcos^ P -|-COS2 y =S 1. 

Proof. Let I, m, n be the direction-cosines of the line. 

Then Z=cos m=cos 3/ n=cos y. [ Def. (Art. 7) ] 

Now Z2^m2+n2=l [ Art. 9 ] 

cos2 a-j-cos2 p-f-cos^ y — \, 

EXAMPLES 

1. Obtain the relation between the squares of the direction- 

cosines. [ P(P). U, 1955 ] 

If 3/ y are the angles which a line makes with the axes^ prove 

that sin2 a-fsin2 ^-rsin^ y = 2. 

2. A line makes angles of 45® and 69® with the positive axes of x 
and y respectively ; what angle does it make with the positive axis 
of z ? 

10. The direction-cosines of aline are proportional to a, b, c ; to 
find the actual direction-cosines. 

The direction-cosines of the line are proportional to a, b, c. 

Let the actual direction-cosines be I, m, n. 
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Then 1 = -^ = ^ = 
a b c 




* 


1 


Va-+b‘-tc 
c 


« • 


0 C 

q_ b 

Va^+b^^d ^ ' Va^-^b'^-rc- \/a='+6'H7“ 

.*. the actual direction-cosines are 

a b c 


r-O) 


V a*+6®+c- Va“4-6*-l-c- V a-+6-+c- 

[ Rule to find the actual direction-cosines of a line, which 
are proportional to a, b, c : 

Divide a, b, c each by V a^~\-b'^-\-c-. The resulting ratios are the 
actual direction-cosines. ] 

♦•Complete results. V l--\-rri^-\-n^=\, Vt--^rn--\-n- =±\. 

In the above work we have taken V/*+/n"-i-n- — -f 1 in(l). 


then 


If/ however^ we take \//'+m^-fn^ = — 1 in (1)^ 

J _ Jl 

a ^ b ~ c 

a 




y/ CL^ +b~ c- 

b 


-1 


/ m= - 


c 


v'a*+ 62 +c 2 ' ■ 
the actual direction-cosines are 

a b 


/ n = — 




Vd^+b'^-{-c^ 


\/a*+6*-i-c- V a^-\-b‘-’\-c- 


Combining these with the results of Art. 10/ the actual direction- 
cosines are 



a 

Va*-r6*-|-c* 



h 

Va’=+6--fc-' 



c 

Va^+6--t-c- ' 


the ambiguous signs being taken all -f-ve or all — ve. 

Note 1. Since there are two senses of the line (PQ and QP), 
therefore/ we get two sets of the actual direction-cosines. If, 
however/ we ignore the two senses of the line (Note, Cor. 2,Art. 7), 
the actual direction-cosines of the line are 

a b c 

Note 2. Direction-ratios. Def. A set of three numbers a, b, c 
to which the direction-cosines of a line are proportional, are called 

the direction-ratios of the line. 



-j- , then each member 




[ Elementary Algebra ] 
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Caution. It is only when U actual direction-cosines 

{and not merely proportional to the direction-cosines, i.e., not the direc- 
tion-ratios) of a line that the relation = I holds. 

EXAMPLES 

1. The direction-cosines of a line are proportional to 

2, -3, 6, find the actual values. 

The direction-cosines of the line are proportional to 2, —3, 6. 

Dividing by V (2]^+F3)^+(6F [ Rule (Art. lO) ] 

= \M-f 9+36 = v/49 = 1, 

the actual direction-cosines are h * 

2. (a) Define the direction-cosines and direction-ratios or a 

straight line. What is the difference between them ? ^ ^ 

( 6 ) Find the direction cosines of a line which makes 
equal angles with the axes. 

SECTION II 

PROJECTION ON A LINE 

11. (a) Projection of a point. Def. The 

projection of a point A on a line X X is A , the 

foot of the perpendicular from A on X'X. 


X' A' 


X 


A 

% 

\ 

N 

\ 

> 




y 




Cor. The projection of a point A on a 
line X'X is A', the point in which the plane 
through A perpendicular to X'X meets X'X. 

Proof. Let the plane thro' A X to X'X 
meet X'X in A'. 

Then X'X, being X to the plane, is X 
to A'A which meets it in that plane, or AA' 
is X to X’X, i.e., A' is the foot of the X from A on X'X. 

.*. the projection of A is A'. 


[b) Projection of a segment. Def. The 
projection of a segment AB on a line X'X 

the segment A' B’ , where A'.B' are the feet 
of the perpendiculars from A. B on X'X. 



:< 



X' A' 


Arts. 11, (c), 12 ] 
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(c) Length of the projection. The pro- 
jection of a segment AB on a line X'X is 

A'B'^AB cos o', 

where 0 is the angle which AB makes with X'X. 

Proof. *Let A' be the foot of the X 
from A on X'X, and B' the pt. in which the 
plane BCB', drawn thro' B i to X'X, meets 
X'X, so that B' is the foot of the X from B 
on X'X [Art. 1 1, (a). Cor.]. 

Thro' A draw AC jt to X'X to meet the plane BCB' in C, so that 
/. CAB=0 [Def. (Art. 6, (6))]. 

Then AC is X to the plane BCB' 

[ *.■ AC is II to X'X, and X'X is i. to the plane BCB' ] 

AC is X to CB which meets it in that plane. 

r AC 1 

AC=AB cos 0. I = cos 9 

A'B'=^AC [ Opposite sides of rect. AA'B'C ] 

=AB cos 

EXAMPLE 

The projections of a line on the axes are 3,4,12. What is the 
length of the line ? 




12. Direction-cosines of the join of two points. The direction^ 
cosines of the join of (Jfj.y,, z,) and are proportional to 

Va-yp 

Proof. Let P, Q be the pts. (x„ Vi, Zj), [Xo, y 2 , zj), and I, m, n 


the direction-cosines of PQ. 

Let P', Q' be the feet of the 
Xs from P, Q on the x-axis, so 
that OP'=Xi, 0Q'=X2 [Art. 3, (a)] 
P'Q'-OQ'-OP' 

= X2-X,. 

Also P'Q'= projection of PQ 

on X'X 

s=PQ cos a, 

where a is the angle which PQ 
makes with the x-axis 

=PQ./. 



•How to draw the Fig. Draw lines AB, X'X, and take A', the fool of (he X 
from A on X'X. Take a segment A'B' on X'X, and thro* A draw AC \\ and ^ A'a'. 
Join flC,CB', BB'. 
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NEW analytical SOLID GEOMETRY 


[Art. 13 


PQ,;=;c 2 -j:i, or 

Similarly ' 

/. I, m, n are proportional to x^—Xu y^—yu ^ 2 — 

EXAMPLES 

1, If P is the point (a, b, c), fini the direction-cosines of the directed 
line OP, also the direction-cosines of PO, 

( 1 ) ( 2 ) 

The direction-cosines of OP are proportional 0(0, 0, 0) P(o, b, c) 
to a-0, b—0, c~0, [ Xi—Xu yt—yu ^ 2 — (Art. 12) ] 

i.e„ proportional to a, b, c. 

Dividing by Va^+T^+c^, [ Rule (Art. 10) ] 

the actual direction-cosines of OP are 

Q b c 


Va~-i-b--^c^ ' Va--f6“+c“^ ' 
the direction-cosines of PO arc 

a b c 


r / 


VaH6Hc* 


[ —I, —m, —n (Art. 1, Cor. 2) ] 

2. A, B are (L 2, —2), (3, —4, 5). Find the direction-cosines 
of OA, OB, AO. 

3. If P, Q are (/, 2, i), {— 1 , 2, 1), find the direction-cosines of PQ, 

Angle between two lines. 

13. (a) Angle formula. To find the angle between two straight 
lines whose direction-cosmes are given. 



Let PQ, RS be the lines, and I, m, i ; /', n' their direction- 
cosines. 
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Art. 13, (a) ] 


Let 6 be the required angle between them. 

Thro' O draw OA, OB H in the same sense respectively to 
PQ, RS, and each =L so that zAOB=0. [ Def. (Art. 6, (6)) ] 

Now the co-ordinates of A, B are (/, m, n), {V, m\ n'). 

[ [It, mr, nr) (Art. 8), here r=l ] 


AB=V(r-/)*+(m'-m;2+(n'-nf 

[But /'+m2+n==L ] 

=V2— 2 

from the AOAB, by the cosine formula. 


cos 6= 


OA^+OB—AB'^ 

20A.0B 


[ Elementary Trigonometry ] 


(n*4{l)2-[2-2(//'+n2m'-}-n/i')] 

2(T){Ij 


2 (//'*fmm'+nn') 
2 


[ V OA=*l, OB=l ] 


cos ds=U'H-miii'+nn', or 0=cos’^ {W +mm' ~\-nn'). 

[ Lagrange's identity. Important. 

(P -|- H-n^) (l'^ + m '2 4 n' 2 ) — (U' -f mm' +nn')2 

= (mn'— m'n)* -{-(nl' — n'l)® + (Im' — I'm)-*, 
**{ Proof. (p+m®+n^) (l'^+m'^'[-n'^)-[W-\-mm''i-nny 
_ I2i'2 4 l^n'^ +n~n'~ 

— (IH'^ +n*n'“ + 111' mm’ +2mm'nn' -\-2nn'll') 

[ Cancel ] 

Note. This identity is called Lagrange’s identity and is very 


useful, ] 

Cor. 1. Angle formula {sine form) for two lines. If e is the angle 
between the lines whose direction-cosines are 1, m, n ; 1', m', n , 


to prove that 

sin 0=v'(mn'-m'n)“ + (nr-n'l)“4lm'-l'm)2.t 
~~ ".How to write down the R.H.S. Write down the direction-cosiDCs of the lines 

in order in two rows : , 

I, m, n, 

V, m', n\ 

Draw diagonals mentally as in cross-multiplicalion, 

m n I ni 
XXX 

m' n' r m' 

thus getting, nl'-n'l, Im’-Vm, square these, and add, thus getting 

-m'n)2 + [nV - n’l)^ +[!m' - 

tHow to write down the R.H.S. Proceed as in the above footnote, and take 
the square-root of the result. 
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NEW ANALYTICAL SOLID GEOMETRY [ Art. 13 , (a) 


sin2d=l— cos* 6=\—(W A-nn')^ 

[ V /*+m*+n*=l, r*+m'H-n'*=l ] 

which, by Lagrange’s identity, 

={mn’ —m'n)^-\-(nl' —n't)^4-{W—l'm)^ ...(1) 
sin 0=V(mn'— m'n)*+(ni'— n7)*+(/m'— 2'm)* 

=^\/^Tnn' 

**Complete angle formnla (sine form) for two lines. If B is thB 
angle between the lines whose direction-cosmes are I, m, n ; m', n’t then 

sin 0= ±v'(mn'-m'n)2+(nl'-n'i)2 4-(lm'-l'mj-= [From ( 1 )] 

= ±V m'nj*. 

Cor. 2. Angle formula (tangent form) for two lines. If 6 is the 

angle between the lines whose direction-cosines are l,mtn; V, m', n', then 

^ V (mn' — m'n)-+fol'— p7)* +(lm'— I'm)* 

^ ” iV-f-mm'+na' 


, sin 0 V(mn'— m'rt)*+(n/'— n7)*H-(/m'— I'm)* 
Proof. tan9=^~g= U'+mm'+nn' 

[ Art. 1 3, (a) and Cor. I ] 


_ y/ 1 (mn' —m'n )“ 

♦^Complete angle formula (tangent form) for two lines. If 0 is 
the angle between the lines whose direction-cosines are I, m, n } 
I', m', n't then 


tan 0 = i' 


= ± 


■\/(nin'— m’n)- -f(nl'— n'l)^ +(lm'— I’m)* 

ir 4 -mm'-|-iii»' 


V2(mn'— /Ti'n/** 

IV 


„ sin 0 ±V{mn'—m'n)--i-(nl'~n'iy‘^~[lm'-imf 

Proof. tan0=^^^0-— Tl'-i-mm'-^nn' 

[Art. 13, (a) and complete angle formula (Sine form) of Cor. 1] 
Cor. 3. Condition of perpendicularity of two lines. The 

condition that the lines whose direction-cosines are I, m, n ; V, m', n\ 
may be perpendicular, is 

ir+mm'4*nn' = 0. 

Proof. If the lines are _L, 0, the angle between them — 90® 
cos 0=cos 90® F= 0, i.e., W +nn’ = 0, [Art. 13, (a)] 
which is the required condition. 


Art. 13, (6) ] 
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Note. The converse is also true, i.e„ if the 

lines are perpendicular. 

For the order of the steps in the above proof can be reversed. 

Cor. 4. Conditions of parallelism of two lines. The conditions 
that the lines whose direction-cosines are I, n; V, m\ n\ may be 
parallel, are 

1 = r, m = m', n = n'. 

Proof. If the lines are || , S, the angle between them, = 0* 
sin 0 = sin 0® = 0 


i.e,, m'n)*+(nr— I'm)* = 0 [.Art. 13, [a), Cor. I ] 

or, squaring, 

{mn'—m'n)^-]-{nV—n'l)^+{lm'—l'my = 0 
.•. mn'—m'n — 0,nl—n'l = 0, lm'~l'm = 0* 


m 

m 


n 


n 


or — ; — “V / — 


n 


n 


I I 

rT ^ 


I' ' V 


m 

m‘ 


I 


m 

m' 


n 

Ti 


Vl^ -f /n* -fn® 


” m' n' i 

or I = V, m=m', n^n', which are the required conditions. 

Independent method. If the lines are 1| , they make equal angles 
with the x-axis, i.e., a=a', cos a=cos <x', or /=»/', 

Similarly m=m', n=n'. 

l=V, m=m', n=n', which are the required conditions. 

Note 1. The converse is also true, i.e,, if l^V, m—m', n=n' , 
the lines are parallel. 

For the order of the steps in the above proofs can be reversed. 

Note 2. It is assumed that the lines are parallel in the same sense. 

Notes. The^ condition of perpendicularity of two lines and the 
conditions of their parallelism are, deduced respectively from the values of 
cos 0 and sin $, where Q is the angle between the lines. 

13. (6) Angle formula for two lines. If 6 is the angle between 
the lines whose direction-cosines are proportional to a, b, c ; a', b' c' 
to prove that 

cos e aa' + b b' + cc' 

Va" + bM-c“ c'ii * 

The direction-cosines of the lines are proportional to a, 6, c • 


•Explanation. If the sum of the squares of any number of real quantities is 
zero, then each quantity is sspuratcly zero. 

Thus, if A2+BM C* + ... - 0, then A«0, B - 0, C =. 0, ... . 
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NEW ANALYTICAL SOLID GEOMETRY 


[ Art, 13, (6) 


av b', c'. 


« • 


the actual direction-cosines are 

a b c 


^52 _{_ca ' Va*TF+? ^ Va^ +6® +c* ' 

a' c' 

y'a':i_l_5'2+c'=i ' Va'^+i)'-+c'>> ' Va'*+6'*+c'=‘ 

[ Rule (Art. 10) ] 

aa' - f 6b' -f- cc" 

•’• “ Va^+6M-c‘‘Va''*+6'^+c'“ ' 

[IV+mm'-j-nn' (Art. 13, (a))] 

♦♦Complete angle formula for two lines. If 6 is the angle between 

the lines whose direction-cosines are proportional to a, b, c ; a', 6', c'> 

to prove that 

„ aa + bb -1- cc 

^ VaHbHc= Va'Hb'Hc'- * 

The direction-cosines of the lines are proportional to a, b, c ; 
a’, b', c', .*. the actual direction-cosines are 

a b e 


Vfl* +6® +c^ 
a' 


/ i 


± -lij. 


± 


Va^ +6" +c“ 
6 ' 


- # i 


/ ± 


Vq- + 6" +c2 * 

c' 


the ambiguous signs being taken all -f-ve or all — ve.- 

[ Complete results (Art. 10) ] 

aa' + bb' + cc' 

" ^ Va'“+6'=-Pc'2 

[/r-^mm'+nn' (Art. 13, (a))] 

Cor. 1. Angle formula (sine form) for two lines. If B is the 
angle between the lines whose direction-cosines are proportional to a, 6, c / 
a', b', c', to prove that 

. V(bc' -b'e)^ +(ca' -c'ayM-(ab' -a'b)^ 

V^3+b2+c2 Va'“-hb''2+c'®^ 


^ V S (fec'-fc'c)'-^ 

V2a8 VSa'® * 

The direction-cosines of the lines are proportional to a, 6, c ; 
o', 6', c', the actual direction-cosines are 

a b c . 

Va^-i-6^-t-c® Va^-h6^+c® Va^+^^+c® 

g' b' c' 

Va'a+ya+c'i ' Vq'2+5'2+c'* ' Va'H-6'*+c'* 

[ Rule (Art. 10) ] 


Art. 13, (6) ] 
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. y/{bc'-b'cY+{ca'-c'a\^^{ab'-a'bY 

. . sin p= - - — > — — 

^/a^+b^+c^ Va'“-r6'“4-c'- 

[ V(m^'^'n)-+(n/W/?+{/m'-/'mj^ (Art. 13,(o), Cor. 1) ] 
y/l{hc'-Vcy- 

"" V2a2 ‘ 

**Complete angle formula (sine form) for two lines. If d is 
the angle between the lines whose direction-cosines are projiorfiona/ to 
a, b, c / a', b', c', then 


a_ . Vfbc'-b'c)g-t- (ca'-c'a)2 + (ab'-a'b)g 
“ Va- + b-^-h^ x/a'a+b'^'-fc'* 

V^jbc'-b'cy 

[ ±V(rnn'-m'ny-r{nl-n'l)^-\-{lm'-t'my 
(Complete angle formula (sine form). Art. 13, (a). Cor. 1) ] 

Cor. 2. Angle formula (tangent form) for two lines. If 6 is 

the angle between the lines whose direction-cosines are proportional to 
a, b, c ; o', b', c\ to prove that 


tan 6 


\/(bc'-b'c)^-h (^' - c'a)2j-jabj-£^2 

aa'-f-bb'-j-cc' 


_y/'L[bc'-b'cY 

laa' 

The direction-cosines of the lines are proportional to a,b,c; 
a’, b\ c\ the actual direction-cosines are 

a b c 

a' b’ c' 

Va'“+6'*+c'2 

[ Rule (Art. 10) ] 


y^izl>'cyf^ca'^c'a)'-^{ab'~a'by 


tan B= 


\/a*-l-6*-f'C* Va'=‘+6^-{-c'* 


aa' -\-bb' -hcc' 


[ tan 0 f = 


Va-+b'^-t-c~ 

= -n'l y +J}m''^t'mY 

' /I'-fmmM nn' 

(Art. 13, {a). Cor. 2)] 


cos B 


V {bc'-b'c)‘ +{ca' - Cay +(<£&'- a'b)‘ 

aa’-j-bb'-i-cc' 
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[ Art. 13, (6) 


y/l {bd-h'O^ 
laa! 


Note. The angle formula (tangent form) for two lines is the 
same whether the actual direction-cosines are used or their 
proportionals. 

•♦Complete angle formula (tangent form) for two lines. If 6 is 
the angle between the lines whose direction-cosines are proportional to 
a, b, c ; a', b', c', then 


tan 0sss± 


V'(bc'-b'c)“-f{ca'-c'a)--i-{ab'-a'^ 

aa'-j-bb'-j-cc' 


= ± 


VAbc'-b'e) 


laa' 


tan 0= 


■:\-\/(bc' —b'd^-^lca' —c'a)^-^tab’—a'b)* 

y/a'^+b'^+Z^ 
aa' 4-66' 4-cc' 


VaH6Hc* 


r sin N iVdnn'— m'n)*+(nr— n7)*+(im'— I'm)^ 

[tan e (^= j j= ll'+Mm'-^nn' 

(Complete angle formula (tangent form). Art. 13^ (a). Cor. 2) ] 

^ , y/(bc'-b'c)‘Hca'-c'<irMat>'~a‘bf 

aa'+W'+cc' 


_ . V^(6c'-6'c)^ 

^ taa' 

Note. Important. The cosine of the angle between two lines 
whose proportional direction-cosines are given/ the sine of the angle 
between them, and the tangent of the angle between them/ are all deduced 
from the corresponding results for two lines whose actual direction-cosines 
are given. 

Cor. 3. Condition of perpendicularity of two lines. The 

condition that the lines whose direction-cosines are proportional to 
Q,b,c; a'/b'/C'/ may be perpendicular, is aa'-{-bb'-}-cc'=0. 

Proof. If the lines are l, B, the angle between them=90® 

cos (^=cos 90'’=0, 

ad+hb'+cc’ „ [Art. 13, (i)] 


i.e.. 


=0 


v a‘-rO--t c“ Va’--}-fe'‘'-r c'“ 
or aa' -^bb' ~\-cc'=0, which is the required condition. 

Note. The condition of perpendicularity of two lines is the 
same whether the actual direction-cosines are used or their propor- 
tionals^ 


PROJECTION ON A LINE 


23 


Art. 13, {b) ] 


Cor. 4. Conditions of parallelism of two lines. The conditions 
that the lines whose direction-cosines are proportional to a, b, c ; 
a\ b', c' , may be parallel, are 

a _ b _ c 

Proof. If the lines are || , 6^ the angle between them, = O'" 
sin 0 = sin 0° = 0 


■ V(^c^ - b'c)^ + j c ^- daf + {ab' - a'b f 

V[bc'—b'cf^~t{ca'~c’ay^-f-(ab'—a'b)- ^0 


[Art. 13,W, Cor. 1} 


or, squaring, 

(fcc'-6'c)*+(ca'-c'a)2+(a6'-a'^)* -0 

bd—h'c = 0, ca’—c'a = 0, ab'~-a'b=0 

b _ c ^ 

T ' V " a' ' a' ~ b' 

or ?— = -^ = A-, which are the required conditions. 
a b c 


EXAMPLES 


1. (q) If OA and OB have direction-cosines cos a, cos cos y ; 
cos a', COS p', cos y', and B is the angle which OA makes with OB, 
prove that cos 0 — cos a cos a' + cos p cos + cos y cos y'. 

(6) Find the acute angle between the lines whose direction- 

V3 1 V3 v'3 1 V3 

cosmes arc ' 2 ' ' *4” ' T ' T ' T ' T * 

[(b) Note. Acute and obtuse angles between two lines. In a 

numerical example (i) if the angle formula, 
cos 6 — W + mm' + nn' gives a positive result, 
it is the cosine of the acute angle between the 
lines; but (ii) if the angle formula gives a 
negative result, it is the cosine of the obtuse 
angle between the lines. In this case, if 0 is the acute angle between 
them, then <p = 180'"— 0, 

.*. cos 0 = cos (180®— 0) = —cos 0 = — ( W -f- mm' -f nn' ), i.e., 
we must change the sign in the angle formula, cos 6=11' ^~mm' -\-nn', 
to get cos 0, the cosine of ’ the acute angle between the lines-] 

2. Find the angle between two straight lines whose direc- 
tion-cosines are given. [ P{P), U. I9S6 ] 

Find the angles between the lines whose direction-cosines are 
proportional to (i) I, 2, 3 ; 3, 4, 5 ; (ii) 1, 2, 1 ; 2, —3, 4. 
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NEW ANALYTICAL SOLID GEOMETRY [ Art. 13, (6) 


3. Show that the lines whose direction-cosines are proportional 

to M, 2; V3-U -V3-l,4; V3-1. 4 arc inclined to 

one another at an angle "/3. 

4. If A. B are (2, 1, -2). {3, -4, 3), find the angle that OA 

makes with OB. I P- 1 

5. A, B, C are the points (I, 4, 2), (—2, 1, 2), (2, —3, 4). Find 

the angles of the triangle ABC. 

6. If a i;aria6ie line in two adjacent positions has direction<osims 

I m, n ; l+^h m+Sm, n+Sn, show that the small angle, K between the 
two positions is given by (80)®=(8/)--l-(Sm)®-h(8n)". [P* 1954 

The direction-cosines of the line in the two positions are 

I, m,n; l-\-U, m+8m, n+8n. 


-{■ + n^= 1 (1) 

a-H8/)2-H(m-H8m)^-f-(n-i-S/i)"= 1 ..-(2) 

Subtracting (1) from (2), 

2(/S/+mSm+nSn)-FtSi)--f-(8m)®-H(8/i)*=0 ... (3) 

Now cos S0 = l{l+U)-^m{m+8m)+n{n+8n) 

[ /r -f- mm' + nn' (Art. 1 3, (a) ) ] 

= /“-f-m"-fn"+/Sf+^nSm-l-nSn 

= 1 -|-/S/-fm8m+n8n [ V = 1 ] 

1— cos 30= — (/3/-fmSm-fn8n) ... (4) 


80 / 80 

But 1 —cos 30=2 sin* -y =2 nearly 

[ *.* when 9 is small, sin 6=9 nearly 

( Elementary Trigonometry ) ] 



from (4), = — (/Si-J-mSm-f-nSn) [ Substitute from (3) ] 

= i [ {Uf -h (3m)» + (3n)* ] 

{^ey = (8/)*4-(3m)*-f-(S/i)*. 


7. Lines OP, OQ are drawn from 0 with direction^cosines proper^ 
tional to {/, —7, — /) and (2, —}, 1). Find the direction-cosines of 
the normal to the plane POQ. 

[ Note on parallelepiped, Defs, 


Art. 13, (6) ] 
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(0 A parallelepiped is a solid 
bounded by three pairs of parallel plane 
faces. 

(u) A rectangular parallelepiped* 
is a parallelepiped whose faces are all 
rectangles* 

{Hi) A cube f is a parallelepiped 
whose faces are all squares, 

8. If the edges of a rectanguloT parallelepiped are a, b, c, show that 
the angles between the four diagonals are given by 

[ Let OA=a, OB=6, OC=c. 

Take O, a corner of the paral- 
lelepiped, as origin and OA, OB, 

OC, the three edges thro’ it, as 
axes. 

Then the co-ordinates of O, A, 

B, C are respectively (0,0,0), (a,0,0), 

(0, 6, 0),(0, 0, c) ; those of P,L,M,N 
are respectively (a, 6, c), (0, 6, c), 

{a, 0, c), (a, 6, 0). 

The four diagonals are OP, AL, B.VI, CN. Find the angles 
between the diagonals OP and AL ; OP and BM ; OP and CN. 
It will be found that the angle between the diagonals OP and AL = 
the angle between the remaining two diagonals BM and CN, and 
so on. 

Note 1. Important. For problems relating to the diagonals 
of a rectangular parallelepiped or a cube, take a corner as origin 
and the three edges through it as axes. 

•♦Note 2. In Ex. 8, the ambiguous signs cannot all be positive. 
For, if they are all +ve, angle— cos~^ • . ; . =cos~^ 1=0, 

the two diagonals are ||, which is impossible as is evident from 
the Fig. ] 

9. Find the angle between two diagonals of a cube. 

• How to draw the FJg. Take three mutually _L lines OA, OB, OC. Complete 
the rectangles OBLC, OCMA, OANB, BLPN. Join MP. 

t How to draw the Fig. Take three mutually J_ lines OA, OB, OC such that 
OA = OB s= OC, and proceed as above. 
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10. A line makes angles y, S with the four diagonals of a cube ; 

prove that cos^ a+coi- p+cos^ y+cos^ S=^. [ P(P). U. 1955 ] 

Angle between two lines whose direction-cosines are given 
by two numerical homogeneous equations in I, m, n, one of the 
first degree and the other of the second degree. 

1 1 . Find the angle between the two lines whose direction- 

cosines are given by the equations l-}-m-f-n=0, n*=0. 

[ P. U. 1943 S ] 

The equations giving the direction-cosines of the two lines are 

Z“f-/n-|-n=0 ••■(1) 

P+m2-n2=0 ...(2) 

Eliminating n from (1) and (2) [by substituting the value of 
w[=-(/+m)] from (1) in (2) ], 


P-Hm2-(f-fm)2=0 

either /==0 
i.e.^ l./4 0.m+0.n=0, 

also /+ m 4- n = 0, 

Solving by cross-multiplication, 

J-.~ ” 

0 - 1 “ 1 


or — 2//n=0 

or m^O 

i.e., 0./-l-l.m40.n=0, 

also 1+ m n =0. 

Solving by cross-multiplication, 

I _ m_ 

1 ” 0 “ -I 


the direction-cosines of the lines are proportional toO, — 1, 1 j 



if 6 is the angle between the lines, then 
COS0- 0(I)4-(-I)(0)-f-l (-1) 


V{6yH~ir-^W \/(i)H(0)*4-(-i)^ 

= ~2 -(I) 

If 0 is the acute angle between the lines, then changing the sign 
in (1) [Ex. 1, (6)], cos 0=l^cos 60% 0=60% 


12. Show that the straight lines whose direction-cosines are 
given by the equations 2 1— m-)-2 n=0, and mn4-nl-|-lm^0 are 
perpendicular. 

13. Find the expression for the sine of the angle between two 

straight lines whose direction-cosines are mj, and /g, m^, res- 
pectively, the axes being rectangular. [ B. U. 1953 ] 

Prove by direction-cosines that the points (1,2,3), (4,0,4), 
(—2, 4, 2), (7, —2, 5) are collinear. 


Art. 14 ] 
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14. Projection of the join of two points on a line whose 
direction-cosines are given. To prove that the projection of the join 
of the points (xi, yi, and zf) on a line whose direction-cosines 

are I, m, n is 

(*2-*i) i+(y2-yi) n* 




Let P/ Q be the pts. (x,, y^, zf), 

{Xi,yo,z.f), and AB the line whose . 
direction-cosines are I, m, n* r 

Let P'Q' be the projection of PQ on 
AB^ so that 

P'Q'=PQ cos ^...(1), [Art. 1 1> (c)] 
where 6 is the angle which PQ makes 
with AB. 

[ To find cos B. ] 

Now the direction-cosines of PQ are proportional to X 2 — Xi, 
yt-yi* Zi-Zi- [ Art. 12 ] 


P' 


Q' B 


Dividing by V(x 2 ~Xx)--h(>' 2 — yi)‘'^+U 2 — PQ/ 

^ 2-^1 y 2 -y\ Zi~zi 


the actual direction-cosines of PQ are 'pQ , 
direction-cosines of AB are I, m, n. 


PQ 


/ and the 


[ //'-fmm'+nn' (Art. 13, (a)) ] 

= Pq["Cx2--Xx) H(y2“yj)m+(Z2-Zi)nj ...(2) 
from(l)/ 

P'Q'=PQpQ ^+(y2-yi) m+(z2-Zj)nJ 

= (X2-Xi) Hiyi-yi) m-f-U.~r,) n. 


EXAMPLES 


1. If P is the point (x,/ yu prove that the projection of OP on 
a line whose direction-cosines are I, m, n, is /xi+myx+nzi. 

2. If A/ B, C/ D are the points (I, 2, 3), (2, A, ]), (- i, 2 , 3), 
(1/0, 4), find the projection of CD on AB, 

3. If P, Q, R, S are the points (-2, 3, 4), (-4, A, 6), (4, 3, 5), 
(0, 1, 2), prove by projections that PQ is at right angles to RS. 

MISCELLANEOUS EXAMPLES ON CHAPTER 11 

1. The co-ordinates of the angular points A, B, C, D of a tetra- 
hedron arc (—2/ I, 3), (3, — 1, 2), (2, 4, — 1) and (I, 2, 3) respectively* 
Find the angle between the edges AC and BD. [ P.U, H5/ S ] 
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2. Direction-cosines of a line perpendicular to two lines. 

Show that the line perpendicular to both of the lines whose direction- 
cosines are proportional to l,m,n; V, m't n', has direction-cosines pro- 
portional to mn'—m'n, nV^n'l, Im'—Vm* [L- U.] 

3. Prove that if two pairs of opposite edges of a tetrahedron are 

perpendicular, then the third pair are also perpendicular* [P.U. 1949 S] 

[Note. Important. For problems relating to perpendicular 
opposite edges of a tetrahedron ABCD, take D, one vertex, as 
origin, and let A, B, C, the remaining vertices, be (xj, y^, Zj), 

(*3S y2> (*3» Va* ] 

4. Two edges AB, CD of a tetrahedron ABCD are perpendi- 
cular. Prove that the distance between the mid-points of AC and 
BD is equal to the distance between the mid-points of AD and BC. 

[ L. a. ] 

5. Show that the straight lines whose direction-cosines are 
given by the equations ul-}-vm-|-wu=0, al“4'bm“-j-cn^=0, are 
perpendicular if 

(b+c)-|~v-(c+a) 'fw-(a+b)=0. 

The equations giving the direction-cosines of the two lines are 

ul-\-vm-\-wn=Q ...(1) 
aP-\-bm^‘^cn‘^=0 ...(2) 

Eliminating n from (1) and (2) [by substituting the value of 
„ (= - from (1) in (2) ], 

dHfcmHo =0 

or awH--\-bw~nf-\-c 

or I- (OHJ" -h cu®) -f 2 cuvlm-^m^{bw~ -\-cu^)—0. 

Dividing thro' out by m*, 

■^2 -i-2cuv -j^~i-ibw^-{cu^)=0 ...(3) 

which is a quadratic 

If li, mi, ni ; It, m^, are the direction-cosines of the lines, then 


— are the roots of the quadratic (3). 
(product of the roots, i.e.,) — . — 

' mi TRa 


biif~ +cv^ 
aw^ -f cu* 


Art. 14 ] 
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. 1* which from symmetry, 

6w’+cP" cu--rOW- 


flp' + ou- 


.*. [6w-+cp-+cu-+aiv-+apM-&u'J ...(4) 

The lines are X if lth'^miTn>-{-nin2=0, 
or, if, from (4), k[ 6ip^xcp*4cuM-aH;=Xap=Xfeu“]-=0, 

or, if 6w2_|.ci;2+cu*+aH;-+ap2-i-6u'=0, 

or, if u2(6Xc)+p^(c-la)H-w2{a+6)=0. 

6, Show that the straight lines whose airccN'on-casmes are given 
by the equations ul-j-vm-i-wn=0, al^-\-bm‘^-\ cn-=0, are parallel, if 

+ [P.U,H .1952 ] 

a b c 


[ Proceed as in Ex. 5. 

The lines are || if h=l 2 t n,=n 2 

Qj. if A = Qj. •£ quadratic (3) obtained in Ex. 5, has equal 

* mi 

roots, etc. ] 

7. Show that he straight lines whose direction^cosines are given by 
the equations ul-\-vm-^wn—Op fmn-\-gnl \~hlni—0, are 

f p h 

(i) perpen(ftcu/ar, if + T" "w ^ 

and [ii] parallel, if Vaf + f' Vwh = 0, 

8. Find the projections of the join of {x„ y„ Zi) and (xa, y-^, zf) 

on the axes of co-ordinates. [ P. U. J935 S ] 


•How to write this step. Since Trom the first member > changing 

/, m, n ; a, b, e ; v, w cyclically, Le., changing /i to «u, It to nu ; 6 to c, w to a ; 
■ c to o, V to H*. we get the second member 

.*. from the second member changing nu to hj, Wj to wj ; c to a* 

a to V ; a to fr, w to «, we get — • 



CHAPTER III 

THE LOCUS OF AN EQ,UATION 

Equation of a plane liarallel to one of the co-ordinate planes. 

15. Equation of a plane parallel to the yz-plane. To find 
the equation of the plane parallel to the yz-plane and at a distance a 
from it. 

Let a be fhe plane meeting the x-axis in 
A, so that OA = a. 

Let P(x,y, z) be any pt. on the plane. 

From P draw PL X on the yz-plane. 

Then LP=OA [ Distance between two || 

planes YOZ and a ] 

X = a, which is the required equation. 

Note 1. Similarly the equation of the plane parallel tothezx- 
plane and at a distance b from it, is y — b, 

and the equation of the plane parallel to the xy-plane and at a distance c 
from it, is z = c. 

Equations of the co-ordinate planes. 

Cor, The equation of the yz-plane is x ~ 0. 

For, if the plane coincides with the yz-plane, then a = 0. 

Note 2. Similarly the equation of the zx-plane is y — 0, 
and the equation of the xy-plane is z = 0. 

[ Aid io memory. The equation of a plane 11 to the y'r-plane contains only the 
co-ordinate of the absent variable, thus the equation is x =i a. 

Similarly for the equation of a plane 11 to the xx-plane or B to the xy-plane. 
Again the equation of the yi-plane contains only the co-ordinate of the absent 
variable, thus the equation is x = 0. 

Similarly for ll\e equation of the rx-plane or the xy-plane. 

Equation involving one or more of the three variables X) y^ z. 

16. Case I. Equation involving one variable. To find the locus 

of the equation f{x) ~ 0* 

The equation is f{x) = 0 ... (I) 

Let a, b, c, ... , k be the roots. 

Then (1) is equivalent to 

{x—a) (x-fc) (x— c) ... [x—k) = 0 
or X = a, X = b, x = c, ..., x — k 

which represent a system of planes li to the yz-plan€. [ Art. 15 ] 
(1) represents a system of planes i! to the yz-plane. 

Note 1. These planes maybe real or imaginary. 

30 



THE LOCUS OF AN EQUATION 


31 


Arts. 17-18 ] 


Note 2j Similarly /(y) = 0 represents a system of planes parallel to 

the zx-plane, 

and j[z) = 0 represents a system of planes parallel to the xy-plane- 
•Note 3. It is assumed that fix) is a polynomial in x, i.e., an 
expression containing only positive^ integral powers of x. 

Similarly for fix, y) and fix,y, z) in the following Arts. 


17. Case II Equation involving two variables. To find the 

locus of the equation fix, >') = 0. 

The equation is/(x, 0 ... (1) 

Let c be the curve whose equation in 
the xy-plane is /( x, y ) — 0 ... (2) 

Let P be any pt. on this curve and 
ia, b) its co-ordinates in the xy-plane, so 
that from (2), f ia, b) — 0 ... (3) 

Thro’ P draw a st. line PQ || to the 
r-axis/ and let Q ia, b, z) be any pt. on this line. [ Art. 3, (6) ] 
Then from (3), Q lies on the locus of (I), i.e., any pt. on the 
line thro' P || to the r-axis and .'. the line itself lies on the locus of (1). 

.*. (1) represents a cylinder* generated by a st. line which is II to 
the z-axis and intersects the curve whose equation in the xy-pUne is 
/ {X. y) = o. 

S'lmihrly f i y, z)=0 represents a cylinder generated by a st. line 
which is II to the x-axis and intersects the curve whose equation in the 
yz-plane is fiy, z) = 0, 

and fiz, x) == 0 represents a cylinder generated by a st. line which is || to 
the y-axis and intersects the curve whose equation in the zx-plane is 
f iz, x)= 0. 

[Aid to memory. The equation fix.y) =0. from which z is absent, represents 
a cylinder generated by a st. line which is il to the j-axis, i.e., ll »o the axis of the 
absent variable. ] 

18. Case III, Equation involving three variables. To find 
the locus of the equation f ix, y, z) = 0> 

The equation is /( x, y, z )= 0 ... (I) 

Let P be any pt. in the xy-plane, and 
(a, b) its co-ordinates m that plane. 

Thro’ P draw a st. line || to the z-axis, 
and let Q(a, b, z) be any pt. on this line. 

[ Art. 3, (6) ] 

If Q lies on the locus of (I), then 




•Dcf. A cylinder is a surface generated by a straight line which is parallel to 
a fixed line and satisfies some other condition, e.g., it may intersect a fixed curve. 
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[ Art. 19 


f{a, b, z) — 0, 

which is an equation in z, having a finite number of roots. 

the line thro' any pt. P in the xy-plane || to the r-axis meets 
the locus of (1) in a finite number of pts, 

(1) represents a surface * and not a solid figure. 

[Summary, (i) / (x)=0 represents a system of planes (11 to 
the plane of the absent variables, i.e„) I! to the y^-plane. 

(h‘) / (X/ y) =0 represents a cylinder generated by a st. line which 
is ( II to the axis of the absent variable, ue.,) II to the r-axis. 

(ill) f{x,y,z)^0 represents a surface.] 

EXAMPLE 

What surfaces are represented by (i) x*-j-y®=a^, (ii) y 4axj 
the axes being rectangular ? [ B, H. U* 1940 ] 

19. Locus represented by two equations. To find the locus 
represented by fi {x,y, z) = 0, ft {x, y, z) = 0. 

The equations are /i {x, y, z)=0, ft (Xy y, z) = 0 ... (1) 

The pis. whose co-ordinates satisfy both the equations lie on both 
the surfaces represented by these equations separately, 

these pts. lie on the curve of intersection of the two surfaces, 
the equations (1), taken together, represent the curve of 
intersection of the two surfaces fi {x, y, z)=0 and ft (x, y, z)—0. 

Cor. 1. Equations of the axes. The equations of the x-oxis are 

y=0, Z = 0. 

Proof, The X-axis is the line of intersection of the ax-plane 
and the xy-plane, 

/. its equations are y=0, z=0. [ Art. 1 ] 

Similarly the equations of the y-qxis are z=0, x=0, 
and the equations of the z-axis are x=0, y=0. 

[ Aid to memory. The equations of the ;c-axis contain only the co-ordinates 
of the absent variables, thus the equations are y«0, r=0. 

Similarly for the equations of the y-axis or the r-axis. ] 

Cor. 2. To find the equations of a curve in the xy-plane. 

A curve in the xy-plane is the curve of intersection of the cylin- 
der / (x, y) = 0 and the xy-plane : z = 0. 

/. the equations of the curve are / (x, y) =0, 2=0. [Art. IVJ 

•Compare. A straight wire (line) meets a hollow rubber ball (surface) in two 
(/.<?., finite numtel- of) points tut it meets a solid clay ball (solid figure) in an 
infinite number of points. 


Art. 20 ] 
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MISCELLANEOUS EXAMPLES ON CHAPTER III 

EXAMPLES 


1. In the adjoining Fig. of a 
parallelepiped, if OA=a^ OB=b, OC=c, 
(/) find the equations of the planes 

PNBL, PLCM, PNAM ; 

{ii) find the equations of PN. 



2. What is the locus of the point# 

(0 whose x-co-ordinate is 2, 

{ii) whose x-co-ordinate is 2 and >'-co-ordinate is — 3 ? 

3. What is the locus of a point whose co-ordinates satisfy 

(0 x=aandy=b; {ii) y=b and z=c ; {Hi) x=a and y=0 ; 

(iV) x—0 and y =0? 

4. What curves are represented by 

(i) x24-y=a2 z=0; {ii) x^+y^-=a\ z=b; {Hi) z-=4ax, y==c? 

[P.U. 1937 S ] 

5. If the axes are rectangular# what loci are represented by 

(0 xHyW-# {ii) x^-\-f-=a^ x^-=b-^ {a=>b=)'? 

6. Find the equations of the cylinders with generators parallel to OX, 
OY, OZ, which pass through the curve of intersection of the surfaces 

x-+y-+22’^=5# x-y-\-z=l. 

Note. The three equations x~a,y=b, z=c, taken together, repre- 
sent a point# the point of intersection of the three planes x~a, y=b, 
z—c, i.e., the point (a# b, c). 

**20. Locus represented by three equations. To find the locus 

represented by fi (x# y, z) —0, ft (x# y, z) =0, /a (x# y, z) = 0. 

The equations are 

/i {x,y, ^)=0# f 2 {x,y, z)=0, U {x,y, z) =0 ... (l) 

Solving the three equations, we get one or more sets of values of 
2 , which represent one or more pts. 

the equations (I )# taken together# represent one or more pts. 
MISCELLANEOUS EXAMPLES ON CHAPTER III 

1. (i) What locus is represented by /(ir) = 0 ? 

(it) Describe completely the nature of the surface / (y, z)~0. 

[ P. U. H, ] 

2. Explain what is meant in three dimensions by r*=4ax. 

[P. U. 1937 S] 

3. Explain what is represented by the following equations in 
two and three dimensions 

(a) f{x,y)=^0, (6) x*-^* a*. 



[P. U. 1937] 


Xr 




CHAPTER IV 
THE PLANE 
SECTION I 

EQUATION OF A PLANE 

General form. To prove that the general equation of the first 
degree in x, y, z represents a plane* 

The general equation of the first degree in x, y, z is 

Ax+B;;+C^+D=0* ...(1) 

Let (xj> yi, Zi), {Xi, y^t be any two pts. on the locus of (I). 

Then Axi-i-Byi+Cri+D=0 ...(2) ; m 2 
Axg+Byo+Czo+D^O ...(3) j mj 

Multiplying (2) by m 2 , (3) by m^, and adding, 

A(m2Xi +miX2) T-B(m2yi +mjy2) + C(m2^i H-miZa) +D(^2 -h^i) =0. 
Dividing thro' out by mi+m*, 

^ fmjy2±rrkyi\, n 

\ mi+m-y /"^ \ mi+mo J‘^^\ mi-j-ma / ' 

which shows that the pf. 


/ miX.i-hm.,Xi miyn-i-mgyi myZ.i+m2Zi \ 

\ mi -1-^2 ' ~ mi^ m 2 ' m^-^-m-i ) 

for all values of mi : m 2 , lies on the locus of (1), i.e., if any two pts. 
{X\, yi, Z\), (xo, yz, z-f) are taken on the locus of (1), then any other pt. 
on the St. line joining them lies on the locus, 

(1) represents a pZane. [ Def.f ] 

Note 1. General form. Since the equation Ax-hBy-f-Cr+D=0 
can, by a proper choice of A, B, C, D, be made to represent any 
plane, this form of the equation of a plane may be called the general 
form. It is also called the general equation of a plane. Notice its 
characteristic. Right Hand Side {R*H.S.) is zero. 

Note 2. Important. The Student should notice the close 
analogy between the equation of a straight line (Ax+By+C=0) in 
Analytical Plane Geometry and that of a plane (Ax+By+Cr4-D=0) 


•Called the gtneral equation of the first degree in x, y, 2 because it contains all 
possible terms of the first and lower degrees in x, y, 2, i.e.. terms of the first degree in 
X. V, 2 and constant term. 

tPlane. Euclid’s Def. A plane is a surface such that, if any two points are 
taken in it, the straight line joining them, or this straight line produced however 
far both ways, lies wholly in the surface. (See the author’s New Elementary Geometry 
(Thirteenth Edition), Art. 3 , (a).) 
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in Analytical Solid Geometry. He will constantly come across 
examples of this kind. He should make use of this analogy as an 
aid to memory for standard results in plane. 

Cor. One-point form. The equation of any plane through 
[Xu yu Zi) is 

A(x - Xi) y,) +C(z - z,) = 0. 

Proof, Let the required equation of the plane be 

Ax-[-By4-C^+D=0 ...(1) [Art. 21] 

it passes thro’ (Xi, yu Zi), 

AxiH-Byi+CziH-D=0 ...(2) 

Subtracting (2) from (1), [To eliminate D ] 

A(x-Xi) +B(>'-yi) + C(z-zi)=0, 
which is the required equation. 

Note. One-point form. Since in the equation 

A(x-Xj)+B(y->'i) + C(j-^,)=0, 

^i) is one point through which the plane passes, this form of 
the equation of a plane may be called the one-point form. 

EXAMPLES 


1. (a) Show that the surface represented by the general equation 
of the first degree is a plane. 

Show that the plane ax-fby+cz-f-d=0 divides the join 

. . . ax, -f-by, -fez, -l-d 

of (X., y., z.) and (x„ y„ z,) m the ratio - • 


(6) The equation of the plane is 

ax~hby~i-C2+d=0 ...(I) 

Let the required ratio be k : 1. 

The pt. which divides the join of 
(xu yi, Zi) and (x^, pz/ ^ 2 ) in the ratio 

A : 1 is /L- 

/'Axj-fx, Apz+y, 

A + 1 ' A+I ' A + 1 A 
it lies on the plane (1), 




1 ^ 


or, multiplying thro' out by (A + 1), 

a{Ax2-fXi)-f6(A>'2+yi)+c(Aj2+2i)+(* ^-I)d=0 

or k (aXii-byi+eZi-^ d)-\-{axi-\-byi']-czi-yd)=^0 

• k==~ <^Xi‘^b y i-\-czi- ]-d 
axz-^byt+cz^+d * 
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2. Find the ratios in which the co-ordinate planes divide 
the line joining (— 2j 4, 7), (3j — 5» ^957 ] 

Z^/Normal form. To find the equation of a plane in terms 
ofp, the length of the perpendicular from the origin on the 
plane, and 1, m, n, the direction- cosines of this perpendicular. 

Let ABC be the plane> and ON the 
i, from O on it, so that ON=p, and its 
direction-cosines are /, m, n. 

Let P{x,y,z) be any pt. on the 
plane. Join OP, PN. 

Then ON = projection of OP on ON 

/. p={x-0) l-\-iy~0) m+{z-0) n 
[ix:!~Xi)l-h{y 2 —yi)m-\-iz 2 - 2 i)n (Art. 14)] 
or Ix-f-my-f nz=p, 

which is the required equation. 

Cor. The equation of any plane is of the first degree in x, y, z. 

The converse of this is also true and has been proved in Art. 21. 

Note 1. Normal form. Since in the equation lx+my-\-nz=p, 
p is the length of the normal from the origin to the plane, this form 
of the equation of a plane may be called the normal form. 

Note 2. Important, p is always positive. 

-.2^^ Intercept form. To find the equation of a plane in terms 
of a, b, c, the intercepts of the plane on the axes* ' 



Let EFG* be the plane meeting 
the axes in E, F, G, so that 
OE=a, OF=6, OG=c. 

Let the required equation of the 
plane be 

Ax-|-By-1-Cr-|-D=0...(l) [Art. 21] 
it passes thro' the pts. 
E(a, 0, 0), F(0, 6, 0), G(0, 0, c), 

Aa-fD=0 ...(2) 



B6+D=0 ...(3) 

Cc+D=0'..'(4) 

Solving {IJ, (3), (4) for A, B, C (in terms of D), 


D 


D 


A=- r-,B=- -r-,c=-. 


D 


a 


•And not ABC to avoid confusion with the coefficients A, B, C in the required 
equation of the plane Ax+Bv+Cc+D=0 supposed later in (1). 


Art. 24 ] 


EQUATION OF A PLANE 


37 


Substituting these values of A, B,Cm(Ih 
D D D ^ ^ 

^a^- by-c 

Dividing thro* out by D, — — — y — - + i=lO 

a b c 

or, transposing, 

— + ~ = which is the required equation. 

Note. Intercept form. Since in the equation — H- -f"--!- -- = h 

a 0 c 

a, b, c are the intercepts of the plane on the axes, this form of tiie 
equation of a plane may be called the intercept form. 




or 


Reduction of the general equation to the normal form, 

^ Yo reduce the equation Ax-hBy-\-Cz +D=0 to the normal form 

Ix+my+nz = p. 

The given equation is Ajc+By-l-Cz-hD = 0 ... (I) 

The normal form is Ix+my-rnz = p ... (2) 

lx-\-my-\ nz~p — 0 ... (3) 

[ To find the values of /, m, n, p in terms of A, B, C, D. ] 
If (1) is the same as (3), then comparing coeffs. in (3) and (1), 

i- _ ^ P- (4) 

A ~ B ~ C~ D ^ 

[ Take each member with the last member ] 

. , A B C ,,, 

. . l~ p, m— pj- p, n— Q p ... (5) 


D D 

Squaring and adding. 


72 , _2 I _2_ A^ . «5 _1 ?! Wi 

I ’{■m H-n p^jj p -f- p p^2 P 


or 


t • 


p=± 


A2 4B2+C2 
D 


D 

} 


or p^= 


D 


A'-^-hB-fC* 


( 6 ) 


■v/A^+B'4-C* 

Case I. If D is 4-ve, then from (6), p is always -i-ve, 

_ D 

Substituting this value of p in (5), 


l=- 


A 


,m=- 


B 


# n=~ 


VA*+B*+C* VA"+B2-fC2 VA2+B--i-C-’ ‘ 

Substituting these values of /, m, n, p in (2), 
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B 


=“ x~ 


y- 


z= 


D 


v'A*+B*4-C* VA^+BHC® 


v/A2 + pa .L C2 ■ ■ ^/ A2 + B2 -f- C* 

which is of the required form. 

Case II. If D is — ve, then from (6), p is always +ve, 

D 

Substituting this value of p in (5)> 

A B 


/= 


,,m^ 


,n^ 


VA*+BHC* VA^+B'+a \/A*+BHC* * 


Substituting these values of I, m, n, p in (2), 

A ^ , B ,._L C D 

V A“ +B“ + C“ ^ Va= +B^+a^'^ V^TB=+C“ VA^'+BHC*' 

which is of the required form. 

[ Rule to reduce the general equation of a plane, 

Ax+By+Cz-}-D=0, 
to the normal form, Ix-|-my-f-nz=p : 

(i) Divide the eguofion by V 
i.e., by V {coeff. of xY^{coeff, of yY+[coeff, of z)®. 

(ii) Transpose the constant term to the R,H,S„ and make it positive 
{by changing the signs throughout, if necessary). ] 

Cor. Important. Direction-cosines of the normal. The 
direction-cosines of the normal from the origin to the plane 

Ax+By-yCz-hD^O 

are proportional to A, B, C, i.e., proportional to the coefficients of 
X, y, z. 

For, from (4), I, m, n are proportional to A, B, C. 

EXAMPLES 


1. Find the intercepts made on the co-ordinate axes by the 
plane 2x'fy — 2z = 3, Find also the direction-cosines of the 
uormal to the plane. 

[ Rule to find the intercepts of a plane on the axes j 

The plane meets the x-axis where, putting y—0, z=0 in the equation 
of the plane {Art. 19, Cor. I), x=? This is the intercept on the x~axis. 

Similarly for the intercept on the y-axis and for the intercept on the 
z-axis. ] 

2, Find the direction-cosines of the perpendicular drawn 

from the origin to the plane 2x+3y-z-i-l=0. [ P. U. 1941 ] 


25. A plane can be found to satisfy three conditions. 

The general equation of a plane is Ax-f-By+Cz+D=0. 


EQUATION OF A PLANE 
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It contains four constants A, B, C, D. 

Dividing thro* out by any one of them, say D, [provided D?^0] 
A , B , C , , ^ 

or, putting ^'=A', |^=B', ^=C', 

A'x +B'y +C'z 4-1=0, 

which contains three arbitrary constants A', B', C'. 

These constants can be determined from the three equations 
obtained by using the three conditions satisfied by the plane, eacli 
condition giving rise to one equation. 

/. a plane can be found to satisfy three conditions a plane 

can be found to pass through any three non-collinear points). 


Three-point form. To find the equation of the plane through 

{Xu yu {xi. y2. Zih (xa, xv 23). 

Let the required equation of the plane be 

Ax 4- B;; 4- Cz 4-0 = 0 ...(1) 

*.• it passes thro’ (x„ 2,), (xj, y.^ Zz), (X3, ya, Z3), 


/. AX| *rByi +D— 0 

...(2) 



Ax 2 “|“D =0 

•■( 3 ) 



Ax 3 + 6^3 CZ 3 + D =0 

...(4) 



Eliminating A, B, 

C, D 

from (1), (2), (3), (4) [ by means of a 

determinant ], 

X / 

y / 

X/ 

1 

=0, 


Xu 

Xu 

Xu 

1 

1 


Xo, 


Xu 

1 



X3, 

yu 

Xj, 

1 

\ 

which is the required equation. 





»^__N«te 1. Three-point form. Since in 

the 

equation 


X , 

y* 

2 , 

» i 

=0, 


Xi, 

yu 

2 u 

1 



Xu 

yu 


1 



X 3 , 

yu 

Zzf 

1 

1 


{xu yu ^1)/ {Xu y-u 2 ^, (X3, ya, are the three points thrvaugh which 
the plane passes, this form of the equation of a plane may be called 

the three-point form. 

Note 2. Short cut for numerical examples. In numerical 
examples it is shorter to proceed as in Ex. 1, (6) following. 

Note 3. It is assumed that the three points are not collinear. 

EXAMPLES 

1, (a) Find the equation of the plane through three given points. 
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(6) Find the equation of the plane through the three 

points (0, 1, 1), (1, 1, 2), (-1, 2. -2). t W- U, 1957 ] 

{b) The equation of any plane thro' (0, I, I) is 

A(x-0)+B{y-l)+C(2-l)=0 
[ A(x-jf,)+B0;-y,)+C{2-z,)=0 (Art. 21, Cor.) ] 
or Ax+Bfy— 1)H C(z— 1)=0 ...(I) 

If it passes thro’ (1, I, 2), (—1, 2, —2), then 

A(I)-f-B(0)+C(I)=0-{2) 

A(-l)+B(l)+C(-3)=0 ...(3) 

Solving (2) and (3) for A, B, C by cross-multiplication, 

A B _ C A_B__C_ 

b_l -1 - “2 ” T * 

Substituting these values of A, B, C in (1), 

( — I)x+2(y— l)4-l(z— ])=0, or — x+2y+z-3=0, 
or x—2y—z+5=0, which is the required equation. 

[ Check. This equation of the plane, x-~2y- z-l-3=0, is satisfied 
by the co-ordinates of the three given pts. (0,1,1), (1,1,2), (— 1, 2, —2) 
thus, 0-2(1)- 1+3=0, or 0=0, 

l-2(l)-2+3=0, or 0=0, 

-l-2{2)-(-2)+3=0, or 0=0.] 

2. (a) Show that the four points (0, —1, —1), (4, 5, 1), (3, 9, 4) 

and (-4, 4, 4) lie on a plane. [ P. U. 1937 S ] 

(6) Show that the four points (0, —1, 0), (2, 1, — 1)» (Ijlgl)* 
(3, 3, 0) are coplanar. [ D. U. H, 1950 ] 

3. Prove that the six planes, each passing through one edge 

of a tetrahe<|ron and bisecting the opposite edge, meet in a 
point, ^ 

SECTION 11 

V ' ANGLE BETWEEN TWO PLANES 

[Angle between two planes. 

Def. The angle between two 
planes p and -rz (or the angle 
which a plane p makes with an- 
other plane r.) is the angle which 
the positive direction of a 
normal to the plane p makes 
with the positive direction of a normal to the plane r. 

Thus in the adjoining Fig. the angle between the planes p and « 

IS V. ] 
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27. Angle formula for two planes. To jind the angle between 
two planes whose equations are given. 

Let the equations of the planes be 

Ax 4-By +Cz -rD=0 •••(!) 


A'x+B>+C'z+D'=0 ...(2) 

The angle between two planes— the angle between their normals. 
Now ther direction-cosines of the normals to the planes (1) and 
(2) are proportional to A, B, C ; A', B', C'. [ Art. 24, Cor. ] 

if 0 is the angle between the planes, then 


cos 6= 


AA'+BB'-rCC' 


or 


AA'+BB'-f-CC 


(Art. 13, (6)] 


^=COS”* 


VAHB'+C* VA'-H-B'^+C'^* 


**Complete angle formula for two planes. If ^ is the angle 

between the planes Ax+By+Cz+D=0, A'x+B'_y-HC'z+D'=0, then 

^ , AAM-BB+CC' 

cos &= + — =-- ■. — 

VA"H-B2-f-C^ Va 


The equations of the planes are 

Ax+By+Cz-i-D=0 ••■(!) 

A'x+B'y+Cz4-D'=0 ...(2) 

The angle between two planes = the angle between their normals. 
Now the direction-cosines of the normals to the planes (1) and 
(2) are proportional to A, B, C ; A', B', C'. [ Art. 24, Cor. ] 


• « 


cos 0= ± — . 


AA'+BB'+CC 


VAHB^-l-C^ \/A'2+B'HC'2 


Note. 


d 


= COS"* ^ 


[ Complete angle formula (Art. 1 3, (6)) ] 
AA'+BB'-I-CC' 1 

VA^-t-B^-t-C^ V A'HB'^'-rC'* J* 


Cor, 1. Condition of perpendicularity of two planes. The 

condition that the planes 

Ax -\-By -f Cz -\-D=0^ 

A'x+B'y-|-C'z+D'=0, 
may be perpendicular, is 

AA' + BB '-fCC'=0. 

[ In words : product of coefficients of x-\- product of coefficients of y 

product of coefficients of z=:0, J 
Proof. The equations of the planes are 

Ax+By f Cz-i-D=0 ...(1) 

A'x-f B'y+C'z-|-D'=0 ..,(2) 
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If two planes are their normals are also J., 

Now the direction-cosines of the normals to the planes (1) and 
(2) are proportional to B, C ; A', B', C'. [ Art, 24, Cor. ] 

if the planes are 1, AA' + BB' +CC'=0, [Art. 1 3, (6), Cor. 3] 
which is the required condition. 

Note. The converse is also true, 7,c., if AA'+BB'-t-CC'=0, the 
planes are perpendicular. 

^or the order of the steps in the proof of Cor. 1 can be reversed. 

^^Cor. 2. Conditions of parallelism of two planaa. The 
conditions that the planes 

Ax-\-By-\-Cz-\'D=Ot 
A'x~\-B'y-\-Cz-hD'^0, 
may be parallel, are 

A _ B _ C 


[ In words : ratio of coefficients of x=ratio of coefficients of y 

=ratio of coefficients of z. ] 

Proof. The equations of the planes are 

Ai:-fBy+Cz+D=0 ...(1) 

A'A:-lB>+C'r+D'=0 ...(2) 

If two planes are 11, their normals are also It. 

Now the direction-cosines of the normals to the planes (1) and 
(2) are proportional to A, B, C ; A', B', C'. [ Art. 24, Cor. ] 

if the planes are |!, 


A 

A'" 



[Art. 13, (6), Cor. 4] 


which are the required conditions. 

ABC 

Note. The converse is also true, i.e., if 3' ” ^ 
planes are parallel. 

For the order of the steps in the proof of Cor. 2 can be reversed. 
Cor. 3. Equation of any plane parallel to a given plane. 

The equation of any plane parallel to the plane 

Ax-^By-yCz+D = 0 

IS Ax-fBy+Cz 4 -k = 0, where k is any constant* 

Proof. The equations of the planes are 

Ax-l-By-f-C^+D — 0 ... (1) 

Ax+By+Cz-}- ^ = 0 ... (2) 


'"A" _ A _ 
A' “ A “ ' 


_ _B _ , __ 

B' ” B “ " C~ “ 



Here 
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ABC 

"A' ^ ^ C ' *'* planes are || . [ Cor. 2 ] 

[ Rule to write down the equation of any plaae parallel to a 
given plane (equation in the general form) : 

In the equation of the given plane, change only the constant term to 
a new constant k. ] 

Note. The value of k is found from the second condition 
satisfied by the plane. 

EXAMPLES 


1. If the axes are rectangular, find the angle between the planes 

(0 2x-y-\-z=(>. X -ry-^lz = 3. [D. U. H. 1945] 

{ii) 2.t4-3y — 5’ = 6, 3jc4-8>;-r6z=9. 

2. Find the equation of the plane through the points 
(-“I> I» 1) and (1,- 1, 1) perpendicular to the plane x -|-2y +2* =5. 

[L.U.] 

3. Prove that the equation to the plane through (xj, y^, z,) 
parallel to ax-j-by |-cz -f d =0, is 


ax I by4-cz = ax, +byi 

The equation of any plane |! to the plane ax-\-by-\-cz-\-d =0, is 
ax+by+cz-\ k = 0 ... (I) [ Rule (Art. 27, Cor. 3) ] 

If it passes thro' {x„ z,), then axi+byi-\-czi-i- k — 0 

k= — (nxi -ybyi n-cz^). 

Substituting this value of k in (1), 

ax-rby+cz—{axi+byi\-czi) = 0 

or ax-\-by+cz—aXi+byi-\-cZi, 

which is the required equation. 

4. Find the equation of the plane through (O,!,— 2) parallel to 

2x-3y-l-4z = 0. 

5. Angle formula (tangent form) for two planes. If d is the 

angle between the planes Ax-{-By-\-Cz-\-D=0, A‘x-\-B'y-\-Cz-\-D’= 0 , 


then 


tan 6= 


\/(«0'-B'C)-^ + (CV-C'A)--t-(AB'-i^)^ 

AA'4BB-fCC' 


The equations of the planes are 

Ax+By+Cz+D = 0 ... (I) 

A'x+B'y+C'^-l D' = 0 ... (2) 

The angle between two planes = the angle between their normals. 

Now the direction-cosines of the normals to the planes (I) and 
(2) are proportional to A, B. C ; A', B', C'. [ An. 24, Cor. J 

• tan e- B'CT+rCA^^^T+lAB^BT* 

..tans- ^AA^+BB'TCC 


[ Art. 13, (b), Cor. 2 J 
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**Complete angle formnla (tangent form) for two planes 

is the angle between the planes 

A! x-\-B'y -{-C 2 — 0, 
VfBC'^'C)2+(CA'-C'A)2 4-(AB'-A3)2 


Ife 


then tan0=-t 


AA'-f-BB'+CC' 


The equations of the planes are 

Ax -fBy +Cz +D= 0 ... (1) 

A'x+B>+C'x+D'= 0 ... (2) 

The angle between two plane4=the angle between their normals. 

Now the direction-cosines of the normals to the planes (I ) and 
(2) are proportional to A, B, C ; A', B', C'. [ Art. 24, Cor.] 

. , ^ . V(TC'*^^C)=T(cA"=^"'Al2T^ 

• • ^ ± AA'-fBB'+CC' 


[ Complete angle formula (tangent form). Art. 1 3, {b). Cor. 2 ] 
6. Position of the origin with respect to the angle between 
two planes. The quantity AA'-fBB'+CC' is negative or positive 
according as the origin is in the acute angle or obtuse angle between the 
planes Ax4-By4-Cz-\-D=0, A'x4-B'y-i-C'2-\-D'— 0, D, D' being 

both positive- 

Proof. The equations of the planes are ' 

Ax -{-By 4~Cz -t-D = 0 ... (1) 

A'x-i-B>+C'^+D'= 0 ... (2) 

[ To reduce (1) and (2) to the normal form. ] 


Dividing (1) thro' out by VA=+B-+CS 

_A ^ , B , C ? _ =n 

VA*-1-BH C^ * “^VA* i-B' +C= ^ "^VA^+BHC^ ^ VA^B^^T~& 
Transposing. 

_ C ^ 

VAM B2+C2 VAHB-+C- VAHB’^+CT- VA»+B*-f-'C® ' 


[ Constant term on R. H. S. and +ve ( V D is +ve) ] 
which is the equation of the plane (1) in the normal form. 

Similarly the equation of the plane (2), in the normal form, is 
A' B' C' 


X— 


VA'^+B'HC^'' \/A'HB'*+C'*‘^ VA7*-f-B'2+C* 


D' 


\/A'*+B'*+C** 

.'. if 6 is the angle between the normals from the origin to the 
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cos 0 = 


AAM-BB'+CC 


... ( 1 ) 


\/A'2+B'*+C2 

[ W -\-mm' +nn' (Art. 13, (a))] 


If the origin is in the acute angle between 
the planes as in the Fig., 0, the angle between 
the normals from the origin to the planes is 
obtuse, 

cos 0 is — ve, 

from (1), AA'+BB'+CC' is — ve. 

Similarly if the origin is in the obtuse 
angle between the planes, AA'+BB +CC is +ve. 

Note. The converse is also true, i.e., if AA'+BBW-CC' is 
negative (D, D' being both positive), the origin is in the acute angle 
between the planes, and if AA'+BB' H-CC' is positive (D, D being 
both positive), the origin is in the obtuse angle between them. 

For the order of the steps in the above proof can be reversed. 

7. At what angle do the planes x-) y-z =3, x -2y +z = 3 cut ? 
Is the origin in the acute angle or in the obtuse ? 



SECTION III 

A PLANE AND A POINT 
Two sides of a plane. 

2Qy^To prove that two points (Xj, y„ Zj) and (x^, y^, z..) are 
on'^e same side or on opposite sides of the plane 
ax + by + cz + d = 0 according as axj + by, + cz, + d and 
ax,+byj+czi+d are of the same sign or of opposite signs. 








in) 

Let P, Q be the pts. (x„ y,, 2 ,), (x,, Va, 2^) and x the plane 

ax^by+cz + d={) ...(1) 

Let PQ be divided by the plane % in the ratio k : I, 

The pt. which divides PQ in the ratio k : \ is 

/ Ax, lx, ky^^-y^ 

\ k+l ' k^l ' ,A+rV‘ 
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• • 


it lies on the plane (1), 

fkx,+x, '^ . /ky^+y, ^ - 



or, multiplying thro' out by A + l, 

a{kx2-hXi)-i-b[ky2-^yy)-rc{kz2-i-Zi)-¥{k^\)d=0 
or k(ax2-rby2-\-cz2-\-d) + (axj+6)^,+c2i+d)=0 

or k=- ...(2) 

aXi-bbyz-i cz-i-^d 

(z) If axi-rbyi-j-czi+d, aXi+by^+czz-^-d are of the same sign, 
then from (2), k is — ve, 

PQ is divided externally by the plane a as in Fig. (z), i.e., P,Q 
are on the same side of the plane a. 

(ii) If aXi-\-byi-\-czi-\-dy axz+byz-^cZz-rd are of opposite signs, 
then from (2), k is +ve, 

PQ is divided internally by the plane a as in Fig. (li), i.e., P,Q 
are on opposite sides of the plane a. 

[ Rule to find whether two points are on the same side or on 
opposite sides of a plane : 


In the L. H. S. of the equation of the plane {R, H. S. being zero) 
substitute in success’on the co-ordinates of the two points ; if the results 
are of the same sign, the points are on the same side of the plane ; if the 
results are of opposite signs, the points are on opposite sides. ] 

Cor. If D is positive, the quantity Axi'\~Byi+CZi+D is positive 
’f (•’^ 1 /^ 1 . 2 i) and the origin are on the same side of the plane 
Ax : By-'rCz '< D~(}, and negative if they are on opposite sides. 

1^ (-^1/ 2i) and the origin {0, 0, 0) are on the same side of the 
plane Ax-t B>»-*-C^+D=0, then Axi-f-Byi + Cz^+D and 
A(()) ' Bil))+CC0) -D, z.e., D are of the same sign (Art. 28). 

But D is -^ve (Given), Ax, r-By, +Cj,+D is also +ve. 

Similarly if [x,, y,, z,) and the origin are on opposite sides of the 
plane Ax-rB>-+Cj^ D-0, then Axi-fB;;,-Czi-hD is -ve. 


EXAMPLE 

Are the points {2, I , i ) and {2, 5, —I) on the same or on opposite 
''l ies of the plane 4-4=0 f 


Perpendicular distance of a point from a plane. 

Perpendicular distance formula for the plane {equation in 
the normal form). To find the perpendicular tlistance of the point 
Yis from the plane lx -{ my-j-nz=p. 


Art. 29, (a) ] 
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Let P be the pt. (x,, y^, Zx), and 
ABC the plane lx'{-my-^nz=p. 

From P draw PL _L on the plane 
ABC. 

Let d be the required j_ distance 
LP. 

Let ON be the _L from O on the 
plane ABC, so that ON— p, and its 
direction-cosines are I, m. n. 

Thro' P draw a plane (not shown in the Fig.) '! to the plane ABC 
to meet ON produced in N'. 

Then ON'=ON +NN'=ON -f LP=p -hd, and its direction-cosines 
are m, n. 



the equation of this !► plane is /x-l-my ■] nz~p-^d* [Art. 22] 
V it passes thro' P (xj, z,), 

Ixi-hmyi-i-nz,^p-hd 


d = lx, J my,+n 2 ,-p, 
**CoiupIe(e perpendicular distance 
formula for the plane (equation in the 
normal form). In the Fig. of Art. 29, (a), 
yi/ ^j) and the origin O are on opposite 
sides of the plane. If, however, they are on 
the same side of the plane as in the adjoining 
Fig., then proceeding as in Art. 29, (a), it 
will be found that 



d=p—lxi--myi—nzi . . 

d~— (/x, -f my, -f- nzj — p). 

Combining this with the formula of Art. 29, (a), 

d= ±(lx,-|-myi-i-nz,-p), 

that sign being taken on the R.H.S. which gives a positive result for d. 

[ Rule to find the perpendicular distance of a point from a 
plane (equation in the normal form) : 

In the L, H. S. of the equation of the plane {R. H. S,l}eing zero), 
substitute the co-ordinates of the point. The result gives the i distance. ] 

EXAMPLES 

1 . Find the distance of the point P(x', z') from the plane 

p = x cos a-l-y cos [J-f-z cos y. 

2. Prove that the locus of a point which moves so that its 

distances from two given planes are in a constant ratio, is a 

plane. 
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[ Note. Important. For problems relating to perpendicular 
distances of points from planes, take the equations of the planes 
in the normal form. ] 

3. Prove that the locus of a point, the sum of whose distances 
from any number of fixed planes is constant, is a plane. 

29. (6) Perpendicular distance formula for the plane {equation in the 
general form). To find the perpendicular distance of the point 
(xj, y,, Zj) from the plane Ax+By+Cz -f D=0. 

The equation of the plane is Ax+By+C^ +D=0. 

[ To reduce it to the normal form. ] 

Dividing thro' out by VA“-t-B"+C^ 

A B 


x+ 


V VA'-fSHC* " v/A*+BHC2 




+ 


D 


VA^+B^+C* 

Transposing, 

A B . C ^ 

V A='TB’^+C=' ^ ' VAHB^+C* 

D 


= 0 . 


VA*+B*+C* 


which is of the normal form 

[ Taking D to be — ve, so that the R. H. S. is +ve] 
A B . C 

y 


or 


\'AM-B'*+C2^’^VA--=-hB‘'+C2' ' VA*4-B^+C^ 


D 


d* — - 


=^= 0. 

\/A^+B=‘+C* 

[ Normal form with R. H. S. zero ] 
the J_ distance of (xj, yi, Zi) is 
A . B . C 


- + 
« A X 


A'^ -hB- + C- V A- +B* + C* 


yi+ 


D 


+ 


... ( 1 ) 


VA“-i-B*+C" 

[ Rule (Art. 29, (a) ) ] 

Ax) -p By j -|- Czj 4-D 

“ VA2 * 

**Complete perpendicular distance formula for the plane 
(equation in the general form) : 


Art. 29, (6) ] 
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In the above work, the ordinary perpendicular distance formula 
for the plane (equation in the normal form) has been used in (1). 
If, however, the complete perpendicular distance formula (Art. 29, (a)) 
is used, it will be found that 

^ , Ax, -f- By, 4 - Cz, -}- D * 

that sign being taken on the R. H. S. whicli gives a positive result 
for d. 

[Aid to memory. For the complete perpendicular distance formula for the 
plane (like the complete angle formula for two planes), take the double sign(i) 
with the ordinary perpendicular distance formula. ] 

[ Rule to find the perpendicular distance of a poiut from a 
plane (equation in the general form) : 

In the L. H. 5. of the equation of the plane (R. H. S. being zero), 
substitute the co-ordinates of the point, and divide the result by 

Vicoeff, of xY -i- (coeff. of yf + {coeff. of zf . 

The result gives the perpendicular distance. 

Note 1. This Rule also gives the result of Art. 29, (a), and, 
therefore, covers the Rule of that Art. ] 

Note 2. When to use the complete perpendicular distance 
formula for the plane. The complete perpendicular distance formula 
for the plane is used when the perpendicular distance of the point 
from the plane is given. 

EXAMPLES 

1. (a) Find the perpendicular distance of a given point from 

a given plane. [ £). (J, //. ypjp j 

(6) If the axes are rectangular, find the distance of the origin 
from the plane 7x—y-\-2z—6 = 0. 

2. Show that the two points (/, /, 1) and {-3, 0, J) are equidistant 
from the plane 3x-\-4y—12z+13=0, and on opposite sides of it. 

3. Find the distances of the points {I, —2, i), (2, 3, 3) from the 
plane x—2y-\-2z=5. Are the points on the same side of the plane ? 

4. Find the locus of a point whose distance from the origin is 7 
times its distance from the plane 2x+3y~6z=2. [P.U, Eng. 2, J942] 

5. Find the locus of a point the sum of the squares of whose 
distances from the planes x-\-y+z=0, x-y=0, x-i-y-2z=0, is 4. 

6. A variable plane is at a constant distance p from the origin and 

meets the axes in A, B, C. T hrough A, B, C planes are drawn parallel 
to the co-ordinate planes. Prove that the locus of their point of inter- 
section is = p"*. 

s 

I 
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[ Note. Important. For problems relating to a plane meet* 
ing the axes in A, B, C, let OA=a, OB=b, OG=c. Then the 
equation of the plane is 


X 

a 


T + "T = *• ] 


30. Equations of planes bisecting the angles between two 
given planes. To find the equations of the planes bisecting the angles 
between the planes Ax'\-By'\-Cz+D=0^ A'x-\-B'y-\-C'z-\-D‘=0, 

Writing the equations of the planes so that the constant terms 
D,D' are both +ue, let the equations be 

Ax -h By -f Cr -i- D = 0 ... (1) 


A':c+B'y-h C'z-h D'= 0 ...(2) 

Let y, z) be any pt. on cither of the planes bisecting the 
angles between the two planes. 

Then the J_ distance of {x,y, z) from the plane (!) 

= the X distance of {x, y, z) from the plane (2) 
AxfBv+Cg+D* _ A;^-B'y-f C'z-hl^ 

^ 'VA'2+B'2-fC'2 " 

[ Complete X distance formula (Art. 29, {b) ) ] 
which are the required equations of the bisecting planes. 

To distinguish between the two bisecting planes. 

To find the equation of the plane bisecting that angle between the 
two planes in which the origin lies^ 

Let {x, y, z) be any pt. on 
the plane bisecting that angle 
between the two planes in which 
the origin lies. 

Then {x, y, z) and the origin ^ 

lie on the same side of both the X_ r' 

planes as in Fig. (i)^ or (x, y, z) *(x>y>z)/ 
and the origin lie on opposite 

sides of both the planes as in f y' 

Fig. (ii). \^/ 

(i) If (x,y, z) and the origin lie on the same side of the plane (I)/ 

then Ax+B>'+Cz+D and (A.O+B.O+C.O+D, i.e.,) D are of the 

^ [ Art. 28 ] 

•Note. It is superfluous to take the double sign (X) with to//i sides of the 

Ci{UQtlOf1« 

For, if XA=XB. then cither (i) A=XB, 
or («) A — XB, .. A=s i B, i.e., A=X6. which is the same as (/). 



A PLANE AND A POINT 
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But D is -f-ve, . . Cj-|-D is also H-ve. 

. . the X distance of {x, y, z) from the plane (I) 

_ Ax-LByXCzXD 

V A--rB"-hC^ 

Similarly the X distance of (x, y, z) from the plane (2) 

- A'x^-B>xC>+D' 

. Ax+By+Ca+D A'x-! By-l-C'z4-D' 

VA^-rB^-t-C'= ~V A^-i-b '-rC - 

(ii) If {x, y, z) and the origin lie on opposite sides of the plane fl ), 
then Ax+By+Cz+D and (A.O+B.O+C.O+D, i.e..) D are of opposite 

But D is +ve, Ax+By+C^+D is -ve. [ Art. 28 ] 

the X distance of (x, y, z) from the plane (1) 

= _ _Ax±?V+C^-l D 

\ X , B- T 

Similarly the X distance of fx,y, z) from the plane (2) 

__ A'x ^ B 'y + O + D' 

VA'‘^i-B'^XC'“ 

• Ax+B y+Cr+D A'x+B'yXC'^XD' 

VA^+B-.+C^ VA'^+B'^C'^ 

AxXByXCz+D_ A'x+B'yXC'zXD' 

\/A24B*+C*“ “ v'A'2-f-B'HC'3 ’ 

which is, therefore, the required equation of the plane bisecting that 
angle between the two planes in which the origin lies. ^ 

Similarly the equation of the plane bisecting that angle between the 
two planes in which the origin does not lie, is 

Ax4-By4-Cz +D A'x4B'y + C'z4-D' 

VA^-f-B^XC* ^a'-^xB'^xC'^ ’ 

EXAMPLES 


1. Find the planes bisecting the angles between the planes 

axXby+cz+d=U, a'x Xb'y +c'z +d'=0, the axes being rect- 
angular. r p/p\ rj ^ 

2. Show that the origin lies in the acute angle between the 

planes x+2y+2a=9, 4x-3y + 12z +13=0. Find the planes bisect- 
mg the angles between them, and point out which bisects the 
acute angle. [ P(P). U. 1956 S ] 

(i) The equations of the planes are 

x+2yX2j-9=0, 4x-3y-(-12jX13 = 0. 
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Writing the equations of the planes so that the constant terms are 

both -\-ve, 

-x~2y- 2z+ 9=0 ...(I) 

4x-3y+]2z-hl^^0 ...(2) 

[ Compare ( 1 ) with Ax+By+Ca+D=0, 
and (2) with A'x4-B'y+C'r-}-D'=0] 
Here AA'+BB'+CC=(-l)(4)+(-2)(-3)-f (-2)(12) 

=_4+6— 24=~22, which is — ve. 


the origin lies in the acute angle between the planes. 

[ Ex. 6, Art. 27 ] 

(ii) From (1) and (2), the equations of the planes bisecting the 
angles between the given planes arc 


or 


—x—2>^— 2^4-9 4x— 3y+12a + 13 

V(4)*4-(-3)^12)^ 
— X— 2v— 2a+9 , 4x— 3v4-I2a + 13 

3 ± n “ 


[Art. 30] 


Taking +ve sign on the R.H.S. of (3), the equation of the plane 
bisecting that angle between the two planes in which the origin lies^ 
i.e,, from part (i), the equation of the plane, which bisects the acute 
angle, is 

— X— 2>'— 2a-l-9 4x— 33^ + 12a-t-13 • 

3 " 13 


or ~I3x-26>;-26j+117=12x-9y+36z+39 
or 25x+17>;+62r- 78=0 ...(4) 

Taking — ve sign on the R.H.S. of (3), the equation ot the other 
bisecting plane is 

-x-2y-2a+9 _ 4x-3y+l2a+13 

3 13 


or -i3;c_26>'-26r+117= -12x+9y-36a-39 
or x+35;;-10^-156=0 ...(5) 

[ Check. The bisecting planes are perpendicular* 

Thus from (4) and (5), 

here AA'+BB'4-CC'=(25) (1)+(I7) (35) +(62) (-10) 

=25+595-620=620-620=0, 
the bisecting planes are i.. ] 

3. Find the bisector of the acute angle between the planed 

2x-y+2z+3=0, 3x-2y + 6z+8=0. [ P. U. B.Sc. H. 1943 ] 



Arts. 31, (a), (6), (c), 32, (a)] projection on a plane 
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SECTION IV 


PROJECTION ON A PLANE 


31. (a) Projection of a point. Dcf. The 

projeclion* of a point A on a plane k is A! , the 
foot of the perpendicular from A on the plane n. 



(6) Projection of a segment. Def. The projec- 
tion of a segment AB on a plane t; is the segment 
A'B% where A', B' are the feet of the perpendiculars 
from A, B on the plane n. 



(c) Projection of a plane area, Def. 
The projection of a plane area S enclosed 
by a carve ABC ... on a plane n is the area 
S' enclosed by the curve A'B'C where A', 
B\ C', ... are the feet of the perpendiculars 
from A, B^C, ... on the plane n. 



32. (q) Length of the projection. 
The projection of a segment AB on a plane 
h is A'B' = AB cos 0, where 6 is the angle 
which AB makes with the plane n. 

[ From Elementary Geometry f ] 



n 


* Or, more fully, the orthogonal projection. 

t See the author’s New Elementary Geometry, Thirteenth Edition, Prop. 15, 
Cor. 2, 
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(6) Area of the projection. 

The projection of a plane area A 
on a plane - is A' =A cos 6, where 
is the angle which the plane of 
the area A makes with the plane 
**Proof. Divide the area A 
inio a very great number of 
narrow rectangles like PQRS by 
two sets of lines, one like PS il 
to the line of intersection of the 
plane of the area A and the plane 
and the other set like PQ _|_ to 
this line of intersection. Let P', Q', R', S' be the feet of the J_s 
from P, Q, R, S on the plane tc. 

Then the area of the projection, rectangle P' Q' R' S' 

- P' Q'.P'S' - PQ cos PS 
[ P S' ^ PS cos here 6=0, *.* PS is || to the plane tz ] 
= PQ. PS cos e = rect. PQRS . cos d 

:: reel. P' Q' R' S' = 2 rect. PQRS. cos 9 

= cos 9 1 rect. PQRS. 

Taking the limits when the number of rects. -> oo, so that 
the breadth of each rect. >, 

area A' = cos area A. 





*■^1. Prone, by projecting a circle, that the area of an ellipse whose 
major and minor axes are 2a, 2b, is “ ah. 

Let A A ( — 2a) be a diameter of 
the circle in the plane p and C its 
centre. 

Let F{a cos 9, a sin be any pt. 
on the circle and PN _L on AA', so 
that CN =: a cos 6, Mp = ^ 

T hro’ AA' draw a plane - mak- 
ing an angle x with the plane p, such 

b 


that cos a = - - 

a 


^ from 


Yj 

. 

p 

/ n . - ^ 
/ 

1 ^ 

/ ^ 

— ^ 

/ ^ 

1.^ 

\ c 

\ 

V ^ 

N pX 

^ t 

^ / 

^ / 

^ 9 


Let P' be the foot of the 
P on the plane Join P'N. 

Then the co-ordinates of P' in the plane - are 

[ Axes CA' and the line thro' C, in the plane ir, L to CA' ] 


Art. 33 ] 
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— o COS Q, y=NP'=NP cos y-~a sin O'. — - s*n 0 

a 

. . the locus of P in the plane ti is an ellipse whose major axis 
= 2a, and minor axis = 2b* 

Now area of ellipse=area of circle, cos x 

[ A' -A cos (Art. 32, (6))] 

**2. Find the area of the section of the cylinder 9x2-f 4^ = 36 by a 
plane whose normal makes an angle of 60^ with OZ. 

33. If A,, A. are the projections of a plane area A on the co- 
ordinate planes, then 

Proof, Let I, m, n be the direction-cosines of the 4-ve direction 
of the normal from O to the plane of the area A. 

Then A^—A cos a, where a is the angle which the plane of the 
area A makes with the >'r-plane, i.e., the angle which 
the normal to the plane of the area A makes with the 
Jc-axis 
=A./. 

Similarly A^=A.m, A,=A.n. 

Squaring and adding, 

A^H a/ -I A,2=A=(/M-mH-n2)=AM 

A=v^ A.’' I A,2 ^AA 

EXAMPLES 

1. A plane makes intercepts OA=:a, OB = b, OC = c on the 

axes. Find the area of the triangle ABC, [ B. H. V. 193'> ] 

Here A*— projection of area of 
AABC on the j'z-plane 

=aobc 

= \ be. 

Similarly Av=i ca, 

A.=|a6. 

*'A”^VA'^-\-A,^Ta? 

[ Art. 33 ] 

=V{ibc)^ iiica)H {iaby 
= iv/6*cMc*a2-t-a26“. 

2. Area of a triangle. Find the area of the triangle whose 

vertices are (I, 2, 3), (-2, 1, -4), (3, 4, _2). [ D. U. H. 1947 ] 
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. Volume of a tetrahedron. 

sy Volume formula. To find the volume of a tetrahedron 
in t^'i'ms of the co-ordinates of its angular points. 

Let (Xj, yi, Zi), (x^, yz* >*3^ 

(x«, y^, Zi) be the co-ordinates of the 
vertices of the tetrahedron ABCD. 

Let V be the required volume of the 
tetrahedron. 

Then V=^ ABCD.p ...(1) 

[ ^ (area of base) X height 
(From Mensuration) ] 
where p is the _L distance of A from the 
plane BCD. 

[ To find p. ] 

. The equation of the plane BCD is 

X, y, z, 1 =0. 

, y8> ^2> I 

^3' ysf ^9* I 

x«, y^ I 
Xu yu Zu 1 

■^2' ^2/ Zzf I 

Xu yu I 

yu 2u I 


C(X,^^>ZS) 




[ Three-pt. form 
(Art. 26) 1 


p= 


« 


L 


y2> 

Zzf 

1 


Xz, 

1 

“ I X^, 

y2A 

1 j« 

yu 

Zu 

I 

+ Zu 

Xu 

1 

•4-1 

yu 

1 i 

yu 

Zu 

1 

Zu 

X4, 

1 

i Xu 

yu 

1 ! 


k 


...( 2 ) 


» 

j 


[ Art, 3# (6) and area formula 
(Analytical Plane Geometry) ] 


[ Rule (X distance formula. Art. 29, (6)) ] 
Now if A is the area of the aBCD, and A« A*» As its projections 
on the co-ordinate planes, then 

A»=i yz, Zz, 1 ' 

yu Z 3 , 1 

i yu z^, i 

and so on. 

denominator of R.H.S. of (2) 

= [(2Ax)*+(2A,)M (SAs)®]^ -2A (Art. 33) 
=2 ABCD. 

Xif Z\p I 

•^2> 1 

•^3' z^, i 

^4. yu ^4> 1 


/. from (2)^ 


2ABCD 
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Substituting this value of p in (1), 


V=iABCD. 


^3/ 

AT,, 


yu 

y»> 

yu 


^1/ 

^4^ 


1 

1 

1 

1 


_ 1 
— e 




• 2 > 


‘ 3 > 


2ABCD 

Xi, z.. 1 

Va* 

Va* 


*i> 

*2» 

*3J 


1 

1 

1 


* 4 » Yi* * 4 > 

**Complete volume formula for the tetrahedron. In the above 
work, we have used the ordinary perpendicular distance formula for 
the plane. If, however, we use the complete perpendicular distance 
formula (Art. 29, (6) ), it will be found that 

V 




— IE 6 


*1> 

yi> 


1 


y2» 


1 


ys* 

*3> 

1 

*4» 

y4» 


1 


I > 


that sign being taken on the R.H.S. which gives a positive result for V. 

Note. When to use the complete volume formula for the 
tetrahedron. The complete volume formula is used when the volume 
of the tetrahedron is given. (See Ex. 2, following. ) 

EXAMPLES 


ot the CO- 


1. (a) Find the volume of a tetrahedron in terms 
ordinates of the vertices, the axes being rectangular. 

[ P(P). U. 1956 S ] 

(6) A tetrahedron has its vertices at the points (I, 0, 0) 
(0, 0, 1), (0, 0, 2), (I, 2, 3) respectively. Find its volume. \l.u\ 

[ Note on simplification of the determinant in numerical 
examples. 



xi, yu 

Zu 1 

t Subtract each 

row 

Xz* yz» 

Zzt 1 

from 

that 

immediately 

x^ ya> 

Zz* 1 

above 

it. 

leaving 

last 

xi, yi. 

Zu 1 

row unaltered ] 


X1-X2, 

yi-yt» 

Zi Zzt 

0 

[ Expand 

by 

X2 X3, 

yi-y^ 

Zz ^3/ 

0 

means 

of 

X 3 -X 4 , 

ys-yi/ 


0 

the 

last 


y*/ 

Zx» 

I 

column 1 

Xi-Xz, 

yi-y-i^ 

Zl-Zz 

e 



Xz X3, 

y 2 -y 3 / 

Z^-^Zz 


1 


X 

1 

> 

ya-yi/ 

Zi-Z^ 


i 
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Now expand the determinant. 

Rule to evaluate a determinant whose one colunm has all 
its constituents = 1 : 

Subtract each row from that immediately above it, leaving the last row 
unaltered, and expand the resulting determinant by means of the column 
which has all its constituents but one = 0. ] 

2. A, B,C are the points (1,2, 3), (-1^ 0,-2), (0, 0,-1). Find 
the locus of P if the volume PABC=2. 

3. A, B, C, D are four coplanar points and A', B', C', D' their 
projections on any plane, prove that 

Vol. AB'C'D' = - Vol. A'BCD. [ Frost ] 

[ Take the plane of projection as the xy-plane, and let A, B, C, D 
{xu yu 2,). (Xa, y^, z^), >^3. ^4. ^4). Then their projections 

on the x>^-plane are A'(xi, y^, 0), B'(X2, 0), C'(x3, y^, 0), D'(x4,y4,0). ] 

4. Volume of a tetrahedron in terms of three cotermmons edges and 

the angles between them. The lengths of the edges OA, OB, OC 
of a tetrahedron OABC are a, b, c, and the angles BOG, GOA, 
AOB are A, v ; find the volume. [ P(P). U. 1953 ] 

Take O as origin, and let li, mi, ni ; 
h* rn-i, Ha ; I 3 , m^, n^ be the direction-cosines 
of OA, OB, OC. 

OA = a, 

the co-ordinates of A are 

(/jO, /7Z|(2, HjO). 

[ (Ir, mr, nr) (Art. 8) ] 

Similarly the co-ordinates of B are 

( h^bt m^, ria^)/ 

and the co-ordinates of C are 

(/3C, m^c, «3c). 

vol. of tetrahedron OABC is 



V - S i 0, 0, 0, 1 



\ ha. 

TTlid, 

Hifl, 1 



1 ^2^/ 

TTl*jb/ 

n^b, 1 



1 he. 


n^c, 1 



[ Expand the 

determinant by means 

of first row ] 

ka, 

miO, 

UiO 

[ Take a common from 

the first row. 

hb. 


n-.b 

b from the second row, and c from the 

I3C, 

fHjC/ 

n^c 

third row ] 



Art. 35 ] 
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= -l abc U, nil, «i j ••• (1) 

I2, ni^, 

^3/ ni^f n^ 


[ To find value of determinant on R.H.S. ] 


Now 

lu 

mu 


lu 

mi. 


X 1 lu 

TTli, 



Ut 

TTlnp 

^2 

k. 

Tn<iP 

n^ \ 


77?2/ 

"2 



771 3 / 

Ha 1 


m3> 

rii ‘ 


m 3 . 

^3 


[ Multiply by Product Rule for determinants (Higher Algebra) ] 
= /i/2+m,m2+nin2, /i/a+mima+nirta I 

+m2mi -f-nani, +02^ hh +^2^3 

yi+znami+naHi, ya+mamj+narts, + ^23= +^ 3 ^ ' 


1 , cos V, cos 
cos V, ], cos A 
cos cos K 1 


• / 

• . ii/ 

mi. 

ni = ± 

1 . 

cos V, cos 



y 


na 

cos V, 

1, cos 

A ; 



m3. 

^3 ‘ 

cos /*, 

cos A, 1 



Substituting 

this value in 

(1)> 





V 

11 

H- 

r> 

u 

cos V, 

cos 





cos V 

. 1. 

cos 

A 




cos /*> 

, cos X, 

1 



/. volume {in magnitude) 


= i abc 1/ cos p, cos/* 

cos V, 1 / cos A 
cos /*, cos A, 1 



SECTION V 

PAIR OF PLANES REPRESENTED BY A HOMOGENEOUS 
EQ,UATION OF THE SECOND DEGREE IN x, y, z 

35. To find the condition that the equation 

ax^ -t by’^ 4 cz2+2fyz +2gzx+2hxy=0 
may represent a pair of planes, and supposing it satisfied, to 
find the angle between the planes. 

(a) If the equation ax‘^-\-by^+cz^+2fyz-\-2gzx-\-2hxy=0, 
represents the pair of planes /x-hmy+n^=0, l'x-\-m'y~\-n'z=0, 
then ax“+6y*+cz^4-2/y^-r2g2x+2^cy=(/x+my+nz)(/'x-|-m>+n'^). 

Equating coefficients of like terms on both sides^ 

lV=a,mm'—b,nn'=c, "| 

mn''\-m'n=2f,ln'+l'n=^2g,lm'-\-Vm=2h J ^ 
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Now 

1 

r. 

0 

* X 

1 

1 

0 


m. 

m'. 

0 


m'. 

m. 

0 


n. 

n'. 

0 


n'. 

n. 

0 


=0x0 


or 


[Expanding each determinant on L.H.S. by means of last column] 

2/r, Im'+Vm, ln’-\-Vn 1=0 
mV 2mm', mn'-\-m'n 
nV-\-n'l, nm!-\-n'm, 2nn' 


from (I)^ 

2a, 2h, 2g 

=0, or 8 ! 

a, h, g 


2h, 2b, 2/ 


h, h, f 


2g, 2/, 2c 


f* cl 


[ Product Rule for 
determinants 
(Higher Algebra) ] 

= 0 . 


[ Cancel 8 ] 


or 

or 

or 


a{bc-P) - h{ch-fg) -\-g{hf~bg) = 0, 

abc — ap - ch^ -\-fgh -hfgk~bg^—0, 

abc + Ifgh — ap —bg‘^—ch^= 0> 
which is the required condition. 

Note. The converse is also true, ue., abc-r2fgh—ap—bg^~ck"—0, 
the equation represents a pair of planes. 

For the order of the steps in the above proof can be reversed. 

(6) If 0 is the angle between the planes 

lx-^my+nz=0, 

Vx-rmy-\-n'z=0, 

then tan e ('= i 

\ COS e J ll +mm -j-nn 

[ Ex. 5, Art. 27 ] 

Now {mn'—m'n)^={mn'^m'ny~4mm'nn' whidh> from (1), 

~4p—4bc=4{p~bc), and so on. 


from (2), tan 6= 


_ V4{ P~~bc ) +4(g^— eg) 4-4(A=— ab) 
~ a+6+c 


2V P-fg^yh^—bc—ca~ab 


*Hon' to write this step. Write the first determinant whose columns are 

I, r. 0 

/7i, m\ 0 

n, n', 0 

and for the second determinant interchange the first two columns of the first 
determinant, thus getting 

I, 0 

m', m, 0 

n', n, 0 


MISCELLANEOUS EXAMPLES ON CHAPTER IV 
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Cor. Condition of perpendicularity of a pair of planes. The 

condition, that the pair of planes ax--\-by*'^ c 2 ^ r 2fyz r2gzx ^ 2hxy = 0 
may be perpendicular, is 

a - b+c=0. 

[ In words : coefficient of x*-\- coefficient of y--\-coefficient of 2 ^=^ 0 . ] 
If the planes are the angle between them^ =90^ 

tan 0=tan 90 ° = oo 

.*. from (3), the denominator n-f6-rc=0, which is the required 
condition, 

EXAMPLES 

1. Prove that the equation 

ax^+by-q-cz* +2fyz -|-2gzx -(-2hxy = 0 
represents a pair of planes if 

abc + 2fgh— af 2 — bg* — ch* = 0 . 

Prove that the angle between the planes is 



tan~ 


■[ 


2{f 2 +g2 I- h2- be - ca- ab) ^ 


a+b+c 
Find the condition that 


]■ 


[ P. U, 1960 S] 


ax'-j by- ’ cz*4-2a'y2 --2b'zxH-2c'xy=0 
may represent a pair of planes ; and supposing it satisfied, if d 
be the angle between the planes, prove that 


tan d= 


2\/a'^ ^ b'2 +c'^- be - ca - ab 

a-i b-^-c 


[Bar. U. 1954] 


3. Prove that the equation 2x* — 6y2 -1222-i-18yz 4 2zx-!-xy = 0 
represents a pair of planes, and find the angle between them. 

[ P. U. 1957 s ] 

[ Rule to prove that a given numerical equation represents a 
pair of planes, and to find the separate equations of the planes : 

Write the equation as a quadratic in x{or y or z), and solve it. The 
two values of x {in terms of y and z) give, by transposition, the separate 
equations of the planes. 

Note 1, The above method enables us not only to prove that the 
given equation represents a pair of planes but also to find their 
separate equations, ] 

Note 2. Important. **The angle between two planes'* means, for 
definiteness, "the acute angle between two planes". 

MISCELLANEOUS EXAMPLES ON CHAPTER IV 


1. E, F, G, H are four coplanar points on the sides AB, BC, 
CD, DA of a skew quadrilateral. Prove that 

AE BF CG DH_ 

EB ‘FC * GD * HA 
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x-Xi—lr, 

Similarly y—yi=mr, z—Zx=nr. 


- y-yi - 

1 m 



which arc the required equations. 

Cor. 1 , Symmetrical form of the equations of a straight 

line whose proportional direction>cosines are given. The equations 

of the straight line passing through (Xj, y^ ^t) ond having direction- 

cosines proportional to a, h, c, are 

_ y-yi _ g-g.i, 
a b c 

Proof. The direction-cosines of the line are proportional to 
a, b, c. Dividing by V the actual direction-cosines of the 

line are 

° ‘ [Rule (Art. 10)] 

V u"-r6“-t-c- Va* -l-6*+c“ V 

and it passes thro' (Xi, y^, Zj) 

the equations of the line are 

x-x, y-y, z-Zi 

a b ^ _ 

, 1 

or^ cancelling V a- -h 6'^ -f C'^ from the denoms., 

y-yi -izih 

a b c ' 

which arc the required equations. 

Note 1. Symmetrical form. The form 


= yr>X= 

I m n ' a b c 

of the equations of a straight line is called the symmetrical form. 

Note 2. The symmetrical equations of a straight line are of the 
.same form whether the actual direction-cosines are used or their 

proportionals. , . 

Caution. It is only when I, m, n are the actual (not propor- 
tional) direction-cosines of a line that each member of the equations 
of the line in the symmetrical form=r^ the distance of the point 
(x, y, z) from (x„ yi, z,). Then the symmetrical . form may also be 
called the distance form. 
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Note 3. What is the use of symmetrical form ? The use of 
the symmetrical form of the equations of a line is that it enables us to 
find the co-ordinates of any point on the line in terms of a single 
variable r> called the parameter. 

Cor. 2, Any point on the line. Any point on the line 


^ y-yi ^ z-2, 

I m n 

is (xi+lr, yi+mr, Zi+nr). 

Proof. Putting = 2=21 =. = ,, 

x—Xi=lr, y—yi=mr, z—z^=nr, 

x=Xx-rlr, y=yi-rmr, z=Zi-\-nr. 

any pr. on the line is {Xx-^lr,yx-\-mr, Zi \ nr). 

[ Rule to find any point on the line (equations in the sym- 


metrical form : — , 

1 m 


n 




[ P (P). U. 1957 ] 


Put each member of the equations of the line=r (mentally), and 
find the values of x,y,z. These are the co ordinates of any point 
on the line. ] 

EXAMPLES 

1. (a) Obtain the equations of a straight line in the form 

x-^ __ z-y 

I m n 
(b) Find the equations to the straight line through (a, b, c) 
parallel to OZ< 

2. (a) Write down the equations of the straight line through 
(1, 2, 3) equally inclined to the axes. 

(6) Find the angle between the lines 

X y 2 j X y 2 

T= o=-i T 4 T- 

3. (a) Show that the lines and 

are at right angles. [ P. U.] 

(b) Show that the line 2x=3y=—z is perpendicular to the 
line 6x=—y~—4z. 

4. Show that^ if the axes are rectangular, the equations of 
the line through (xj, yi, Z|) perpendicular to the lines 

X y_* 


m 


z 

n. 


5 


m 


2 


Ilo 
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are ^ [ P. U, 1960 ] 

miDg— mgiij n^Ii lima— Sami 

38. Reduction of the general equations to the symmetrical form. 
To reduce the equations 

ax-}-by+C2+d=0, a'x+b'y+c'* 0 
to the symmetrical form. 

The given equations are 

ax-\rhy-\-cz+d=0~\ ... 

a'jc+ft>+c'z+d'=oJ 

(0 [To find the direction-cosines of the line. ] 

The equations of the line thro" the origin || to the given line are 
[omitting the constant terms from (1)], 

ax-\-by-\-cz-0, 

a'x-\-b'y’j-c'z=0 

['.* these are the equations of the planes thro^ the origin 11 to 

the planes (1)] 


or ^ 

bc'—b'c ca'—c'a ab*—a'b 

whose direction-cosines and the direction-cosines of the given 
are proportional to bc'—b'c, ca'—c'a, ab'—a'b ...(2) 

(ii) [To find one pt. on the line.] 

In the equations (i), putting z=0» 

ax-\-by-\-d=0, 

a’x-\-by-\-d'=0 


or 


X y 1 

bd'~b'd da'—d'a ab'—a'b 


line 


bd'-b’d da'-d'a , 
or X— — -.•y— jl/ — r7i/also^==0 


ab'—a'b' ^ ab'—a'b 


. . .u 1 - • /bd'—b'd da'—d'a 

{Hi) From (2) and (3)^ the equations of the line in the symmetri- 
cal form are 

bd'~b'd da'-d'a 
^ ab'-a'b ^ ab'-a'b_ z 

^ab'-a'b' 


bc'-b'c 


ca —c a 


= - /' = (Art. 37, Cor. 1)] 

[Rule to reduce the general equations of a line to the 
symmetrical form : 

(0 [To find the direction-cosines of the line.] Find the equations 
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of the line thro' the origin || to the given line [ by omitting the constant 
terms from the given equations and solving the resulting equations for 
X, y, z ]. These give the direction-cosines of the || line and of the 
given line. 

(») [ To find one pt. on the line. ] In the given equations, put z=0, 
and solve the resulting equations for x, y. These give the x-, y- coordi- 
nates of one pt. on the line and the z-coordinate is zero. 

[Hi) From the results of steps (i) and [ii), find the equations of the 
line in the symmetrical form.] 

EXAMPLES 


1. Find in a symmetrical form the equations of the line 
x4'y4-* + l = 0, 4x-|-y— 2z+2=0 and find its direction-cosines. 

[P.t7. 1937] 

(a) The given equations are 

x+y+z + l=0~j 
4x+y~2z-}-2=0j 


(i) [ To find the direction-cosines of the line. ] 

The equations of the line thro’ the origin || to the given line are 
[omitting the constant terms from (1)], 

x3-y+z=0, 

4x-\-y~2z=0 

. _ ^ y ^ or 

-2-l“4-(-2) “ 1-4' 6 “-3' 



whose direction-cosines and the direction-cosines of the given line 
are proportional to — 1, 2, —1 ...(2) 

(ii) [ To find one pt. on the line. ] 

In the equations (1), putting z=0, 

x3-y + \=0, 

4x+y+2=0 


or 


• • 



« • 



1 

1-4' 


or 


also z—0 


one pt. on the line is 




1 




[Hi) From (2) and (3), the equations of the line in the symmetrical 
form are ^ (Art. 37^ Cor. 1) 

x+i „ yJ f^ __ z 

-1 2 -r 


or 
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(b) From (2), dividing by V (— l)^+(2j“+(— 1)-=\/6, the direc- 


tion-cosines of the line are — 


J_ ^ 1_^ 

■\/ 6 * \/ 6 * V6 


2. Prove that the equations to the line of intersection of the 
planes 4x-j-4y— 5z = 12j 8x-fl2y— 13z=32 can be written 


X — 1 

~T~ 



[ PiP), U, 1953 ] 


3. Find in a symmetrical form the equations of the line 

X— 2y— 3, 2x-)-y— 5z=0. 

4. Find the direction- cosines of the line whose equations are 

x-f-y— z-fl=0, 4x+y— 2z-}-2=0. [PM» Eng. 2, J9S7] 

5. Find the angle between the lines 

X— 2y-fz=0=x4-2y— 2z, x -|-2y-|-z=0=3x-}-9y+5z 
(rectangular axes). [ L.U.] 

6. (n) Prove that the lines 2x-f3y— 4z=0=3x— 4y-i-z, 

5x— y— 3z-f-12=0 = x— 7y-i-5z — 6 are parallel. [P. U, 1947'\ 

(b) Show that the lines 2x+'5y+z--4—0=x-\-y—2z—3, and 
5x-hSy—7z=0=\0x~~2y—2z are at right angles. 

7. Find the equations to the line through tfae point (1^ 2, 3) 

parallel to the line x— y+2z=5, 3x-|-y+aE=6. [ P* U. 1936 ] 


39. Number of constants in the equations of a line. The 

general equations of a straight line contain four arbitrary constants. 
Proof. The equations of a st, line, in the symmetrical form, are 

...( 1 ) [Art. 37] 

[ To reduce them to the form x=Ay4-B, y=Cz-i-D* ] 

From the first and second members of (1), 

x-x, =— (y-y,) =— y-— y. 


or 


or 


or 


or 


m 


m 


m 


m 


m 


yi 


) 


x=Ay-f B, where A——, B— Xi— Vj. 

m m 

Again, from the second and third members of (1), 

m 


n 


Tn / \ T7t 

m . f rn \ 

y=Cz I D, where C=~, D=yi— ^ Zi, 
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Thus the equations of a st. line are 

x=Ay-}-B^ 

y=C2+D, 

which contain four arbitrary constants. 

EXAMPLES 


1. Prove that the symmetrical form of the equations of the 
line of intersection of the planes 4x— 3y=l, 2y — 4z=3 is 

x-J _ + ^ 

3 “ 4 “ 2 * 


The equations of the line are 4x — 3y = l, 2y— — 3. 

[ Here each equation contains only two variables. 

equation for the common variable y*, ] 

. , , . 4x-l 4(x-i) x-i 

4x— l = 3y, y~ = ;$ ' 


Solve each 


- - , T . 4^ r3 4(z + J) a\ _ 

2y=4z-f3, .. y= ' ^ - 


2- 


' n 


♦- 


•* J " 1 A 

or, multiplying the denoms. by 4 (to clear off fractions fiom the 
denoms.j, 

x-l_ y _z 1-3 

3 " 4 2 ' 

which are the required equations. 

2. Show that the symmetrical form of the equations of the 

, . X— b y z d 

line x=ay : b, z = cyH d is ^ ^ ^ . 

3. Find the condition that the lines x = ay- b, z = cy-id, 
x = a'yH-b', z = c'y - d' may be perpendicular. 

4. Find a, b, c, d so that the line x=ay i 6. z^cy-i d may pass 
through the points (3, I, -3), (4, 2, -4), and hence show that the 
given points and (5# 3, —5) are collinear. 

40. Two-point form. To find the equations of a straight line 

through two given points. 

Let (xi, yu z^), {x,, y., Zo) be the two pts. 

Then the direction-cosines of the line thro’ them are proportional 
to Xa-Xi, y 2 -yir z^-z, (Art. 12), and it passes thro’ (x„ y„ z.) 

•Also suggested by lh3 second member ^ of the required symmeiiical form 

x-\ _ y _ ^+r 

3 ■ ’4 ■ 2 ■ 
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its equations are 

Xa-*i Ye-yi *2-^1* 

rx-Jfi ^ (Art. 37^ Cor. i)! 

L a 6 c J 

Note. Two-point form. Since in the equations 

x-Xi _ y-yi^ ^ 

Xi-~Xi ys-yi X2-Z1 ' 

(a'j> yi, Zi), (xz, yzf Zz) are the two points thro' which the line passes, 
this form of the equations of a line may be called the two-point 
form. 

Cor. Any point on the line through two points. Any point 

on the line through (Xi, yi, zO, (Xz, yz, z^ is 

/kxj-hxi hyj+yi kZz-^Zi\ 

Vk + l ’ h+l ’ k+l / 


Let the pt. divide the join of 
(xu ^i) and (xo, yo, z«) in the ratio 

k:U C^vYiiZ^) 

Then its co-ordinates are v 



(xzzYz^Zi) 


/cx.-J-Xi _ Arya+yi _ kzz+Zi r /Srt 

^ *+1 ' y~ k+r ' ~k+r • 

Note. These are the co-ordinates of any point on the line 
through (Xi, yt, z^, (x^, y^, Zz) in terms of the parameter k, 

EXAMPLES 

1. Find the equations of the straight line joining the points 

{-2, J, 3) and (i, J, -2). [L-U.] 

The equations of the line are (1) (2) 

y-1 _ z-3 (-2,1,3) ( 3 , 1,-2) 

3-(-2) - 


1-i 


-2-3 


(Art.40)1 

LXg Xj 3^2— 3^1 Zz — Zi J 


or 


z-3 


_ x-l-2 y— 1 i— 3 

-5'°*^ 1 “ b -1 ‘ 


X-h2 _ y-I 

5 ~ 0 

Note. To show that the equations of the straigAf line doming the 
, points (—2, 1^ 3) and {3, I, —2) are y — / = 0, x-rZ— 7 = 0* 

The equations of the line are 

x-i-2 

1 


^ 3'-I _ z-2 

0 - -r* 


[ As proved in Ex. 1 ] 
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From the first and second members, cross-multiplying, y~]=0 ; 
again, from the first and third members, cross-multiplying, 

-X— 2 = z— 3, or jf-iz— 1=0 
/. the equations of the line are 1 =0, x-fz- 1 = 0. 

[ Check. The equations of the line, 

x+2 _ y~\ __ z— ^ 
r 0 “ —I ' 

are satisfied by the co-ordinates of the two given pts. (—2, 1, 3), 
(3, 1, —2), thus 

-2+2 1-1 3-3 0/ On 0 „ . 

~r- = - 0^ = -I ' ^ Tl = -0 ) “ -1 ' " 

3+2 l-I -2-3 5 /■ 0 \ -5 . . 1 

'r = “0“ = -r ' " t( = 0“/ = -1 ’ J 

2. Prove that the points (/, 2, 3), (4, 0, 4), (—2, 4, 2), (7, —2, 5) 
are coUinear. 

3. Find the equations of the straight lines which bisect the 
angles between the lines 

4-= and V = [P.U. 2939S1 

1 m n * r ro ' n •• 

Let OA, OB be the lines BfAm'.n ) 

JL=JL=S^ /\' 

I ta n I m n \/ m+m^nn] 

Cut offOA = 1, OB= 1. / ’T 

Then the co-ordinates of A, B i \ . 

arc (/, m, n), (/', m', n'). '^(o> 0 ’ 0 ) ( 

[ {?r, mr, nr) (Art. 8), here r= 1 ] 

the co-ordinates of P, the / 
mid-pt. of AB, are ^ 

/ l+V m+m' n-\'n'\ 

I '2 ' ■ 2" ' 2 7 ' 

and the co-ordinates of O arc (0, 0, 0) 

the equations of OP, the bisector of Z. AOB, are 




\ ^ 2 2 
\ 




x-0 

y-±^ ^ 

z- 0 

i+r _o 

m + m' _Q 

2 

n - n' 

2 


r X -X, 

y -yi _ 

• 

L Xj-Xi 

y2 ^yt 


‘ = f (Art. 40) ' 

I ^2 


X 

T+r 


m + m' 


z 

n-hn' 
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Similarly the equations of the bisector of the exterior Z AOB', 
i e angle between OA (direction-cosines I m, n) and OB' (direction- 
cosines -m', -n') (Art. 7, Cor. 2) are 



Note. It is assumed in the question that m, n ; V, m', n' are 
the actual direction-cosines of the lines. 

4 If l„ mr, nr (r= I, 2) are two directions inclined at an angle &, 
show that the actual direction-cosines of the direction bisecting them 


6 

are i {li~^h) sec - 2 ~ » 


[ P. U. 1955 S ] 


SECTION n 
A LINE AND A POINT 

41. Perpendicular distance formula for the line*^ To Hnd^the 
perpendicular distance of a given point from a given straight 

line. 

Let P be the given pt. ( /, g, h), 
and AB the given line 

I m n * 

Let A be the pt. {x^yu ^i)* 

From P draw PM X on AB. Let 
d be the required _L distance NP. 

Join AP. 

Then NP~=AP--AN- ...(I) 

But AP=\' 

[ V{x.-x,)^X{yi-yiy-h{Z!i-2iy (Art. 4) ] 
AN = projection of AP on AB 

= {S-yi)m+{h-Zi)n 

[ {Xz-Xj}lX{ys-yi)m-rizz-zf}n (Art. 14)] 

from(l), 

d^-U-x,yx{g-y,rx{h~z,)^ 

~[{f-Xi)lX{g-yi)mX{h-2j)nY 

d^{U~x,y^{g-~y,y-r{h~2,r~ 

~[{f-Xi)lX{g-yi)fn^{h~z,)nY}^ . 

Cor. Second form. The perpendicular distance of the point 
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(// S' f^om the line 
is 


x~xi^y-y^ _z~zi 
I m n ' 

^={ [iS-yi)n-{h~Zi)mY-\-[{h~Zi)l- {f~x^)n]- 


s-yu 

m. 


h-z^ 

n 


+[{f~Xi)m-{g-y,)lY }- . 

Proof. d^=(f-Xjy+{g-yiY+{h~ZiY 

-[if-Xi)l-\-{g~yi)mMh~Zi)nY (Art. 41) 

= [if-x,YHg~yiyHh~z,r] (/= 4 -m=+/i=) 
-[if-Xi)lMg-yi)fn+{h-Zi)n]- [v 

which, by Lagrange’s identity {Art. 1 3, (a)) 

^[{g-yi)n-ih-z,)m]- f-Xi, 

-\-[ih-Zi)l-{f-Xj)ny I 

-h[{f-Xi)m-{g-y,)lY 

d={[{g-yi)n-{k-Zi)m]--\-[{h-Zi)l-{f-Xi)nY 

-f [(/— (g— Second form 

Note. Important. I, m, n are the actual direction-cosines of 
the line. 

[ Rule to find the perpendicular distance of a given point 
from a given line (equations in the symmetrical (actual direc- 
tion-cosines) form : • 

First form. 

(i) Find the distance between one pU on 
the line and the given pt. 


(Rule to find one pt. on the line 




n 


- J>Wfn 


(equations in the symmetrical form) : 

Put each membeT of the equations of the Une=0, and find the values of 
X, y, z. These are the co-ordinates of one pt. on the line.) 

(ii) Find the projection of this distance on the given line. 

{Hi) Then (distance)^— (projection)K] 

Second form. 

(0 Substitute the co-ordinates of the given pt. (/, g, h) in the equa- 
tions of the given line, - ^ *= = - ^ / 

and write in two rows the numerators and denominators, thus getting 

f-Xi, g-yix h-zi. 

If nif ft* 

(») Draw diagonals mentally as in cross-multiplication, thus 

g~yi^h~Zi^f-Xi^g-yj_ 


m ^ n ^ I m 


X 


take the square of each result, and add, thus getting 
lig~yi)n-{h-Zi)my-\-[{h-Zi)l-{f-Xi)nY-\ [{f- Xi)m-(g-y;)iy. 


74 NEW ANALYTICAt SOLID GEOMETRY [ Art. 41 

(m) Take the square root of the result. This gives the X distance, ] 

Note 1. When to use the second form of the perpendicular 
distance formula for the line. The second form of the perpendi- 
cular distance formula for the line (Art. 41, Cor.) is generally used 
v;hen the co-ordinates of the given point and the constants in the 
equations of the given line are not numerical. (Sec Ex. 9 following.) 

**Note 2. Complete perpendicular distance formula for the 
line (equations in the symmetrical form). 

+ ( g~yd^ + 

-[ if-Xi) H{g-yi)m+{h-Zi)nY 

d = ± { U-x^f + (g-yi)^ + {h-z^^ 

-[ if-Xi) /+(g-;'i) m+ih-Zi) n ? / 

that sign being taken on the R. H. S. which gives a positive result 
for d. 

EXAMPLES 

1 . Find the perpendicular distance of P(x', y', z') from the 
line through A(a, b, c) whose direction-cosines are 

cos a, cos p, cos y. [p,u.mos] 

2. Find the distance of (—2,1,5) from the line through 
(2, 3, 5) whose direction-cosines are proportional to 2, —3, 6. 

[ P(P). U, ] 

The direction-cosines of the line are 
proportional to 2, —3, 6. 

Dividing by V'C2)*+(— 3)=+(6)2=7, 
tile actual direction-cosines are 

2 3_ 6 

7 > 7 ' 7 * 

(i) The distance between one pt. on the line, (2, 3, 5), and the 
given pt. (-2, 1, 5)=V{~2-2r+{i~SY-\-{5~Sf 

[ V{x,-x,r+{y^-y,y+(^2-^i)‘ (Art- 4) ] 

=V(-4)“4-(-2f+(0)"==Vf^=V'20. 

(ii) The projection of this distance on the line 

H-2-2) f-H(l-3)(-f)+(5-5) f 

[ (x 2 -Xi)l+(y 2 -y,)m+(za-^i)n (Art. 14) ] 
=(-4) f 4-(-2)(-f)+0(?)— f+f =-f. 

(in) X=V(distance)“— (proiection)*=V(\/20)“— (— 7^=V20— S 

V 980-4 ^ /9W 

49" “V 49 “ 7 * 
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3. Find the distance of A, (1, -2, 3) from the line PQ, 
through P, (2, —3, 5), which makes equal angles with the axes. 

a u r • t ^ ] 

4. How far is the point (4, I, 1 ) from the line of intersection of 

x-^y-\-2=4, x-2y~~z=4 ? [ p. f/. ] 

5. Find the distances of the point (1, 2, 3) from the co- 
ordiuate axes. 

6. Find the perpendicular distance of an angular point of a 
cube from a diagonal which does not pass through that angular 

P®™** [ P- u. Eng. 2, mi ] 

7. Eqmiiom of the perpendicular and foot of the perpendicular on a 
line. Show that the equations of the perpendicular from the 

point (1, 6, 3) to the line are 

1 2 3 0 —3 2’ 

and the foot of the perpendicular is (1, 3, 5). [ P(P). U, 1950 ] 

8. The axes being rectangular, find the equations to the 
perpendicular from the origin to the line 

x-h2y+3z+4=0, 2x+3y+4z+5=0. [ p. U. 1957 S ] 

Find also the co-ordinates of the foot of the perpendicular. 

[J^dc K. U, 1957 ] 

**9. A line through the origin makes angles a, [J, y with its pro- 
jections on the co-ordinate planes, which are rectangular. The distan- 
ces of any point {x, y, z) from the line and its projections are d, a, b. 
c. Prove that 


d'^={a^-x-) cos^ cos® P-f(c®-z®) cos® y. [ Bell ] 

[ Let OA be the line, and A the pt. {x^ yi, z,), so that the 

equations of OA are ^ . Let L be the projection of 

A on the y^-plane, so that L is (0, z^). Then the equations of OL, 

the projection of OA on the yz-plane, are •^=-^ = Use the 

J. distance formula for the line, second form (Art. 41, Cor.).] 


SECTION III 

A LINE AND A PLANE 


42. Intersection of a straight line and a plane. 

point of intersection of a given line and a given plane. 
Let the equations of the line be 


« y-yj = 

l m n 


To find the 


m 


• • • 


(1) 
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[ Art. 42 


and the equation of the plane be 

Ax-!-By+Cz+D = 0 ... (2) 

Any pt. on the line (1) is (Xi+Zf/ yi+mr, Zi-fnr) ... (3) 

[ Rule (Art. 37, Cor. 2) ] 

If it lies on the plane (2), then 

A (x,+/r)H-B (yi+mr)+C {z,-\-nr)^ ‘D = 0 
or r (A/+Bm+Cn)+Axi+By,+Czi+D = 0 ... (4) 

. Axi +Byi-f-Cgi +D 

■■A/+Bm+Cn 

Substituting this value of r in (3), we get the required pt. of 
intersection. 

**Cor. 1. Conditions of parallelism of a line and a plane. To 

deduct the conditions, that the line ^ ^ maybe 

parallel to the plane Ax-fBy+Cr+D = 0. 

If the line is I1 to the plane, it meets the plane at =o 

r = oo, from (5) (Art. 42), 
the denominator A1 4- Bm + Cn = 0, 

and the numerator Ax| 4- By, + Cz, + D 0, * 

which are the required conditions. 

**Cor. 2. Condit/on 5 /or a line to lie in a plane. To deduce the 

conditions, that the line * may lie in the 

plane Ax By -\~ Cz q- D =s 0. 

If the line lies in the plane, then (4) (Art. 42) is true for all 
values of r. 

coeff. of r = 0, and constant term = 0 

[ *.* r (0) + 0 = 0 for all values of r ] 

i.e., Al -1- Bm + Cn = 0, and Ax, -f- Byi + 
which are the required conditions. 

EXAMPLES 

1. Find where the line ^ ^ ^l 4 meets the plane 

x+2y-r-8=0. [ P. C/. ] 

The equations of the line are 

x-I_y+2_z-3 .. 

2“ - 3 " _ 

• *.• if A.vi+Bvj+Cri + U is also = 0, then (4) is true for all values of r 
• • r(0)+0=0 for all values of r ), /. the line lies in the plane. (See Cor, 2.) 


Art. 43, (a) ] 
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and the equation of the plane is 

x-\-2y ~z~-%=0 ...(2) 

Any pt. on the line (1) is (I +2r, ~2+3r, 3 — 4r) ...(3) 

[ Rule (Art. 37, Cor. 2) ] 

If it lies on the plane (2), then 

l+2r+2(-2+3r)-(3-4r)-8 = 0, orI2r-14=0, r = l. 

Substituting this value of r in (3), the pt. of intersection is 
[1+2(1), -2+3(5), 3-4(1)], or (\^ f , -5). 

2. If the axes are rectangular, find the distance fro cn the 

X — 3 y~^ * — ^ 

point (3, 4, 5) to the point where the line — ^ ~ 2 ~ 2 

meets the plane x+y+z=2. [ P(P). U. 1948 Em. ] 

3. Find the distance of the point (-1, -5, -10) from the 

point of intersection of the line ^ plane 

X— y + z=.‘i, (rectangular axes), [ P(P)- ^947 ] 

4. Find the point where the line joining (I, —2, 3), (3, —4, 5) 
cuts the plane x— 2y+3z=2. 

5. Find the distance of the point (1, -2, 3) from the plane 


X y z 

X — y -{- z = 5 measured parallel to the line = gp 


(rectangular axes). 


2 3 ■" -6 ’ 
[ P(P). U. 1957 S ] 


X — V * — y 

6. Find the conditions that the line = m “ n 


1951] 


lie in the plane ax + by cz + d — 0. 

Interpret these conditions geometrically. 

43. (a) Conditions of parallelism of a line and a plane. 

To find the conditions that the line 

x-xx ^ y-yi ^ zjzh 
I m n 

may be parallel to the plane Ax+By+Cz rD — 0. 

X~X| 

The equations of the line are ^ ^ 

and the equation of the plane is Ax+By+C 2 -I D— 0 .. (2) 

If the line is \\ to the plane, then (i) it is (^i'>^i’^i) 

± to the normal to the plane, and (ii) its pt. 

(xu yu ^i) does not lie on the plane. 

Now the direction-cosines of the line 
(1) ahd the normal to the plane (2) are pro- 
portional to I, m,n ; A, B, C 


^-( 1 ) 
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from (z), Al-}-Bm-f-Cn=0, 

[ ad +66' +cc' = 0 (Art. 1 3> (6)^ Cor. 3) ] 
and from (»+ Axi+Byi+Czj+D^tO, 
which are the required conditions. 

t Aid to memory. If a line is ilo a plane, its direction-cosines satisfy the first 
degree terms (in the equation of the plane) =»0, i.e., A/4-Bm+Cn = 0. } 

43. (6) Conditions of perpendicolarity of a line and a plane. 

T 0 find the conditions that the line ^ tttay be 

normal to the plane Ax-\-By-\-Cz+D = 0. 

The equations of the line are — ^ ...(1) 

and the equation of the plane is A)c+B/+C2+D=0 ...(2) 

If the line is normal to the plane, it is || to the i 

normal to the plane ... (i) * | 

Now the direction-cosines of the line (I) j 1- 

and the normal to the plane (2) are proportional 
to l,m,n; k, B, C 
from {i), 

X= f “ (Art. 13, (6), Cor. 4) ] 

which are the required conditions. 


43. (c) Conditions for a line to lie in a plane. To find the 

conditions that the line ^ ma y He in the 

1 m n 

plane Ax+By+C2+D=:0. 

The equations of the line are 

I m n ^ ' 

and the equation of the plane is 

Ax + By + Cz + D=0 ...(2) 

If the line lies in the plane, then (0 it is 
± to the normal to the plane, and (it) its pt. 

{Xif Pi, Zi) lies on the plane. 

. Now the direction-cosines of the line (1) 

and the normal to the plane (2) are propor- 
tional to I, m,n; A, B,C 

from (i), Al+Bm+Cn=0. 

[ aa'+66'-}-cc'=0 (Art. 13, (6), Cor. 3) ] 
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Art. 43, (c) ] 


and from (»), Ax,-fByi+Czi-|-D=0^ 
which are the required conditions. 

EXAMPLES 


1. (a) Find the conditions that the line ^ = ^ 

i m n 

may be (t) parallel to, 

(it) perpendicular to the plane ax-\-by-^cz i-d=0. 

(B. U. 1930 S] 


or 


(6) Find the conditions that the line 


x-a y — z — y 


may lie in the plane ax-f-by-hcz-{-d=0. 


2. Prove that the line ^ 2 ^ ^ ^ ^ is parallel to 


[ P. U. 1951 ] 
the 


plane 3x+2y—3z=0. 

3. (a) Show that the equations 

by-\-cz-\-d=0, cz-^ax-{-d=0, ax-\-by-\-d=0 
represent planes parallel to OX, OY, OZ respectively. 

(6) Find the equations of the planes through the poinis 
(I, 2, 0), (3, —A, 2) parallel to the co-ordinate axes. 

4. (a) Find the equations to the line joining (1, 2, 3), ( — 3, 4, 3), 
and show that it is parallel to the plane XOY. 

(6) Find the equations of a line through (xj, yi, z,) parallel 
to the plane XOY. 

(6) The equations of any line thro’ (x„ yi, Zi) are 


I m n ^ ’ 

If it is I! to the plane XOY, it is ± to the normal OZ to the plane, 
whose direction-cosines are 0, 0, 1 

/(0)-fm(0)-l-n(l)=0, or n=0. 

Substituting this value of n in (1), 

I m 0 

which are the required equations. 

Note 1. To show that the equations of a line through (x„ yi, 2 ,) 
parallel to the plane XOY are m(x— Xi)=/(y-yi), z—z^. 

From the first and second members of the equations (2), cross- 
multiplying, mCx-x,)=/(y-y,), 

and from the second and third members, cross-multiplying, 
z—Zi=0, or z=Zi, 

m(x-xi)=/fy~y,), 2 =z, ...(3) 
which are the required equations. 

Note 2. (2) is the symmetrical form of (3). 
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5. Show that the line x+2y— 3=0=x+3y— 2— 4 is parallel 

to the plane and find the co-ordinates of the point where it 
meets the plane x=0. 

6. Find the eqnation to the plane through the points 

(2, —1, 0), (3, —4, 5) parallel to the line 2x=3y=4z. [P. U. 1951] 

7. Prove that the join of (1, 2, 3), (2, 1> 4) is normal to the plane 
through (5,-1, -9), (1, 0, -4), (-1,2,0), the axes being rectangular. 

8. If the axes are rectangular and P is the point (2, —3, 1), 
find the eqnation of the plane through P perpendicular to OP. 

9. Find the equation to the plane through (2, —3, 1) normal 
to the line joining (3, 4, -1), (2, -1, 5), (axes rectangular). 

[ P(P). U, 1954 ] 

10. Find the equation of the plane through (3, 1, 1) per- 

pendicular to the line of intersection of the planes 

3x + 4y4-7z+4-0, and x-y+2z+3=0 ; [D,U.H. 1933] 
also of the plane through (2, 1, —1) perpendicular to the line of 
intersection of the planes 2x+y— zs=0, 3x— 3y+2z=0, 

11. If the axes are rectangular, and if h, m^, n^ ; 12 , 1 x 12)112 
are direction-cosines, show that the equations to the planes 
through the lines which bisect the angles between 

x;li=y/mi=z;ni and x/la^y/mg^z/ua 
and at right angles to the plane containing them, are 

(li±l,)x-h{mi±™2)y + (ni±“2)*=0. [ 1^^5 ] 

[ Note. It is assumed that the ambiguous signs are taken all 
positive or all negative. ] 

12. Through a point P, (x', y', z') a plane is drawn at right 
angles to OP to meet the axes (rectangular) in A, B, C, Prove 

that the area of the triangle ABC is a-. , , , where r is the 

ax y z 

measure of OP. [P,U.1953] 



The equations to AB are 




Through a 


point P(l, 2, 3), PN is drawn perpendicular to AB, and PQ, is 
drawn parallel to the plane 2x-^-3y *j-4z=0 to meet AB in 
Find the equations of PN and PQ. and the co-ordinates of N 
and Q. [ L, U*] 

14. Show that if the axes are rectangular, the equations to the 
perpendicular from the point (xi, yi, ^j) to the plane 

Ajt+By + Cz +D— 0 
x-x, y-y._ z-z, 

A " B C " 


are 
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and deduce the perpendicular distance of the point (Xi, ^0 from 
the plane. [ D. U. H. 1953 ] 

Let P be the pt. z^, and a the plane 

Ax+By -i-Cz+D^O ...(I) 

From P draw PL L on the plane x. 

(z) To find the equations of PL. 

The equations of any line thro' P are 


or 


or 


or 


X-X,^y-^l^ Z-Zi 

I m n 


...( 2 ) 



d 

L_ 

1 

^ / 

/ 

of 


If it is _L to the plane (1), it is !1 to the normal to the plane, 

1^= 3 = . [ Art. 13, (6), Cor. 4 ) 

Substituting these values of I, m, n in (2), the equations of PL are 

X x,_>^-y,_z-z, 

A “ B C * 

(I'l) [ To find its pt. of intersection with the plane (!). ] 

Let the pt. L on PL be (Xi+Ar, yi+Br, z^+Cr) ...(3) 
it lies on the plane (1), 

A(x,-|-Ar)+B(>'i4 Br)+C{zi+Cr) -fD=0 
r(A“-|'B" +C") -{• Axj +Byi + Czi +D = 0 

_ Axi*fBj/i+Cz,+D . 

A=+BH-C- 

Now PL- = (Xi t-Ar-xdHfyi+Br— y,)= + (zi+Cr-Zi)'-' 

[ {Xi-Xi)--\‘{y 2 -y,)^-\-iZ 2 ~z,)- (Art. 4) ] 
d“-=r-(A- f B^4-C^) [ Substitute from (4) j 

— fAxi +Byi -{ Cz] i D)^ fA^+B^+C^l 
(A^-l B‘ ^ ^ ^ ^ 

__ (Ax, +B>>i-4-Cz,+ D)“ . 

. Ax,+By,-hCzi-hL> 

VAN-B^+C=* 

^’'‘Complete perpendicular distance formula for the plane 
(equation in the general form). 

„ . , Axi4-By,+Cz,4-D 

From (5), d~ ± — — 

that sign being taken on the R.H.S. which gives a 4-ve result for d. 
Note. Foot of the perpendicular. Substituting the value of r 
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[ Angle between a line and a plane. 

The angle between a straight line 
and a plane is the angle between the line and 
its projection on the plane. (Generally the 
acute angle is taken.) ] 

15. Angle between a line and a plane. Find the angle between 
the line | and the plane ax+by -f cz-f-d=0. 



The equations of the line arc 


[ P, U. 1934 S ] 

>^-^1 ^ y-Vi „ ^ 

l m n ' 


and the equation of the plane is ax + + cj + d — 0 

If B is the angle between the line and the 
plane, then {90"— 6) is the angle between the 
line and the normal to the plane ... (t) 

Now the direction-cosines of the line 
(1) and the normal to the plane (2) are 
proportional to I, m, n* ; a, b, c 

.’. from (f), 

la-^-mb-^-nc 


(0 

( 2 ) 



or 


cos (90" -d) = 


sin e = 


or 


__ _al~rbm+cn 
Va’-hb'‘-hc- VP'+m^^n- 
al-i-bm+cn 


[Art. 13, (6)] 


B =sin-^ 


which is the required angle. 

♦Note. Important. We have no right to assume that I, m, n are 
the actual direction-cosines of the line unless they are given in the 
question as such. 

Thus, here we have nor assumed that P-Tm--i-n~=l. 


44. (a) Any plane through the line of intersection of two 
given planes (equations of both planes in the general form) 
The equation of any plane through the line of intersection of the plane 's 

Ax-rBy-^Cz--D= 0 , A'x+B'y^rCz-j-D '=0 

k(A'x4 B'y + C'zH D')=0, 

where k is any constant. * 

[ In words : one plane + k (other plane) =^0, where 'one plane* 

stands for the 'L.H.S. of the equation of one plane {P.H.S. being zero)*, 
and so for the 'other plane*. ] 


Art. 44, (a) ] 
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Proof. The equations of the planes are 

Ax -i- By - 1 - Cz + D = 0 ... (I) 

A'x^ B'y+ D'= 0 ... (2) 

Consider the equation 

Ax-f By hCz+D -|-/c(A'x+B'y +C'z -f-D') = 0 ... (3) 
where k is any constant. 

(t’j It is an equation of the first degree in x, y, z 

it represents a plane. [ Art. 21 ] 

(ii) The co-ordinates of the pts. which satisfy both (I) and (?), 
also satisfy (3) [ substituting from (1) and (2) in (3), we get 

0 rA ( 0 )= 0 , or 0 = 0 , which is true ] 
the pts. of intersection of the planes ( 1 ) and ( 2 ) lie on the 

plane (3) 

(3) is the equation of any plane thro' the line of intersection 
of The planes (I) and (2). 

Note. The value of k is found from the second condition 
satisfied by the plane. 

Abridged notation. 

If u - Ax i By+Ca-rD, v = Ax~\-B'y-\Cz+D'^ 
the equation of any plane through the line of intersection of the planes 
u—0,v=-0 is u-ikv=- 0 , where k is any constant. 

EXAMPLES 

1 . (o) If S = 0 and S' = 0 are the equations of two planes, prove 
that S — A S '=0 is the general equation of a plane through their 
intersection. 

(b) Find the equation of the plane through the origin and 
through the intersection of the two planes 

X 3y ; 2z I 3^ 0 and 3x y- 2z- 5 = 0. [ ^- C/- J 

( 6 ) The equations of the planes are 

x-3y-t 2z-i-3 = 0, 
and 3x— y— 2z — 5 = 0, 

The equation of any plane thro’ their line of intersection is 
X- 3y-| 2z -i 3~l k (3x-y~ 2z- 5} = 0 ... (!) 

[ one plane -yk (other plane) = 0 (Art. 44, (oi ) J 

If it passes thro’ (0,0,0), then 3 -}-A ( - 5) ^.0, k - . 

Substituting this value of k in ( 1 ), 

x-3y + 2z+3 rl (3x— y-2z-5) = 0 
or 5(x-3y-j-2z+3)+3(3x-y-2z-5J=0, or 14x- 18 y Mj o, 

or 7x — 9y-|-2^ = 0, 

which is the required equation. 
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2. Find the equation of the plane containing the line 

x+yH-z = 1, 2x-f3y+4z=5, 

and perpendicular to the plane x — y-|-z = 0. [B.H.U- 1941 ] 

3. Find the equation of the plane through the line 
u ^ ax4-hy+cz4-d=:0, v = a'x-j-b'y+c'z+d =0 

parallel to the line x/1 = y/m = z/n, [ Pesk. C/. /9J.5] 

4. The plane ax+by=0 is rotated about its line of inter- 
section with the plane z=0 through an angle a. Prove that the 
equation of the plane in its new position is 

ax-{~by±z\/ a^-j-b* tan a=0. 

**5. Find the equations to the line through (/, g, h) which is 
parallel to the plane and intersects the line 

ax-{-by-TC 2 -\-d=0f ci'x-\-b'y-\-c' 2 -\-d =0. \_D,U-H. 7954] 

[ The required line (i) lies in the plane thro' (/, g, h) and I! to 
the plane lx~\-Tny-\-n2 — 0, and (ii) lies in the plane thro’ {f, g, h) 
and the line axi-by-\-cz-i-d=0, a'x-\-by+c'z-{-d'=0,] 


44. (6) Any plane through a given line (equations in the 

symmetrical form). The equation of any plane through the line 

is 

I m n 

A(x-Xi)+B(y— y,)+C(z-z,) = 0 ... (1) 
where A1 +Bm -}-Cn = 0 ... (2) 

^ y-yi ^ _ 

I m n ' 

(i) The equation of any plane thro’ {Xu yu ^i) is 

A(x-x.)+B(y-yi)-fCCz- 2 i) - 0 ... (1) [Art. 21, Cor. ] 

(I'O If it passes thro’ the line, its normal is _L to the line, 

Al+Bm+Cn = 0 ... (2) [ Art. 13, (6), Cor.,3 ] 

Cor. Plane through one line and parallel to another line 
(equations of both lines in the symmetrical form). The equation 


Proof. The equations of the line are 


of the plane through the line ^ ^ = 

to the line 


ni 


‘ , and parallel 


x_ ^ y_ ^ 

L 


^2 

X— X 


19 




n 

* 

Y-Yiy 

19 


IS 


z— z 




m 


29 


flu 


Proof. The equation of any plane thro' the line 


Art. 44, (6) ] 


A LINE AND A PLANE 


x-ATt ^ y~y^ ^ Z-Zy 
l\ nil 

A(x— Xi) H- B(y— 3;,) + C{z-Zi) = 0 ... (1) 
where Ah + Bmi + Crti = 0 (2) [Art. 44, (/>)] 

X V Z • 

If it is II to the line = — - = — , its normal is _L to this line 

L m.> n.. 


Ah “I" Bfn^ ~l~ Cfiy — 0 ... (3) 
Eliminating A, B, C from (1), (2), (3), 


[Art. 1.3, (b). Cor. 3] 


X— x„ 

y~yu 

Z-Zi 


h. 

mi. 

ni 



Tn^, 

Tlz 



which is the required equation. 

[ Rule to write down the equation of the plane through one 
line and parallel to another line (equations of both lines in the 
symmetrical form) : 

(t) Write down in two rows the numerators and denominators in the 
equations of the first line and in the third row the {proportional] direction- 
cosines of the second line. 

Hi) Equate to zero the determinant $0 formed. This is the required 
equation. 

Note. To simplify the equation, expand the determinant by means 
of the first row. ] 

EXAMPLES 

1. Find the equation of the plane through the point (a', y') 

and through the line whose equations are — = — = ^ ' = . 

1 m n 

[P(P). U. 1953 S] 

The equation of any plane thro’ the line ^ '= — - — ^ ^ is 

A{x-x)-!-B(y-«.)-f-C( 2 -y )=0 ...(1) 

where Al +Bm +Cn =0 ...(2) [Art. 44, (6)] 

If it passes thro’ {x, fi', y), then 

A(x'-7.)+B{^/~«.)+C(/-y) = 0 ...(3) 

Eliminating A, B, C from (1), (3), (2), 

X — a, y — z ~y =0, 
a'— K, fi' — y'_y 

I, m, n 
which is the required equation. 

2. Prove that the plane through the point (Xy, z^) and the 
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[ Art. 45, (a) 


line x=py-^q=rz-\-s is given by 

X, py+q* rz+s 

^ 0 / pyo ^ 9 > rZo +5 

1 , 1 , 1 



[ P(P). U. 1952 S ] 


3. Find the equation to the plane through the line 

X— a_ y — p_ z — y 

1 m n 


parallel to the line — r* [ P, U. 1947 ] 

1 m n 

4. Find the equations to the planes through the lines 
(») ^-f3y-52-4=0=3x-4y-i-5z-6, (h) -2 * = ■^3“= ' 4'^‘ 
parallel to^e co-ordinate axes. [P,U, 1944 S ] 

SECTION IV 

TWO LINES 


Intersecting lines. 

45. (o) Condition of intersection of two lines (equations of both 
lines in the symmetrical form). To find the condition that two 
given lines may intersect. 


Let the equations of the lines be 

/, mi ni 

x-x.^y-y...^2~.. ...(2) 

l-i m-i n-i 

[ Method of plane. ] If the lines intersect, they lie in a plane. 
The equation of any plane thro' the line (1) is 
A(x -rj } B(y-yi)4-CU-2,)=0 ...(3) 
where A/i H-Bmi 4-Cni =0 ...(4) [ Art. 44, (6) ] 

If the line (2) lies in this plane, it is X to the normal to the plane, 
and its pt. (Xj, yj, z.,) lies on this plane. 

A/2+Bm2+Cn2=0 ...{5) 

and A(X 2 — x,)d BO‘ 2 — yi)-f C( 22 — ri)=0 ...(6) [ Art. 43, (c) ] 

Eliminating A, B, C from (6), (4), (5), 


' Yj yi» ^2 

Ij, mi, n, 



which is the required condition. 

[ Rule to prove that two given lines intersect (or are co> 
planar) (equations of both lines in the symmetrical form) ; 


Art. 45, {a) ] 


TWO LINES 
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(z) Write dov.n the equation of the plane through one line and 
parallel to the other. [ Rule (Art. 44, (6), Cor.) J 

(iz) Show that this plane passes through one point of the other line. 

For the equation of the plane thro’ the line (I) and li to the line 
is x-Xi, z-z, [Rule (Art. 44, (i). Cor.)] 

lit ttZ|, rti 

If it passes thro’ one pt. (x-, y.t 2 ,) of the line (2), then 

■ X,' X,. y, -0, 

I,, nil, 

1 ‘ 2 ' rn>, n> 

which is the condition of Art. 45, (a). ] 

Cor, To find the equation of the plane in which two inter- 
secting lines lie (equations of both lines in the symmetrical 
form) : 

Eliminating A, B, C from (.^), (4), (5), 

y-yi. r-z, I -0, 

/i- ail, /?i I 

l>. m,, n-i I 

which is the required equation. 

[ Rule to find the equation of the plane in which two inter- 
secting (or two coplanar) lines lie (equations of both lines in the 
symmetrical form) : Same as the Rule to find the equation of the 
plane through one line and parallel to the other [Rule (Art. 44, (6) 
Cor.) ]. 

For the equation of Art. 45, (a). Cor. is the same as that of 
Art, 44, (b). Cor. 

Note. To simplify the equation, expand the determinant by 
means of the first row. j 

EXAMPLES 

1. Coplanar lines. Find the condition that two given lines 

may be coplanar. ^ j 

Assuming this condition to be satisfied, find the equation of 
the plane containing them. ^ ^ j 

2. Prove that the lines 

^ y-2 z-3 . x-2 y -3 z 1 

2 3 " 4 ’ 3 - 4 5 

are coplanar. ^ .j 
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[ Art. 45, (fl) 


The equations of the lines are 

x-l_y-2_2^ 

"2 "3 4 

x-2_y-3_z-4 ™ 

3 4 5 ^ 

(i) The equation of the plane thro* the line (I) and ]| to the line 
(2) is |X-I, >'-2, z-3 =0 [Rule (Art. 44, (6), Cor.)] 

2, 3, 4 

1 3, 4, 5 _ 

[ Expand the determinant by means of first row ] 
or (x-l)(I5-l6)-(>— 2)(I0-12)+(^-3)(8-9)-0 
or (X- 1)(- 1)-(3'-2)(-2)4-(2-3){- 1)-0 
or -x+2y-z=0^ or x— 2y+2=0 ... (3) 

(zV) It passes thro’ the pt. {2, 3, 4) of the line (2), 
if 2— 2(3)+4=0, or 0=0, which is true 

the lines are coplanar. 

Note 1. To find the equation of the plane in which the lines 

lie. From (3), the equation of the plane, in which the lines lie, is 

x~2y~i‘Z~0, 

Note 2. The method of Ex. 2 enables us not only to prove that 
two given lines are coplanar, but also to find the equation of the plane 
in which they lie. 

3. Show that the two lines x— l=2y— 4=3z, 3 x— 5=4y— 9=3z 
meet in a point, and that the equation of the plane on which 

they lie is 3x — 8y +3z-rl3=0. [ R* 1 

4. Prove that the lines 

X — a-fd_ y— . 

a— 8 a a+S 

X — b+c _ y — h_^ z— b— c 

p— y p 3+y 

are coplanar, and find the equation to the plane in which they 

lie. [ P{P). U. 2955 ] 

5. Prove that the lines x«:ay-rb=cz-Ld, x=ay + ?=y*4 '3 

are coplanar if (y— c)(afi — faa) — (a— a)(cS — dy)=0. [ B. V* 1953 ] 

6. Prove that the lines 


x~x 




are 


ax by cz -f d =0 = a'x -r by + c'z -f- d' 

coplanar if ^’‘■ "by,+cz,+d _^ a'x, -t-b'y, -j-c'z, +d- ^ 

al- bm-j-cn a'l-t-b'm-|-c'n 


Art. 45, (a) ] 
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7. Show tbat the straight lines 

x_y z *_y_* 

a~^~y*ax~bp cy*l m^n 

will lie in one plane, if (b — c) + ^ (c — a) +~ (a— b)= 0 . 

[P.U. I960 ] 

8 . Prove that the three lines drawn from O with direction- 
cosines 1 ]) mj, n^ ; 1 ^, m^, n, ; I 3 , m^, 03 are coplanar if 

1 „ m„ "n, 1=0. [ P(P), U. 1954 S ] 



™ 3 » ' 


The three lines drawn from O with direction-cosines /„ mu n, ; 
I 2 , mi, ; U, are coplanar if they are all X to the same line 

thro' O*. Let I, m, n be the direction-cosines of this line. Then 

nrii — O ...( 1 ) 

Vi-j-mmi+nrii^O ...(2) 

1 / 3 +771/713 -rnn3=0 ...(3) 

Eliminating I, m, n from (1), (2)^ (3), 

! lu = 0 / 

j ^2/ 

\ /a# m^, 773 

which is the required condition. 

9. Prove that the three lines drawn from O with direction- 
cosines proportional to (1, —1, 1), (2, —3, 0), (1, 0, 3) lie in one 
plane. [ P{P), U. 1952 S ] 

10. Show that the equation of the plane through 

X _ y _ z 
1 m n ’ 

and which is perpendicular to the plane containing 



is x(m -n)+y(n— l)+z(l — m)=0. [ P(P). U. 1954 S ] 

11. Point of intersection of two coplanar lines. Show that the lines 
X — 5 _ y— z+3 ^ X— 8 _ y— 4 __ z — 5 
“4 4 ~ ~5 ’ 7“ 1 “3 

are coplanar ; find their common point and the equation of the 
plane in which they lie. [ P, U. 1949 ] 

[ Method of intersection. ] 

*AU straight lines drawn perpendicular to a given straight iinc ut a given point 
arc coplanar. (See the author's New EUmemary Ccomciry, Thirteenth Edition, 
Page 54, Prop. 4.) 
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or 


(a) The equations of the lines are 

4" “ -4 " -5 *“ ^ ^ 
x-z y~4_z-5 ... 

7 nr ~ ^ 

pt. on the line (1) is (5+4r, 7+4r,-'— 3— 5r) ... (3) 


T .. 1. 1- /'\\ •£ 5“r4r — 8 74'4r — 4 

It hes on the hne (2), it ^ — = — 


-3-5r-5 


-3-|-4r__ 3+4r 
"7 1 


-8-5r 


1 


... (4) 


From the first and second members, 

_3+4r=21+28r, or -24r=24, r=-l. 

Substituting this value of r (— — I) in (4), we get 
-3-4-4(-n_ 3+4(-l) _ -8-5f-n -7 -1 


-3 


1 




or = = 

which is true, 

the lines intersect, and are .*. coplanar. 

(6) Substituting the value of r(= — 1) in (3), the pt. of inter- 
section is [5+4(-l), 7-{-4(-I), ~3-5C-I)], or (1,3,2). 

[Check. The co-ordinates of the pt. of intersection (1,3,2) 
satisfy the equations of both the lines (1) and (2) thus. 


1-5 3 

-7 

24-3 

-4 

-4 

It 

1 

jl 

7 

u 

0 

! 1 

4 

4 ■ “ 

-5 

4 ~ 

■4 “ 

1-8 3 

-4 

2-5 

-7 

-1 

-3 , , 

-y , or -1«-I = 

7 

1 ” 

3 

7 ” 

r 


Note. The above method enables us not only to prove that two 
given lines intersect (or are coplanar), but also to find the co-ordi- 
nates 0 / t/ieir point 0 / intersection. 

(c) The equation of the plane, in which the lines lie, is : 

X— 5, p— 7, 2+3 ' = 0 [ Rule (Art. 45, (a). Cor.) ] 

4, 4,-5 

7, 1, 3 

or (x-5)[12-(-5)]-(>^-7)[I2-(-35)]-K^+3)(4-28) - 0 
or (:t-5)(I7)-(3;-7)(47) + {2 + 3)(-24):-0, 

or 17x-47;^-242 + 172=0. -85 + 329-72 329 

-72 -157 

-157 • -172 
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45 (6). Condition of intersection of two lines (equations of 
both lines in the general form). To find the condition that the lines 

aiX-\-b^y+c^z-\-di = 0, = 0 ; 

and G 3 X+ 63 >' 4 f 3 ?+rf 3 = 0, aiX-\-biy-rCtZ-\-di = 0 
may intersect. 

The equations of the lines are 

Qi^+^iy+CiZ+di = 0, 

azX-l-b2y+c.,z-^d.i = 0 ; 

and = 0^ 

atX-j-b^y-hCiZ-^-di = 0. 

If the lines intersect, their pt. of intersection lies on each of the 
four planes represented by the above equations. 

eliminating x, y. z from these equations, 

Qi, bit Cl, di { = 0 , 

fl'>> bo, Co, do ' 

a^i b-j, C 3 , ^^3 

I a^, bi, c^, di 1 

which is the required condition. 

Note. In numerical examples it is better to reduce the equations 
of one line to the symmetrical form, and proceed as in the. Rule 
(Art. 45, (a)). (See Misc. Ex. 19, Chap. V. ) 

Cor. To find the point of intersection of the two lines. 

Solving any three of the four equations, say, the first three, simul- 
taneously as in Algebra, we get the values of x, y, z, which are the 
j. co-ordinates of the pt. of intersection. 

EXAMPLES 

1. Prove that the lines 

ax t by+cz 'rd=0=a'x \ b'y~{-c'z -\-d ' ; 
ax -rjiy fyz + 5 = 0 = a'x-l-^'y I y'z + S' 
are coplanar if a, a', *, a' = 0. 

6, b‘, p, fi' 

c, c', y, y 

d, d', S, S' 

2. Find the equation of the plane through the lines 

ax-\ by^-cz=Q—a'x-\-b'y-Vc'z, ax+fiy l-yz=:0=a'x+[">-l y'z. 

[ P. U. m9 S 1 

3. A, A' ; B, B' ; C, C are points on the axes ; show that the 
lines of intersection of the planes 

A'BC, AB'C' ; B'CA, BCA ' ; CAB, CA'B' 
are coplanar, [ Ag. U. 1946 ] 
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Shortest distance between two lines. 

46. Shortest distance between two lines {equations of both Ztnes w 
the symmetrical /orm). To find the shortest distance between two 
straight lines whose equations are given. 

[ Method of projection. ] 

Let the equations of the lines be 


lx mi 


2-Zl 

ni 



= yjlh = izrJl ... (2) 

/« m^ tig 

Let AB, CD be the lines, and A, C the pts. 

yi* (-^2# y^t ^3). 

Let KL be the shortest distance* (S, D.) 
between AB and CD, and h m, n its direction- 
cosines. 

Then *.■ KL is ± to both AB, CD 

Z/j+mmi-hnni^O, 



Z/g+mma+nns-O. 

by cross-multiplication, 

I m n 

min2"“m2ni ailf~n^li l\^2~^ It^i 

t.e., the direction-cosines of KL are proportional to 
mj7Z2”m2ni, n\l2^n2lxf I\m2^~l2^i 


Dividing by v/2(miA2— tnan,)®, [Rule (Art. 10)] 

the actual direction-cosines are 


/72of2i l^m^ 

V 2(min2— msni)* V 2(m,n2— msHi)'^ V 2(min3-“m2ni)* 

(a) To find the length of the S.D> 

KL=proiection of AC on KL 

^ (x2-Xi)(min2-m2n,)-f(y2-yi)(ni/a-ng?i)+(g2 -Zi)( /im2-/3mi) 

[(JC2---^i)Z+{y3->'i)m+(^2-^i)n (Art. 14)] 
{b) To find the equations of the S.D» 

KL is the line of intersection of the planes AKL (thro' AB and 
KL) and CKL (thro' CD and KL) 

*If two straight tines neither intersect nor are paraUel, then 
O') there is one straight line perpendicular to both of them ; 

(//) this common perpendicular is the shortest distance between the given lines. 
(See the author’s New Elementary Geometry, Thirteenth Edition, Prop. 17.) 


Art. 46] 
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its equations are 

X -xi, y-yu 

/i, mi, n, 


= 0 , 


= 0 . 


X— X2, y-yi* 

U, m2, n- 

m,n2— rngfii, /im2— 

[Rule (Art. 45, (a). Cor.), from (1) and (3), and from (2) and (3)] 

Cor. To deduce the condition that two given lines may be 
coplanar. 

Let the equations of the lines be 

^-^1 __ y-yi - yry-^^ . 

/i mi rii ' h ^2 ”2 

If the lines are coplanar, the shortest distance between them =0, 
(x2-Xi)fming-m,n,)+(y2ry>K»»^gT^-^^)+t^^-~^»^^^‘^-~^'^=0 

V ^^(min2-m.in,)" 
which is the required condition. 

Note. Abbreviation. ‘Shortest distance' is sometimes abbre- 
viated into S.D. 

EXAMPLES 

1. The axes being rectangular, find the shortest distance 

X — a y— P *”7 

between the lines ^ “ m ” ~n~ * 1' * 

[P. U. 1961] 

2. Find the length and the equations of the shortest 
distance between the lines 


SO- 


[p.u. 

2 “ 3 ” 4 3 4 5 '■ 

The equations of the lines arc 
x-\_y -2__z-3 , . 

2 - 3-4 

3 - 4 5 

[ Method of projection. ] 

Let /,m,n be the direction-cosines of the S.D. 

Then *.* it is X to both the lines (1) and (2), 

21 -h 3m -H 4n = 0, 

3/ 4m + 5/1 = 0. 


1958 S] 

( 1 . 2 , 3 ) 



(2,4,5) 
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by cross-multiplication^ 

I m n 


I 


m 


8-9 -i 


n 

-I 


15-16 • 12-10 
i.e-, the direction-cosines of the S. D. are proportional to 

-1,2, -1 ... (3) 

Dividing by I)’'‘H-(2)“+{— 1)* =\/6/ 

1 2 I 

the actual direction-cosines are — ^ * ' 

(а) To find the length of the S, D. 

S.D.^projection of the join of (!, 2, 3) and (2, 4, 5) on the S* D. 

(б) To find the equations of the 5. D. 

The S.D. is the line of intersection of the plane thro* the line (I) 
and the S. D., and the plane thro' the line (2) and the S. D. 
its equations are 

= 0 



y-2. ^-3 

= 0, 

■ X— 2, y—4, z—S 


3, 4 


3, 4, 5 

-1^ 

2, -1 


-1, 2, -1 


or (x-n(~3-8)-(>'-2)t-2-(-4)]-h(z-3) [4-(-3) ]- 0, 

(x-2)(-4-10)-(y-4)[-3-(-5)]-fU-5)[6-(-4)]= 0 
or (A-l)(-Il)-(j'-2)(2)i-U-3)(7) = 0, 

(x-2)(-14) (j^-4)(2)+(z-5)(10) = 0 
or — I lx— 23 M- 72 — 6 = 0, — I4x— 2^-f-lOz— 14 = 0 
or Mx^2y-7z-: 6=0, 7x4->'— 5Z-1-7 = 0. 

3. Determine the length of the shortest distance between 
the lines 2x = y= — 2 and x— 1— — y— 2= — 2z-|-l, 

Find the equations of the straight line of which the shortest 
distance forms a part. 

**4. If the axes are rectangular, the S.. D, between the lines 

y—az-\-b, z=y.x-\-'^ ; y—a'z-{-b'^ z=a'x-|-[i'- is 

fx-a')(fr-b') (x'3— a3')(a-a') : p y 5 ] 

5. Prove that the shortest distances between the diagonal of a 
rectangular parallelepiped and the edges not meeting it are 

he _ ca ab ' 

v'b'i-c* Vfl'-i * 
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where a, b, c are the lengths of the edges. 

6. Points of intersection of the shortest distance with the lines. 

Find the shortest distance between the lines 


X — 3 
3 


y-8 


2—3 x-f3 


y-7 


z —6 
4 


-1 1 ’ -3 2 

[y. (f /T. U. I95S] 

Find also its equations and the points in which it meets the 

given lines. [ Ag, U. 1953 ] 

[ Method of intersections. ] 

The equations of the lines are 

x-3 _ y-8 ^-3 

3 “ -I I 

a:-I- 3 y-f7 z — 6 
-3 ““ 2' 4“ 


... ( 2 ) 


Let the S. D. meet the lines in K, L. 

Let the pt. K on the line (I) be (34-3r, 8 — r, 3 + r)...(3), and the 
pt. L on the line (2) be ( — 3 — 3r', —l-{-2r\ 6+4r') ... (4) 

f Note the use of r' instead of r ] 
Then the direction-cosines of KL are proportional to 

-3-3r'-3-3r, -7+2r'-8-fr, 6+4r'-3-r 

[jf-i-Xvy-i-yu (Art. 12) ] 

i.e., proportional to — 3r— 3r'— 6, r4-2r' — 15, — r-t-4r'-l-3. 

KL is X to both the lines (1) and (2), 

3( -3r~3r'-6)-i-(-l)(rT2r'-15)M(-r+4r'X3) = 0, 
~3(-3r-3r'-6)4-2(r + 2r'-I5)-j-4C-r-!-4r'i-3) = 0 
or — ilr— 7r' = 0, 7r+29r'= 0 


or nr+7r'=0, 7r+29r'= 0. Solving for r, r', r=0, r'=0. 

(a) Substituting these values of r, r' in (3) and (4), 

K is (3, 8, 3), L is ( — 3, —1, 6), which are the required pis. of 
intersection of the S. D. with the given lines. 

(>) ( 2 ) 

(3, 8, 3) (-3, -7, 6) 

(b) KL = V ( - 3 3)^ + ( “?‘:r8)2.i-(6-3)=^ 

[Vix7^)^Tiy^~ylf-Hz^~z^}^ ■ (Art. 4) ] 

*=V(-6)^ + (-l'5p“TW 

= V36H-225-i 9 = V'270 = 3\/30. 

(c) The equations of KL are (1) (2) 

(3,8,3) (-3, -7,6) 
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^-3 _ y-8 _ z-3 ^ y^yj ^ £_£. ^q) 

^3zr3- -7-8 6-3 Ix2-Xi y*-yi Zi-^i J 

Qj. [ Divide denom. by 3 ] 

x-3 y-^ ^-3 

“-r2=~5=”i - 

Note, The above method of finding the length and the equations 
of the shortest distance between two given lines (equations of both 
lines in the symmetrical form) is used when it is required to find 
also the points of intersection of the shortest distance with the given lines, 

7. Find the length of the S. D. between the lines 

X— 3 y-5 z— 7 , x+1 y+1 z+1 

~r~ ~ “ T“ ’ 7 “ -6 1 * 

Find also its equations and the points where it intersects the 

Hues. [P,U.19S9] 

8. A line with direction>cosines proportional to 2, 7, —5 is 
drawn to intersect the lines 

x-5 y-7 _ Z+2.X+3 _ y ^ 

3 ” -1 “ -3 2 4 ‘ 

Find the co-ordinates of the points of intersection and the length 
intercepted on it. [ P{P)* U, 1955 S ] 

9. Find the S. D. between the axis of z and the line 

ax-f-by-l-cz-|-d=0, a'x-fb'y+c'zH-d'=0. [P,U. 1959 S] 

[ Method of parallel plane. ] 

[ S,D. = X distance of any pt. on the first line from the plane drawn 
thro’ the second line and ll to the first ... (i) 

The equation of cmy plane thro' the line 

ax+6y+cz-i-d==0^ a'x-\-b'y-\~c'z+d'~0 is 
ax+by-i-czi-d-\-k{a'x-\-by-k'C’z+d')—0 ...(1) [Art. 44,(fl)] 
If it is 11 to the z-axis, its normal is X to the ^-axis (direction- 
cosines 0/ 0^ 1), 

(aXAa')OX(6+ft6'}0 + (c-f A:c')l=0, or 
Substituting this value of A: in (1), the equation of the plane is 

ax-]rby-\-cz-\-d {a'x-^b'y+c'z-{-d')=0 

(ac'— a'c)x-i-(6c'— 6'c)p+(dc'— d'e)— 0 ...(2) 

.*. from (i), 

S. D. = X distance of any pt. on the z-axis, say, the origin (0,0,0), 

from the plane (2) 


or 
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^ f Rule (Art. 29, (6)) ] 

V(ac'~'a'c)- -f {bc‘—h'cY 

= ^ [Assuiuc cd' — c'd is -f-ve] 

V{ac'-a-cf+[bc‘-b'cV 

changing the sign, S.D. {in magnitude) 

_ cd--c'd 

V (Qc' — a'c}^ -|- {be' — b'c)~ 

Note. The above method of finding the length of the shortest 
distance between two given lines is used when the equations of one 
line are given in the symmetrical form and those of the other in the 
general form. 

10. Find the shortest distance between the straight lines 
J(x— l)=f(y— 2i=z— 3, and y — inx=z=0. [P. U. 1939 5J 

11. Show that the equation to the plane containing the line 
y/b-t-z c = I, x=0 ; and parallel to the line xa-z c=l,y = 0 is 
X a— y/b — z,c4 1=0, and if 2d is the S.D. prove that 

i = [P.U. 1955 S] 

•*12. Find the length and equations of the S.D. between 


X — y-|-z = 0 = 2x— 3y + 4z, 

X I- y+2z-3=0 = 2x f 3y -|-3z-4. [ P, U. Eng. 2 ] 

[ Note. When it is required to find the length and the equations of 
the shortest distance between two given lines {equations of both lines in 
the general form), first reduce the equations of both lines to the 
symmetrical form, and then use the method of Art* 46, ] 


47. Equations of two non-intersecting lines in the simplest form. 

To prove that by a proper choice of axes the equations of two 
straight lines can be put in the forna 

y = x tan a, z = c ; y=— x tan a, z=— c. 

Let AB, CD be the lines, and KL = 2c, the Z 

S.D. between them. 

Take O, the mid-pt. of KL, as origin and 
OK as the r-axis. 

Thro' O draw OB', OD' il to AB, CD. 

Take OX, OY, the infernal and external 
bisectors of zlB'OD', as the x- and y-axes. 

Then if ziB'OD'=2x, OB' makes with the axes angles 

a, 90" -a, 90" 

.'. the direction-cosines of OB' are 

cos a, cos (90" — x), cos 90% i.e., cos a, sin x, 0. 
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the direction-cosines of AB (!i to OB') are also cos a, sin a, 0, 
and it passes thro' K(0, 0, c), 

x—0 >>— 0 z—c 

cos a sin a 0 


its equations are 




or 


Its equations are 


or 


y=x tan a, z=c» 

Again^ OD' makes with the axes angles —a, 90°+a^ 90® 
the direction-cosines of OD' are 
cos (—a), cos (90®+a), cos 90®, i.e,, cos «, —sin a, 0. 
the direction-cosines of CD (|| to OD') are also 
cos a, —sin a, 0, and it passes thro' L(0, 0, — c), 

x—0 _ j; — 0 _ a— (— c) 
cos a — sin a 0 

y= —X tan a, a= — c. 

Note. The angle between AB and CD=ZB'OD' 

[ Def. Art. 6, {b) ] 

=2a. 

Cor. To prove that by a proper choice of axes the equations 
of any two lines can be put in the form 

y=mx, z=c ; y = — mx, z=— c. 

[ Proceed as in Art. 47, and prove that the equations of the lines 
are y=x tan a, ; y=— x tan a, ^=— c. 

Putting tan a=m, the equations of the lines are 

y=mx, z = c ; y= — mx, z=— c. ] 

Note. Important. For problems relating to two given lines, 
let the equations of the lines be 

y=mx, z=c ; y=— mx, z=— c. 

EXAMPLES 

1. A line of constant length has its extremities on two fixed 
straight lines ; show that the locus of its middle point is an 

ellipse. [ Bar, U, 1953 ] 

Let the equations of the fixed lines be 

y=mx, z=c ;y—~mx, z=^~c (Art. 47, Cor.) 
or, in the symmetrical form, 

_x y z_—c 

1 **” m ~ 0 


( 1 ) ( 2 ) 

...Uh 1 Q- .. U) 


Let one extremity P on the line (1) be (r, mr, c) ...(3) 
and the other extremity P’ on the line (2) be (r', — mr', — c)...(4) 
Then PP'=constant=2/c (say) 

(r'-r)M-mV+r)H4c2=4/c^.,(5) [ (Art. 4) From (3) and (4) ] 
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Art. 47 ] 


Now the co-ordinates of the mid-pt. of PP' are 

r-l-r' mCr — r') 


X — 




, z=0 ...(6) 


2 ' ' 2 

Eliminating r, t' from (5) and (6) [ by substituting the values of 
r' ( = 2x), r- r' (= -^) from (6) in (5)], 


4 ^ +m"(4x2)-l-4c2=4*2, r=0 
m- 


[Cancel 4] 


or 




which is the required locus of the mid-pt. 

It is an ellipse in the xy-plane. 

2. Show that the locus of the mid-points of lines of constant 

length which have their extremities on two given lines is an ellipse 
whose centre bisects the S. D., and whose axes are equally inclined 
to the lines. [ A%. U. 1*^56 ] 

3. Find the locus of the mid-points of lines whose extremi- 

ties are on two given lines and which are parallel to a given 
plane. [ P. U. 1^33 S ] 

4. Find the locus of a point which is equidistant from two 
given lines. 

5. The lengths of two opposite edges of a tetrahedron are 
a, b, their S.D. is d, and the angle between them is 6 ; prove 

abd sin B , . 

that its volume is g . f Ag. U, 1949 ] 

6. AA' is the S.D. between two given lines, and B, B' are vari- 

able points on them such that the volume AA'BB' is constant. Prove 
that the locus of the mid-point of BB’ is a hyperbola whose asym- 
ptotes are parallel to the lines. [ Ag, U. 1940 ] 

7. P, P' are variable points on two given non-intersecting lines 
AB, CD. Find the locus of a point Q such that QP, QP' are perpendi- 
cular to one another and perpendicular to AB, CD respectively. 

Let the equations of AB, CD be 

y=mx, z~c ; y=—mx, z=—c or, in the symmetrical form, 

1 m 0 1 “ -m “ 0 ■" 

Let P on the line (1) be (r, mr, c), and P' on the line (2) be 
(r', -mr', — c). Let Q be (x,y, r). 

Then the direction-cosines of PQ are proportional to 

x—r, y—mr, z—c; 

and those of P'Q are proportional to x— r', y-\-mr', z-\-c> 

V PQ is i. to P'Q 
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(x-r)(x-r')+(y-mr)(y-!-mr')-f(^-c)(2+c) = 0 ... (3) 

*.* PQ is X to AB 

(x-r)l+(y— mr)m = 0 ...(4) 

*.* P’Q is X to CD 

.*. (x— r')l+(>'+mr')(-m) = 0 ...(5) 

Eliminating r, r' from (3), (4), (5) [by substituting in (3) their 

values from (4), r= , and from (5h r'= 3' 

1 4'/n" 1 


x-\-my\f 


l+m^A^ X^ne-) 


x-Tny\ ( ^JEzJEy 

“^v 1+m* 


or 


or 


or 


{m^x-~my){m'^x-\-Tny) 


+ 


+m* J\' • ixm 
{y-mx){y-\-mx) 


j +22_C^=0 


(lXm2)2 ' {\+my 

mWx^-y^) /—mV , , „ 

(li-mV + (H-m=f > 

( /— mV)f1 — m-) 


^ 0 

\-m- 


m*(l — m-) v2-}-?8 = r2 


or — 

which is the required locus. 




{m'X-my){m^x-X-my) 

= mV-mV 


43. Any line intersecting two given lines. The equations of 
any line intersecting the lines Ul=0, Pi= 0; 1/3=0, ^2=0/ are 

UiXkiVj=0, UjXkjVj =0, HJ^ere ki, are any constants* 

Proof. The equations of the lines are 

1/1=0, Vi=0 ... (1) 

U2=0, 1/2=0 ... (2) 

Consider the equations 

U]-r/fiVi = 0, I/jH-ftoVa ... (3) 

These two equations together represent a st. line. [ Art. 36 ] 
It lies in the plane i/iX/ciVi=0, in which plane also lies the line 
(1) (Art. 44, (a)), 

it intersects the line(l). • 

Similarly it intersects the line (2), 

(3) are the equations of any line intersecting the lines (1) 

and (2). 

Note 1. The values of /ci, Atj are found from the second condi- 
tion satisfied by the line. 

Note 2. Important. If the equations of the lines are given in the 
symmetrical form, first reduce them to the general form, and then use 
the equations of Art, 48. {See Ex, 3 following . ) 


Art. 48 ] 
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[P. U, }942] 

(1) 

( 2 ) 


EXAMPLES 

1. Find the equations to the straight line drawn from the 
origin to intersect the lines 

3x+2y-f4z — 5=0 = 2x — 3y +4r-fl* 

2x— 4y-4- z -}-6 = 0=:3x— 4y + z — 3. 

The equations of the lines are 

3x-f-2y-l 4z— 5 = 0, 2x — 3j;-+4z + 1 = 0 , 

2x — 4y-f z 4-6 = 0, 3x — 4y-|-z— 3 = 0. 

The equations of any line intersecting the lines (I) and (2) arc 

2x-4>;-fz +6-!-;t.,(3x-4y +2-3) = 0. J 
If it passes thro’ (0, 0, 0), then 

_5+/f^(|) = 0, 64-^4 (-3) =0, fr, = 5, /Ca=2. 
Substituting these values of /r,, in (3), 

3x4-2y-i 42-5 -5(2x-3y-h42-4-l) = 0, 

2x-4y4- z ■f6-!-2{3x— 4y4 - 2 — 3) = 0 
or 13x-13y4-24z = 0, 8x- I2y4-3z = 0, 

which are the required equations. 

2. Find the equations to the line that intersects the lines 

x 4 -y-(-z = l, 2x — y — z=2; x-y — z = 3, 2x4-4y-z = 4, 
and passes through the point ( 1 , 1 , 1 ). [ P(P). U. 1956 S ] 

3. Find the equations of the straight line through the origin 
which will intersect both the lines 

* 2 ’ = ■ iP- Eng. 1939] 

[ Rule to reduce the symmetrical form of the equations of a 
line to the general form : Take the first and second members, and 
then the second and third members ; the two resulting equations are the 
equations of the line in the general form. 

Note. This is the converse of Art. 38. ] 

4. Find the equations to the line through (2, 2, 2) which 

X — 2 y 2 z 4 

meets both the lines — ^ ^ 3 4 ' x = 2y = 3z, and show 

that its intersection with the second line is ^ [f*T/.] 

**3. Find the equations to the line drawn parallel to 

X _ y __ z 

T~ 2 “ -2 

so as to meet the lines z = x— 2=2y4-3, z=2x— 3=3y4 4. 

[ The equations of the lines, in the general form, are 

x-z-2=0, x-2y-5=0 ...(I) 

2x-z-3 = 0, 2x-3y-7=0 ...(2J 
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The equations of any line intersecting the lines (1) and (2) arc 
x-z~2+kii x-2y-5)=0, "I 

2x~z-3+k2{2x~3y-l)=0. J 

If it is i! to the line -p= ^ ...(4), then any plane thro* it 

is il to the line (4)*> 

in particular each of the two planes, represented by the 
equations (3) taken separately, is 11 to the line (4), 

(l + ft,)l^(-2/c,)2+(~l){-2)=0, 
(2+2A2)H-(-3A:2)2+(-1){-2)=0. ] 


49. Locus of a line intersecting three given lines. To find 
the locus of the line intersecting the lines 

Vi=0 ; U2=0f V2=0 ; U3=0, 1^3=0. 

The equations of the lines are 

Ui=0, yi=0 ...(1) 

U2=0, V2 = 0 ...(2) 

U3=0/ 1^3=0 ...(3) 

The equations of any line intersecting the lines (1) and (2) are 

i/ 2+^2V2=0 ...(4) [ Art. 48 ] 

If it intersects the line (3), we have to eliminate x, y, z from (3) 
and (4). [Art. 45, (6)] 

Then we get a relation between kx and Aig, say, 

f{kuh)=0 ...{5) 

Eliminating k^, kz from (4) and (5) [by substituting their values 
from (4) in (5) ], 

\ Vi Vz J 
which is the required locus, 

EXAMPLES 


] . Find the locus of lines which intersect the three lines 
y = b, z= — c ; 2 =c, x= —a ; x:=:a, y = — b. 

The equations of the lines, in the general form, are 

y~b=0, z-^c~0 ...(1) 
z--c=0, x+a=0 ...(2) 
x—a=0, 7+6=0 ...(3) 

The equations of any line intersecting the lines (1) and (2) are 

y— 6+fri(z+c)=0, r~c+/f2(x+G)=0 ...(4) [ Art. 48 ] 

" if otic line is parallel to another line, then any plane through it i» 
parallel to the other line. 


Art. 49 ] 
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=c~2k>a, or lak<J<..—2cki-\-2b—Q 


If it intersects the line (3), we have to eliminate x, y, z from (3) 
and (4), Substituting the values of x{=a), y{= - b) from (3) in (4), 
— 26+/Ci(2+c)=0> z-c-\-k.i{2Q)~0. 

Eliminating z (by equating its values), 

2^— kiC 

or n/ci/co— c/Ci +6 = 0 ...(5) 

Eliminating k^, k^ from (4) and (5) [by substituting their values 

from (4) 

\ j+c A x + a/ V z-Vc J 


or a{y-b){z - c) 4 - c(y — 6 )(x + a) + 6 (z +c)(x +a ) =0 
or a(yz— cy- 6 j+ 6 c) +c(x_y +a>'— 6 x-a 6 )+ 6 {^x+az+cx +i:a )=0 
or a>^z-t- 62 x+cx>'+a 6 c= 0 , 

which is the required locus. 

[Check. The equation of the loais ayz -t- 6 zx+cx>' -f a6c=0.. ( 6 ) 
is satisfied by the equations of the three given lines thus, 
putting _y= 6 , 2 = -c in ( 6 ), a' 6 )(— c) + 6 (— c)x +cx( 6 )+a 6 c= 0 , or 0 = 0 ; 
putting z=c, x= —a in ( 6 ), ay (c)-| 6 c(— a)+c(-a)y +a 6 c= 0 , or 0 = 0 ; 
putting x=a,y= —6 in ( 6 ), a{ -b)z-\-bz{a) +c(a){— 6 ) i-a 6 c = 0 , or 0 = 0 .] 

2. Find the surface on which lie all lines which intersect the lines 
y=mx, z=c ; y= —mx, z— — c ; and the x-axis. 

3. Prove that the locus of a variable line which intersects the 

three given lines y—mx, z=^c ) y= —mx, z= — c; y=z, mx— — c ; is 
the surface y- — m^x- = z^ — c^. [ Ag. U. 1954 ] 

4. Prove that the locus of lines which intersect the three 
lines y — z=l, x= 0 ; z — x = l, y =0 ; x — y=l, z = 0 is 

x= ; y2-; z3-2yz — 2zx-2xy=l. [ Ag. U- 1955 ] 

5. Find the locus of the straight lines which meet the lines 
x=2, 4y=3z; x+2=C^, 4y+3z = 0; y = 3, 2x~\-z = 0. [P{P).U.H. 1953] 


**G. Prove that the locus of a line which meets the lines 
y= ±mx, z= + c and the circle X’+y' = a2f z = 0 is 

c2m2(cy-mxz)2 1 c^(yz-cmx)2 :rraW(z»-c-}2. [/. t3c K.U. 1954] 

7. Find the locus of a straight line which intersects two 
given lines and makes a right angle with one of them. 

[P, U. H. 1934] 

8. A straight line meets two given straight lines and makes 

the same angle with both of them. Find the surface which it 
generates. [ D. U. H. 1943 ] 
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Find the surface generated by a straight line which 
intersects two given lines and is parallel to a given plane* 

I D. a. H. 1931 } 

10. Through two straight lines given in space two planes are 
drawn perpendicular to one another ; find the locus of their line of 
intersection. 


SECTION V 

INTERSECTION OF THREE PLANES 
50. Notation. If the equations of three planes are 

aiX+6iy+CiZ+(/i=0 ...(1) 

...(3) 

then writing down the coefficients in the equations (1)> (2)^ (3)/ 
we get 

...(4) 


1 Ou 

bu 


d. , 

\ 

1 



di 1 

1 

f Qj/ 


C3/ 

d, ! 


The four determinants, obtained by omitting the first, second, 
third, fourth columns one by one, are denoted respectively by 

Al, As/ Aj* 


Thus (omitting the^rst column from (4)) Ai= 


Cu 

d, . 

• 


Czp 

d, : 

1 

bjf 



(omitting the second column from (4)) A2== 

Qu 

Cu 

d, V 

1 

a^. 




03, 



(omitting the third column from (4)) Aa^ 

Ou 

bu 

dx . 


Oi, 

b^/ 



U 3 , 

b^ 


(omitting the fourth column from (4)) A4= 

: 

bu 

Cl ♦ 


i Qs/ 

bu 

Ca 


Q 3 , 

bu 

C3 

51. Case I. Condition for three planes to 

intersect 

at a 


point. To find the condition that three given planes may intersect at a 
point. 

Let the equations of the planes be 

OiX-hfciy+Ci^+dj=0 ...(1) 
a^x-i-bny-T-CiZ -\-d >—0 ...(2) 

a3X+b3y+C;iZ-\-d3=0 ...( 3 ) 

Solving (1), (2), (3), 
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-y 


bi0 

Cj, dj 

1 

1 

Qu Cl. di 

Qi. 

bu 

dx 1 


a.. 

bu 

Cl 


Cg, dg 

1 

1 

Co, Cg, dg j 

cti* 

b'yp 

dg 


0 .. 

b,. 

c. 

b^p 

d:x 

1 1 

V * 

Q 3 . Cj, dg t 

1 Q 3 . 

b^ 

^3 

1 

Uzf 

b.. 

C 3 

X 

-y 

2 

-1 

. 






Ai“ 

As 

ZTa” 

a/ 








where == Ci, di , 

b^t Cnt d-> 


'2/ ^2^ 
‘ 3 / 


i.e., the determinant obtained by writing down coeffs. in the equa- 
tions (1), (2), (3)/ i e., 

Oif b^, Cx, di p 
^ citp b-i, Ca/ dj 

I ^3/ ^3' d^ 

and omitting the ^rst column, and similarly for Aa* As. A^* 

[ Notation, Art. 50 ] 

— f, y=^.\ ^ — - -(4) 

ll\ A» -'■-4 

If the planes intersect at a pt., the co-ordinates of their pt. of 
intersection are finite. 

from (4), the denominator A4#0, 
which is the required condition. 

( Rule to find the point of intersection of three planes whose 
equations are given : 

Solve the equations of the planes simultaneously, as in Algebra. 
The values of x, y, z are the co-ordinates of the point of intersection. ] 

EXAMPLES 


1 . Find the point of intersection of the planes 

x—y'i'2z^3, x-\'2y+3z=S, 3x — 4y~5z-\-I3 = 0. 

The equations of the planes are 

X— y ! 22 — 3 = 0 ... (1) 3 

x+2y-f32-5 = 0 ... (2) -2 5 

3x-4y-52H-13 = 0 ... (3) 3 

Eliminating 2 from (1) and (2) [by multiplying (1) by 3, (?) by- 2, 
and adding ], 

X— 7y+l = 0 ... (4) 

Again, eliminating 2 from (2) and (.3) [by multiplying (2) by 5, 
(3) by 3, and adding ], 

14x — 2y + 14 = 0 

or, dividing thro' out by 2, 7x— y+7=0 ... (5) 
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Solving (4) and (5), by cross-multiplication, 

X _ y 1 X y i 

_49-(~1) 7-7 -l-(-49) -48 0 48 

“48 

.. X — 1, y — 0. 

Substituting these values of at, yin (1), 

— 1— 0+2z— 3=0, or 2^— 4=0, 2 

the pr. of intersection is (—1, 0, 2). 

[ Check. The co-ordinates of the point of intersection satisfy 
the equations of the given planes (I), (2), (3) thus 

-l-0+2(2)-3=0, or -H-4-3=0, or 0=0, 

— H-2{0)-|-3(2) — 5=0, or — 1 -|-0-f6— 5=0, or 0=0, 
3(-l)-4(0)-5(2)-f-I3=0, or -3-10-fl3=0, or 0=0.] 

[ Rule to solve the (numerical) equations of three planes ; 

(/) Eliminate z from the equations (/) and (2), and get an equation 
in X and y. Again, eliminate z from the equations (2) and (i), and get 
another equation in x and y. 

{ii) Solve the two equations in x and y* 

(Hi) Substitute these values of x andy in one of the given equations, 
^^y^ {1), and find the value of z, j 

2. Show that the four planes x— 2y-}-j=0, x+y— 2z=3, 
3x—2y+r=2, 4x~5y-r3z=l meet in a point. 

3. Find the volume of the tetrahedron formed by planes 
whose equations are 


y-f-z = 0, z+x=0, x-j-y=0, andx+y+z=l. [ P(i>). £/. 1954] 

Prove that the four planes 


my-;-nz=0j nz-fhK=0, lx-}-my=0, lx-|-my-}-nz=p 

form a tetrahedron whose volume is 1948 ] 

**5. Find the volume of the tetrahedron the equations to 
whose faces are a,x-j-b,y-fc,z+d,=0, r=l, 2, 3, 4. 


The equations of the faces are 

QjX -h b^y + Ci^ + = 0 ... (I) 

^2^ + hy + e^z dz = 0 ... (2) 

a^x + b^y -f CgZ + dg = 0 ... (3) 

a4X + 64^ + C4J -r ^4 = 0 ... (4) 

Omitting (1), and solving (2), (3), (4), 


[ D. C/. H. 2938 ] 
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6^/ 

^4/ 


(I2 

d, 

d. 


O 3 / 


-y ^ 

C^/ d^ I 

C 3 / \ 


Q 4 # C 4 / 


z 

-1 

^2/ b^y d^ 


^2/ b^y C2 

^3# b-^^ d^ 


^ 3 ' ^ 3 > C3 

Qa^ b^, d^ 

1 

bif C4 




Let A= ^1/ ^1/ Cl, 

^2/ ^2^ ^2/ 
^3^ ^3/ C 3 / 

! ^4/ C^t 

Then from (5), ^ = 


d, i 
d, 
d. 
d, 

z 

C, 


^1 

-D 


where Aj, Bi, Ci, Di are the co-factors (f.e./ minors with the proper 
signs) of Oj, bu Ci, in A/ 

A, 


or 


B, _ Cl 

Di 


one vertex of the tetrahedron 


/ A| 

(bi 


Bi 

'bi 


c. 

D 


;) 


Similarly the other vertices are 

/Aj ^ Ca \ /Aa Bj C, 

Id; 'ba ' vj'yv, ' d, ' 

' volume of the tetrahedron 


dJ'kdI' d/ dJ 


j_ 

6 


bi 

A. 

Da 

Aa 

r>3 

A. 

■D 4 

I 


B. 

'b; 

Ba 

'Da 

'ba 

'bi 


bDjDaDaDj 


' Di 
Ca 

'D. 

C 3 

'D" 

Cj 

'b^ 

Au 

Aj/ 

A 


I 


1 


Bi, 

Ba, 

B.. 


[ Volume formula (Art. 34) ] 

[Take ^ common from the first row, 
^ from the second row, fJ- from the 

JJa L}j 

third row, from the fourth row ] 

JJ 4 

Cl, Dj 
Ci, Da 
Cj, Dj 
C4, D4 


I 


A 


6DiD 2D;,D4 
[ From Higher Algebra ] 


3 / ^ 3 / 

I A 4 . B^, 

6. Find the co-ordinates of the centre of the sphere 
inscribed in the tetrahedron formed by the planes whose 
equations are 

x=0, y=0, 2=0 and x+y +2 = a. [ P.V, 1955 ] 

The equations of the planes are 

x=0 ...(1), ...(2), z=0 ...(3), x-\-y-\-z=a ...(4) 

Omitting (4), and solving (I), (2), (3), the vertex is (0, 0, 0), and 
the equation of the opposite face is (4), i,e., x-\-y~\-z-a=0. 
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Omitting (3)> and solving (I), (2), (4), the vertex is (0, 0, a), and 
the equation of the opposite face is (3)^ ue,, z=0. 

Omitting (2), and solving (1), (3), (4), the vertex is (Oy a, 0), and 
the equation of the opposite face is (2), i.€», y=0. 

Omitting (1), and solving (2)^ (3), (4), the vertex is (a, 0^ 0), and 
the equation of the opposite face is (1), i.e., x— 0. 

Writing the equation of each face (plane) (and changing the signs 
thro* out, if necessary) so that the result of substituting the co- 
ordinates of the opposite vertex in the L. H. S. of the equation 
(R.H.S. being zero) is positive, the equations of the faces are 
a~x—y—z=0, z=0, y=0, x=0, or x=0y y=0, z=0, a—x—y—z=0. 

Let {x, y, z) be the required co-ordinates of the centre of the 
sphere inscribed in the tetrahedron. 

Then its _L distances from the faces are equal 


« « 


x 

1 



a—x—y—z 
1 ~ \/3 


[ Rule (Art. 29, (6)) 


sum of nums. _ x-\-y-\-z-\-a— x— y—z 
sum ot denoms.” l-l-l + l-b\/3 
a 

‘3-f-V3' 


• y- Q o a 

3+V3'-^ 3 + V3’ 3+V3' 

. /'a a 

*■ V3+\/3'3-fv3' 

7. Find the co-ordinates of the centre of the sphere inscribed 
in the tetrahedron formed by the planes whose equations are 

y-tz~0, z-\-x~0, x-{-y=^0, and x+j;-{-z=l. [D,U.H. 1936] 


3+^/3 ) required co-ordinates 


**52. Case 11. Conditions for three planes to form a triangular 
prism. To find the conditions that three given planes may 
form a triangular prism. 

Let the equations of the planes be 

aix-\-biy-^CiZ-^dx=0 ...(I) 

a.iX+b-iy-rC2Z~di=Q ...( 2 ) 

Clz^'¥b:^y+C:^Z-\-dz—0 ...(3) 

If the planes form a triangular prism, the line of intersection of two 
of the planes, say (2) and (i), is 1| to the third plane (/). 

[ To find the equations of the line of intersection of the planes 
(2) and (3) in the symmetrical form. ] 

(To find the direction-cosines of the line.) 

The equations of the line thro’ the origin il to the line of inter- 
section of the planes (2) and (3) are [ omitting the constant terms 


Art. 52 ] 

from (2) and (3) ], 


INTERSECTION OF THREE PLANES 


109 


or 


Q^x-\-biy H-C2Z=0, 
a 3 X+ 63 ^+ 032=0 


^ 3^3 “'^ 3 C 2 ^ 2^3 ^300 ^ 2^3 ^ ^ 3^2 

whose direction-cosines and the direction-cosines of the line of 
intersection of the planes (2) and (3) are proportional to 

62 C 3 — 63 C 2 / C 2 Q 3 ^ 3 ^ 2 / ^^ 2^3 ^ 3 ^ 2 ’ 

(To find one pt. on the line.) 

In the equations (2) and (3), putting r— 0, 

aiX+biy^-di^Q^ 

1/3=0 

X y 1 


or 


or 


^ 2^3 — b^d^ 1 / 3^73 d'^Cl-> ^2^3 d'^o 

^^bA-bA ^ Vi, also 2=0. 

one pt. on the line of intersection is 

/ ^3^3 — ?>.^d2 ^ f/og.T — t/^gg qY 

\ g263— g362 ' a-ib^—a^idz* 

the equations of the line of intersection of the planes (2) and 
(3), in the symmetrical form, are 


b‘>d ■“ b 3^2 


0‘»h^ ^3^2 


y- 


^2^3 ” ^3^2 


...(4) 


^ 2^3 ^ 3^2 ^ 2 ^ 3 *** ^ 3 ^ j 

If it is II to the plane {1), then it is J. to the normal to the 

plane (I), and its pt. . S^-a^ ' °) 

plane (1). [ Art. 43, (g) ] 

gjffc.Ca - 63C2) 4- 6,(0203 - CjOs) + c,(o, 63 -g^t.) = 0, 

fb ‘d:^ — bid^\ , t ^d2Q:i—d-,02 


and 


cr 


^\{,b‘>d^ — 63^3) 4'6|(d2^3 ^302) ”l"di(g263 — 0363) 0, 

7^0 


i,e., 

au 

6 .. 

Cl 

= 0 , and j g,. 

6 .> 

d. 




Cj 

02. 

b<>f 

d. 



b:if 

C3 

O3/ 

bl 

ds 


[ Expanding each determinant by means of first row ] 

i.e., ^*=0, and 

[ Notation, Art. 50 ] 
which are the required conditions. 


ai> 

bu 

Cu 

d. 

a-./ 


C>y 

d. 


^ 3 > 

Cj* 

d. 
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53. Casein. Conditions for three planes to have a commonline of 
intersection. To find the conditions that three given planes may 
have a common line of intersection. 

Let the equations of the planes be 

(22xH-&2y+C2^-fc?2=0 ...(2) 
a:^x^b^y+c^z-\-d3=^ ...(3) 

The equation of any plane thro’ the line of intersection of the 
planes (1) and (2) is 

...(4) [Art. 44> (a)] 

If the three planes have a common line of intersection^ then for 
some value of k, (4) is the same as (3), 
comparing coeffs. in (4) and (3), 

Qg 63 C 3 

ai+/ca24-/c'G3=0 ...(5) 
bi-\~kb2-\-k'b2=0 •••(^) 

Ci-\-kc2-rk'c2=0 ...(7) 
di-\-kd2~tk d^^O -”( 8 ) 

Omitting (8) and eliminating A:> k' from (5), (6), (7), 

Oit a^p fla 1 = 0 . 

b\, bop b 


If 

Cu 




'3 

C3 


Similarly omitting (7), (6)> (5) one by one, and eliminating kp /c' 
from the remaining three equations/ 


Oip 

Qi, 

0 

11 

1 

Qif 


aa .=0/ 

biP 

hi, 

h \ 

-0/ 



bz 

CiP 

Cl, 

Cz ■ ' 

Cif 

Co, 

C3 




da * 

dip 

dif 

d3 1 1 

diP 

do. 

ds 



or, changing columns into rows in the above determinants/ 


a 


If 


^•2> 

Qu 

^2/ 


Ox, 

60/ 

bip 

Czp 

Czf 


Cl 

C2 

C3 

di 

do 


=0 ...(9)/ 


=0 ...(11)/. 


Qzf 

bu 

b'XP 


biP 

bop 

b,P 

Cip 

C2f 

C^t 


di 

d, 

da 

di 

da 

da 


= 0 ...( 10 ) 


=0 ...( 12 ) 


())/ (10)/ (II), (12) are the required conditions, or writing down 
coeffs. in the equations of the planes (1)/ (2), (3), 

-0 ...(13) 


Ou 

biP 

Cu 

di 

Oo, 

hop 

C2P 

d2 

Oj, 

bzf 

Cz^ 

da 


•and HO/ A' to avoid negative signs in the equations (5), (6), (7), (8 ) following, 
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ill 


the notation indicating that each of the four determinants, obtained 
by omitting xhz fourth, third, second, first columns one by one in ( 1 .') 
is zero. 

Note 1. Only two of the four conditions are independent. 

Geometrical proof. If the three planes have two pts. in common, 
they have a common line of intersection. 

But the fact that three planes may have two pts. in common, 
requires only two conditions. 

on\y two ol the four conditions (9), (10), (11), (12) are inde- 
pendent. 

Hence it is sufficient to show that any two of the four determinants 
obtained from {13), say, obtained by omitting the fourth and third 
columns one by one, are zero, i.e., A 4 - 0 , A 3 — 0 . 

Note 2. In fact it can be proved algebraically that, if ony two 
of the four determinants are zero, then the remaining two are also 
zero. Thus if A 4 = 0 , and , .;,=0, then A 2 =^>/ and , i^O. 

Note 3. Short cut for numerical examples. In numerical 
examples it is better to proceed as follows : — 

(z) Find the value of k from the first and second members of liic 
equations obtained by comparing coeffs, in (4) and (3). 

(n) Substitute this value of k in all the members, and show 
that the equations are satisfied. [See Ex. 4 following.] 

EXAMPLES 


1. Prove that the planes 

x-(-ay + {b + cjzH d = 0, x + by -i-(c +a)z -)'d = 0, x 1-cy (a + b)z -j dr=0 
pass through one line. [ Ag. U. 19-113 ] 

The equations of the planes are 

x-\-Qy-\-{b-\-c)z-\-d = 0 ... (1) 
hy + {c^. a)z+d = 0 ... ( 2 ) 
x-\-cy-\-{a-\-h)z-\-d — 0 ... (3) 

Writing down coeffs., we get 

I, a, 6 + c, d ’ ... (4) 

1 , b, c+a, d ' 
i J, c, a+b, d ii 


(Omitting the fourth column from (4) ) 


Here 


A4 = 


K 

L 

I, 


a, 

b, 

c. 


6 +c 

c-t-a 

a -rb 


[Add the second column to ihc 

third ] 


1 , a, 64-c-f-a 
1 , b, c+a4fe 
1 , c, fl-ffr-fc 


[Take out the common factor 
(fl'|/>-|c) from the third 

column ] 
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= (a+6+c) : I, a, 1 

h K 1 

' 1. c> 1 

( Omitting the third column from (4) ) 


=0. [ '.* first and third 
columns are identical 1 




[ Take out the common factor d 
from the third column ] 


= d 


=0 


1/ a, d 
b, d 
1^ c> d 

1> a, 1 
U b, 1 
1> c> 1 

the planes have a common line of intersection. 

2. Prove that the planes 

*=scy-}-bz, y=az4-cx, z=bx-|-ay 
pass through one line if a^+bM cH2ahc=l. [ B, U, J953 ] 

Show that the equations of this line are 

X 

vi-c^ 


[ first and third columns 

are identical] 


[ Art. 53 ] 


Vl-a2 Vl-b' 

3. Show that the planes 

aX'fhy4-gz=0, hx-t-by+fz— 0, gx4-fy4-<‘a=0 
have a common line of intersection if 


[ B. U. 1948 ] 


A = 


g 

f 


= 0 , 


a, h, 

' h, b. 

I r 
: g» c 

and the direction-ratios of the line satisfy the equations 


12 -^2 

I m“ n” 


[P(P). U.H. 1952] 


a A_ a A a a/ 

a a a b gc 

4. Show that the three planes 

2x -f-3y-f-z = 0, X— y-f-2z=3 and 5y— 3z-}-6:=0 
intersect in a straight line. 

The equations of the planes are 

2x-\-3y-\-z = 0 ... (1) 
x-y+2z-3 = 0 ... (2) 

5;^-3z + 6 = 0 ... (.3) 

The equation of any plane thro* the line of intersection of the 
planes (1) and (2) is 

2x+3y-\-z-\-k{x~y+2z-3) = 0 

(2+/c).e+(3-/c)yH-(| -\-2k)z~3k = 0 ... (4) 

If the planes have a common line of intersection, then for some 
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value of k, (4) is the same as (3), 

comparing coeffs. in (4) and (3), 


l^k 3-k 
0 5 


14-2 k 
-3 



From the first and second members, cross-multiplying, 

2,-\-k ~ 0, k — — 2. 


Substituting this value of k in (5), we get 





or 1 = 1 = 1, 


which is true, 

the planes have a common line of intersection. 

5. Prove that the planes 

3x-2y-4z = 0, 2x-4y-5z=0, 5x-6y-9z = 0 


pass through one line. 

6. If the axes are rectangular, find the equations of the planes 
through the line of intersection of two of the planes 

a^x + b^y + CrZ 4- d, =0, r— I, 2, 3, 
perpendicular to the third. Show that the three planes pass through 
one line. 


7 The olane + r + —* = 1 meets the axes OX, OY, OZ, 

^ a b c 

which are rectangular, in A, B, C. Find the equations of BC. Prove 
that the planes through the axes and perpendicular to BC, CA, AB 
passthrough the line ax=by=cz. [P.U,I959S] 

Find also the co-ordinates of the orthocentre of the triangle ABC. 

8. The plane —4- = 1 meets the axes in A, B, C. 

^ a b c 

Prove that the planes through the axes and The internal bisectors of 
the angles of the triangle ABC pass through the line 

_ X y 2 

aVb'^-yc- ~ bVc^-\-a'^ cVn*+6- 

54. Rule to find the nature of the intersection of the three 


planes 

a,x-fb,y -rc,z-i di = 0 ...(1), ajX -t-bayH-CgZ -)-do=0 ...(2), 

ayx-|-bjy4-c^z4-d3=0 ...(3) : 

Write doivn coefficients in the equations of the planes {/), (2), (3), 
thus getting 

Qi/ ^1/ dj 1; ”*(4) 

i a-i/ b2/ C 2 , do 

I a^, b^j Ca, d3 

(0 // C i '0, the planes intersect at a point. [ Notation, Art. 50 ] 

[ Art. 51 ] 
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[li) If but the planes form a prism, provided no two 

of the three planes are ]!. [ Art. 52 ] 

{Hi) If olso ^^=0, the planes have a common line of inter- 
section. [ Art. 53 ] 

EXAMPLES 

**I. Find the nature of the intersection of the sets of planes : 

CO x—2y-\-2z=3, 2x^3y—2^5, 3x~4y-\-5z==\0 ; 

(I'O 2x+4y4-2z=l, 5x+y-z=9, x—y—z~6 ; 

{in) x-^2y~^z==0, 3x^y-2z=l, 3x~4y-7z=2. 

(0 The equations of the planes are 

x-2y-\-2z- 3=0 ...(!) 

2x-{-3y- z- 5=0 ...(2) 

3x-4;;-^5^-I0=0 ...(3) 

Writing down coeffs. in the equations of the planes (1), (2), {3), 
we get 

I -2, 2, -3 l| ...(4) 

I 2, 3, -1, ~5 

' 3, ~4, 5, -10 i 

(Omitting the fourth column from (4)) 

Here U -2, 2 i 

2, 3, -1 ; 

3, -4, 5 

=:](15-4)-2[-10-(-8)]+3(2-6) = 1(11)-2(-2)-{-3(-4) 

= 1 1+4— 12=3, which is =^0, 

the planes intersect at a pt. [ Rule (Art. 54) ] 

{ii) The equations of the planes are 

2x+4y+2r-7=0 ...(I) 

5:^+ y- z-9=0 ...(2) 

X- y- 2-6=0 ...(3) 

Writing down coeffs. in the equations of the planes (1), (2), (3), 
we get 

I 2, 4, 2, -7 'I ...(4) 

5, 1, -L -9 I 

—1/ —1/ —6 I 

{Omitting the fourth column from (4)) 

Here A 4 = 2, 4, 2 

5, 1, -1 

1. -I, -1 

= 2(-l~l)-5[-4-(-2)] + l(-4-2)=2(-2)-5(-2) + l(-6) 

= -4 + 10-6=0. V / r V / 
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(Omitting the third column from (4)) 

As^l 2, 4, 7 

5, 1. -9 

1 , - 1 , -6 

= 2(-6-9)-5(-24-7)-M[~36-(~ 7)] = 2(- 15)~ 5(-31) -- 1(-29) 

==-304-155-29 = 96, which is 9 ^ 0 . 155 

- 59 

96 

the planes form a prism, provided no two of the three planes 

The planes (I) and (2) are || 

2 4 2 

-j-= -= j, which is not true. 


are 


if 


the planes (1) and (2) are not !!. 
The planes (2) and (3) are 


if 


“ = I = _ j> which is not true. 

the planes (2) and (3) are not i|. 
The planes (3) and (1) are 


1 ~1 -1 u- . • 

-=•-= . == - , which IS not true. 

2 4 2 


if 


the planes (3) and (1) are not 
Hence the planes form a prism. 

(m) The equations of the planes are 

x4-2>'4- z =0 ...(1) 

3x4- y-2j-l=0 ...(2) 

3x— 7z — 2=0 ...(3) 

Writing down coeffs. in the equations of the planes (1), (2), (3), 
we get 

1, 2, I, 0 || ...(4) 

3, 1, -2,-1 

I 3, -4, -7, -2 
(Omitting the fourth column from (4)) 


Here ^ 4 = 


1 . 2 , 1 

3, 1, -2 


3, -4, -7 

= 1(-7-8)-3[-14-(-4)]4-3(~4-1) = I(-15)-3(-10} 4-3(-5) 

= -156-30-15 = 0. 

(Omitting the third column from (4)) 




1 , 2 , 0 
3, 1,-1 

3, -4, -2 


[Expand by means of first row] 
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= l(-2-4)-2[-6-(-3)]+0=l(~6)-2(-3)=-6-f6=0. 
the planes have a common line of intersection. 

[ Rule (Art. 54) ] 

**2. Examine the nature of the intersection of the sets of planes : 
(/) x—y-i-z=3, 2x-\-5y-\-3z=0, 3x—2y—6z~\~l=0. 

(ii) 3x-\-2y-\-z=6, 5x+4y-\-3z=4, 3x4-4y+52 + l2=0. 
ini) x—y-\-z~4=0, 2x~~y~z+4^0, x-\-y—5z-\-\4=0. 

[ B. U. 1941 ] 

**3, Examine the nature of the intersection of the sets of planes ; 

(i) x+2y-Sz = \, 4x-\-y-\-z = 2, 6jc+y + 3z=3 ; 

(n) x+4y+€z~5^ 2x+5y-|-9z= 10, x+3;;+5^— 5 ; 

{Hi) X— _y-i-z=2, 2x— 3>'+4j=8, x-fy+^=2 ; 

(ip) x+3y— 2=6 , xH- 2>'+42-H5=0, 2x+6>?— 22-|-7=0. 

”'•4. Prove that the three planes 2x-i-y+z=3j x— y+2z=4, 
x+z=2, form a triangular prism, and find the area of a normal 
section of the prism. [ P(P). U. 1948 ] 

MISCELLANEOUS EXAMPLES ON CHAPTER V 


**1. A plane triangle, sides a,b,c, is placed so that the mid-points 
of the sides are on the axes (rectangular). Show that the lengths 
intercepted on the axes are given by 

m"-=(d-i-a2-6=)/8, n==(aH6’-c2).'8, 
and that the co-ordinates of the vertices are 


{—I, m, n), (/, — m, n), (/, m, ~n). [4.C/. 1938] 

[Let ABC be the triangle, and D, E, F the mid-pts. of the sides 
BC, CA, AB on ttie x-, y-, 2-axes. Let A,B,C be (Xj, yi, 2i), (xo. y 2 ,z^t 

2'.i). Then the mid-pts. D,E,F are * ^"^--)etc. 

D lies on the x-axis (y=0, 2=0), y2+>'3'=0# •^2+'^3=0 (1) 

Similarly 23- 2i = 0, x3-fXi = 0 ... (2), Xi-fX2=0, yi+.Va = 0 ... (3) 

From (1 ), (2), (?), find the co-ordinates of B(x2, ^3, 23), C(x3, 23) 

m terms of those of A. It will be found that B is (— x„— yi, 2i). 

C is (--Xi, yi, — 2i). Also A is (Xj, y„ 2i). [ Compare the co-ordi- 
nates of A(xi, y„2t) with the given co-ordinates (— ?»m, n).] 
Put Xi= — /, yi=m, 2i=n, A, B, C are? BC=a, ? etc. D, the 
mid-pt. of BC, is {/, 0, 0), OD = /. ] 

2. A plane meets a set of three mutually perpendicular planes 
in the sides of a triangle whose angles are A, B, C. Show that the 
first plane makes with the other three planes angles whose cosine- 
squares are cot B cot C, cot C cot A, cot A cot B. [ B. C/. ] 

[ Take the set of three mutually J_ planes as co-ordinate planes. 
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X . y . ^ 


a 


=1,A,B,C 

0 c 


Art. 54 ] 

and let the equation of the plane ABC be 

being on the x-, y-, 2-zxts, Draw a rough Fig. ] 

3. P is a fixed point on a line through the origin equally inclined 
to the axes ; prove that any plane through P makes intercepts on the 
axes the sum of whose reciprocals is constant. 

•*4 Prove that ^ ^ ^ =0 represents a pair of planes 

’ y~^ z— X x—y 

whose line of intersection is equally inclined to the axes. [Bar. U. 19^4] 
[(a) It will be found that the equation is 

ax-^by--\-cz--{b-\-c-a)yz-{c^a-b) 2 x-{a-\-b-c)xy = 0, 


Here \ a, h, g 

K b, / 

(Notation, Art. 35) 


a, 

a-i b—c 
2 

c+Q—b 


n-i 6— c 
2 

b, 

6+c-^ 

2 


a — b 


2 

b-‘-c—a 


Add the second and third columns to the first. 

{b) If the equation ax^-^ by^-^ cz^+2fyz + 2gzx-^-2hxy^-0, represents 

the pair of planes lx-rmy -‘:-nz = 0, Vx-\-m y -\-n z=Q, then 

ax^-\-by^ycz^-j-2fyz-^2gzx + 2hxy = {lx-\-my >.-nz){l'x-\-m'y \-n'z). 

Equating coeffs. of like terms on both sides, 

ll'=a, mm'=b, nn'=c; mn' ■\-m'n = 2f, nl \-n'l^2g, lm'-\ l'm = 2h. 

The direction-cosines of the line of intersection of the planes 

lx-\-my \ nz = 0, Vx4-m'y-[^n'z =* 0, 
are propoitional to mn* — m n, nl n // fni I m [ as in Art. 38, (0 ]. 

Now mn'-m'n = [ (mn'Tm'n)--4mm'nn’ ]- 


— (4/^ — 46c)- , which is here 

= [{b-\-c~a)--Abc]- = [a'A-b^-\-c'^~2bc-2ca-2ab]- . 

The symmetry of the result shows that 

mn' —m'n=nl' ~n'l=lm' ~l'm. ] 

5. Show that the equations of the lines bisecting the angles 
between the lines 

-I " 2 ' 12 1 -10' 

are ^6”— 3'~2'3 2 —6 

6, Foot of the perpendicular on a plane. Find the co-ordinates 

of the foot of the perpendicular drawn from the origin on the 

plane 2x-H3y-42 i-l =0. [ ^ ] 
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plane x4-2y+3z=:6 is 


[ L. a. ] 


7. Show that the line “ y- — ^ ^ plane 

xH-2y— z=0. [ Sind. U. 1950] 

[ Line of greatest slope. Def. The line of greatest slope 
through a point on an inclined plane is the line through the point 
perpendicular to the line of intersection of the plane with a horizontal 
plane. ] 

**8. Equations of the line of greatest slope. If OZ is vertical, show 
that the line of greatest slope through the point (1, 1, 1) on the 

X_1 y-l z-l 

“3“~ ~ “ ^5" * 

9. A plane parallel to the line x — l=2y— 5=:2z and also 
parallel to the line 3x = 4y—ll=3z— 4 passes through the point 
(2, 3, 3). Find its equation. [ B. H. U. 1944 ] 

*♦10. P is a given point and PM, PN are the perpendiculars from 
P to the planes ZOX, XOY. OP makes angles a, y with the 
plane OMN and the rectangular co-ordinate planes. Prove that 
cosec® 0 — cosec® a -f- cosec® p + cosec® y. [ D. U. H. 1937] 

11. Projection of a line on a plane. Obtain, in the symmetrical 
form, the equations of the projection of the line 

8x— y— 7z — 8=0=x-|-y-l-z — 1 

on the plane 5x — 4y— z=5. [p, [/.] 

12. Prove that the equation to the two planes inclined at an angle 
a to the xy-plane and containing the line y=0, z cos ^=x sin is 

(x®-l-y®) tan® 2zx tan tan® a, 

13. Find the equation of the plane determined by the 
parallel lines 


x-rl 

3 


y-2 

2 


= ~ and*l-= i ' 1 = 


z 

I 


y+4 

2 


z— I 


[P.U.H.] 


3 2 “ 1 

14. Find the equation of the plane which contains the line 
x=l{y — 3)=s J(z — 5) and which is perpendicular to the plane 

2x4-7y-32 = l. [L.U.] 

15. Show that the orthogonal projection of the line 

X y — 1 z —2 . X V z 

-j- = 2 ~ 3 plane 2x-f3y+4z = 0 is * 

16. Prove that the lines 

x + 1 y-:-l 24-1 

~ 2 ~ 3 ^ x-|-2y4-32— 8=0=2x':f-3y4 4z— 11 

are coplanar, and find the co-ordinates of their point of 
intersection. 

Find also the equation of the plane containing them. 
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17» Find the angle between the lines 

— 2 ^ = ^ ^ x-f5y-2z=6, 6 x— 4y+5z==2 ; 

show that the lines intersect, and find the equation of the plane 
containing them. [ £. ] 

18. Prove that the lines 

’LliL = y-? = ^-32' and = ^ “ 

1 m n a 'i •/ 

intersect, find the co-ordinates of the point in which they meet 
and the equation of the plane in which they lie. [P.V^M.P. 1942] 


19. Show that the lines 

x-)-2y-|-3z— 4 = 0 = 2x~f 3y-|-4z— 5, 2x— 3y -1-32 — 5=0 = 4x — y-f 52 — 7 

are coplanar, and lie in the plane x-fy-(-z = l. 

Find the co-ordinates of their point of intersection. 

[ See Note in Art. 45, (5). ] 

20. Find the equations of the line drawn through the point 
(2, —3, 1) parallel to the plane 2x+y— 2 = 6 , so as to meet the 


line 


x-2 

2 




Find also the co-ordinates of the point of intersection. [L.U.] 

21. Find the equations of the two straight lines through the 

origin each of which intersects the straight line 3)=>/— 3=z and 
is inclined at an angle of 60° to it. [ L. U. 1937 ] 

22. A square ABCD, of diagonal 2a, is folded along the 

diagonal AC, so that the planes DAC, B4C are at right angles. 
Show that the shortest distance between DC and AB is then 
2aV3. [P. U. 1951 ] 

23. Show that (i) shortest distance between any two oppo- 
site edges of the tetrahedron formed by the planes 

y-j-z=0, 2 -{-x= 0 , x-f-y=0, x-}-y-|-* = a 

is . [J, cf K. U. 1953 ] 

(ii) the three lines of shortest distance intersect at the point 

x=y^ z=— a. [ P(P). U. 1951 ] 

■*•24. Prove that the S. D. between the lines 

x-xi ^ y~yi ^ • -^“^2 = 3 , y-yi ^ ^ 

cos a, cos Pi cos Yt ' cos v-i cos p2 cos Y-, 
meets the first line at a point whose distance from (x„ 2 ,) is 

2 (xi— X 2 ) (cos a,- cos e cos '> 2 ) 

sin2 0 
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where 9 is the angle between the lines. 

25. Image of a point in a plane. Find the co-orflinates of the 
image of the origin in the plane 2x+3y— 4z + l=0. [P.U, 1935 S] 

26. Image of a point in a line. From a point P, whose co-ordi- 
nctes are {x, y, z), the perpendicular PM is drawn to the straight line 
through the origin whose direction-cosines are I m, n and is produced to 
P' where PM=MP'. If the co-ordinates of P' are {x', y’, z'}, show that 

^ = y+yL = ^ =2llx-f-my-i-nz}. [ Bar. U. 1954] 

27. Find the locus of a point which moves so that the ratio of its 
distances from two given lines is constant. 

28. A rod of fixed length moves so that its extremities lie on 

two given skew lines at right angles to each other. Prove that the 
locus of the middle point of the rod is a circle. [ B. U. 1942 ] 

29. Lines are drawn to intersect the lines y—mx=0~z—c and 
y-\-mx=il=z^c and to make a constant angle with the z-axis. Show 
that if “1 < m< L the locus of their mid-points is an ellipse of 

eccentricity (I— mO* • [L.U.] 

♦.X y z^c 

30. A line moves so as to meet the lines ^s ~ 3 r ~ i:~sin~a^ ~~0~~ 

in A and B and passes through the curve yz—k^, x=0. Prove that 
the locus of the mid-point of AB is a curve of the third degree, two 
of whose asymptotes are parallel to the given lines. [ Ag. U. 1945] 

31. Find the locus of a straight line which meets OX and the 
circle x--\-y~=a~, z=c so that the distance between the points-of 

section is v or -fc*. 

[ The equations of OX are ~ 

and those of the circle are X" -r y® = z =c ... (2) 

Let the st. line meet the x-axis (1) in P(r, 0, 0) and the circle (2) 
in Q(a cos 0, a sin 9, c). Write down the equations of PQ •• (3)* 
Also PQ=\/<a-iH-c- (Given), ? ...(4). Eliminate r and 0 from (3) 
and (4). ] 

32. The ends of diameters of the ellipse z=c^ x^!a^'\-y'ib^=lt 

joined to the corresponding ends of the conjugates of parallel diameters 
of the ellipse x‘,a^-^ry- b~~!. z= — c. Find the equation to the surface 
generated by the joining lines. [ Ag. U. 1950 ] 

33. Find the equations to the planes through the point (I, 0, —1) 
and the lines 4x—y— 1 3=0=3>'— 4z- 1 ; y— 2Z’\-2=0=x—5, and 
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show that the equations to the line through the given point which 

intersects the two given lines can be written x =y+\ =z+2. 

[J, dc K. U’] 

**34. Prove that through the point (X, Y, Z) one line can be 
drawn which intersects the lines 

y — x tan a, z = c; y=: — x tan a, z = — c 
and that it meets the plane xy at the point 
x = (cYZ cot a-c-‘X) '(Z^-c2), y = (cXZ tan 7.-c^Y) (Z^-c'^), z=0. 

^ ■ [L.U.] 

35. Find the surface generated by a straight line which interseers 

the lines y=0, ^ = c ; x=0, z=-c and the hyperbola 2=0, xy+c-=0. 

[ 5 . (J* 1941] 

36. Find the surface generated by a straight line which 
meets y = mx, z = c ; y=-mx, z=-c ; and y^--\-x'=c\ x-0. 

[ The equations of any line intersecting the lines y=/nx, 2=c ; 

y=—mx, z = — c, are 

mx~y-\-ki (2— c)=0 ...(1) 

mx^y +}<2 (2+c)=0 .-.(2) 

If it meets the circle y^+2^=cox=-0 ..(3) 
we have to eliminate x, y, ^ from (1), (2), (3). It will be found that 


Ac-krk.^- ■ cHkt-k.;)' 


or = + or k.y^Ak.k^ 

or kik'i— 1 •■■(4) 

Eliminate ki, k-i from (1), (2), (4). ] 

37. Show that the locus of lines which meet the lines 

z 


[ Cancel c- ] 
[Cancel Akik.] 


X -La 
0 


y 

sin V 


at the same angle is 


**38. 


Tcos X 

{xy cos a— az sin a)(xz sin a— ay cos a) — 0. [D, U. H.] 

Show that the two lines which intersect the four lines, 
y= 1, 2 = — 1 ; 2 = 1, x= — 1 ;x=l,y= — 1 ;x=0, y-i- 2 = 0 , 
2 ^ 1 ,y + l=0 ; 2 + 2x + 1-=0, y -2 — 2=0. 

A point P moves o.n the plane x^a+y;6+2 c= I, and the plane 
through P perpendicular to OP meets the axes in A, B, C. Planes 
are drawn through A, B, C parallel to YOZ, ZOX, XOY. .Show that 
the locus of their point of intersection is 


are 


39. 


i-+ 


1 


a 


I 


1 


q. i_=. J H- • .+ 

2 '’- ax by cz 
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**40. Show that the planes 

x-fy— z— 2=0, 2x— y— z-f2=0, x— 5y+z-f4=0 

form a triangular prism, and calralate the breadth of each face 
of the prism, [ B. U.] 

41. Show that the planes 

x=y sin ^4-z sin z=x sin 0+y V— * ^ 


intersect in the line 


75 


COS 0 cos 0 cos 


- if + ^ = 

[J.d^K. U. 1949] 

42. The direction-cosines of OA, OB, OC are /„ m,, n,# r= 1, 2,3 ; 
andOA', OB^ OC' bisect the angles BOC, CO A, AOB. Show that 
the planes AOA', BOB', COC' pass through the line 

X y z 


h+Za+Zs TWi-f /TZa+zna niH-n^+ns 



CHAPTER VI 
CHANGE OF AXES 

55. Formulae for change of origin. To change the origin of 
co-ordinates without changing the directions of the axes. 

Let OX, OY, OZ be the old axes. O' 
the new origin, and O'X', O'Y', O'Z' the 
new axes I1 to OX, OY, OZ. Let (/, g, h) be 
the co-ordinates of O' referred to OX, OY, 

OZ. 

Let P be any pt., (x, y. z) its co-ordi- 
nates referred to the old axes, and (x', y', z') 
referred to the new. 

(a) To express x, y, z in terms of 
X', y\ z\ 

From P draw PL _L on the plane YOZ to meet the plane 
Y'O'Z' in L'. 

Then x=LP=LL' i-L'P 

[ But LL'= distance between l! planes YOZ, Y O'Z' 
= X distance of O' from the plane YOZ 
= /] 

or x=x'-f f. 

Similarly y=y'-l'g> z=x' -f h. 

[b) T 0 express x', y\ z' in terms of x, y, z. 

V x=x'-f-/, y=y'-\ g, z=z'-\-h, [Proved in part (a) ] 
x'=^x-f, y'^y-g, z‘=z-h. 

Cor. 1. Rule to find the transformed equation of a surface 
when the origin is changed to (f, g, h), the axes remaining 
parallel to their original directions : 

In the given equation change x to x+f, y to y-f-g, z to z-i h. The 
resulting equation is the required equation. 

For x=x'-if,y=y' -f-g, z=z' -f-A, and in the resulting equation, 
we have to change x', y', z to the current co-ordinates x, y, z. 

Cor. 2. If ax- \by^-^C2^+2fyz-\-2gzx+2hxy is transformed hv 
changing the origin, the axes remaining parallel to their original direc- 
tions, then the coefficients of the second degree terms remain unchanged. 

Proof. The given expression is 

ax'^-^-by--i-cz^-\-2fyz \ 2gzx-i-2hxy ... (I) 
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Changing the origin to (Xi> >'j# Zi), (1) becomes 

a{x~\x,y~-b{y^y^Y^.c{z-{-z,Y 

~2f{y+yy){z-yz,)^2§[z+z,)[x^x,)+2h{x^x,){y+y^. 

[ Rule (Art. 55, Cor, i) ] 

m which the second degree terms are 

flA- - c 2 "~ 2 />-ir-r 2 grx+ 2 /(x>', which are the same as in (I). 

EXAMPLES 

1. Find the co-ordinates of (1, 2, 3), ( — 1, —4, 0) referred to 

parallel axes through ( — 2, —3, —4). 

2, Is the point (1, 1) in the acute or in the obtuse angle 

between the planes x-y—z=2, x—2y~\-z = 3 ? 


56. Formulae for change of directions of axes. To chan^B 

the directions of the axes without changing the origin, both systems being 
rectangular. 

Let OX, OY, OZ be the old axes, and j 

OX', OY', OZ' the new. Let rOi, Oj ; 

L. m., ri. : 1,^, m,., n., be the direction-cosines 
of OX', OY', OZ' referred to OX, OY, GZ. 

Let P be any pt., (x, y, z) its co-ordi- 
nates referred to the old axes, and {x',y',z') 
referred to the new. 

(o) To express x, v, z in terms of 

f t 

V , r , r . 

Let A be the foot of the _ from P on OX. Join OP. 

Then x = OA- projection of OP on OX {direction-cosines U, h, h 

referred to OX', OY', OZ ' ) 

-(-v'-U)/. {y'-^0)l,\{z-0)h 

[ (Vi Xi]l ■ {yo ^ yi)tn \ {Z 2 -Zi)n (Art. 14) ] 
or X l,x' ■ l,y' I^z', 

Similarly y =:m,x - m.y' r m,z', 

z HjX’ n.y' ; n^z'* 



(b) To express x', y . z' in terms of x, y, z. 


Let A' be the foot of the J_ from P on 
OX'. Join OP. 

Then x'=OA'= projection of OP on 

OX' (direction-cosines 
/i, iHi, n, referred to 

OX, OY, OZ) 

= (x-0)/iH (y-O)mi-f (::-0)ni 

[(Xa - x,)l -r (y.- yi)m (*= - Zy)n 

(Art. 14)] 
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or = IjX -{- m,y n,r. 

Similarly y' = lox -f- m^y 0 , 2 , 

z' = -f m^y + iiyZ. 

{ Rule to write down the formulae for change of axes to 
lines having direction-cosines 1,, m,, n, ; Ij, m., ; l.„ m^, n^ the 

origin remaining the same (both systems being rectangular) ; 

Write down in four rows, x. y, z ; n, ; x y z 

L, m^. n-i ; n,. Leave blank the space at the x' /[ n, 

left of the first row, and write down x',y',z' at the left y' L m. /?. 
of the second, third and fourth rows. z' Ij m. n^ 

To get the \nlue of X, multiply the numbers in the x-column by the 
numbers at the left of their respective rows, and add the products, thus 
getting x^Ux' U.y' -^kz'. 

Similarly y=m,x'-rm 2 y'-f 

z=n,x' -(-/JaJ'. 

To get the value of x', multiply the numbers in the x' row by the 
numbers at the heads of their respective columns, and adi the products, 
thus getting x'=/|X + m,y-fn,^. 

Similarly y'^lpc-i-mty^miZ, 

57. The degree of an equation is unaltered by any transformation 
of axes. 

If only the origin is changed to (/, g, h), the axes remaining 1! to 
their original directions, x is changed to x i f, and so on ...(1) 

[ Art. 55 ] 

If only the axes are changed to lines having direction-cosines 
lu tnu \ origin remaining the same (both 

systems being rectangular), x is changed to /,x f Ijy + l^z, and 
so on ...(2) [ Art. 56 ] 

From (1) and (2), however the axes are changed, x is changed to 
l\X-\-liy-i-l 3 Z-\-f {i.e., an expression of the first degree in x,y, z), and 
so on. 

the degree of the equation cannot increase ...(3) 

Also the degree of the equation cannot decrease. For, if possible, 
suppose that it decreases. Then on changing back to the old axes to 
get back the given equation, the degree will have to increase, which 
is impossible. [ From (3) ] 

Hence the degree of the equation is unaltered. 

58. Relations between the direction-cosines of three mutually pet' 
pendicular lines. To find the relations between the direction- 
cosines of three mutually perpendicular lines. 
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Let /i, nil, rii ; L, m 2 , n. ; m-^, ris be the 

direction-cosines of three mutually _L lines 
OX', OY', OZ'. Then 

(I) (i) these are the direction-cosines 




X 


'‘y' 


+ 1 V__ ^ 

I,- mV' n.,i= 1, !■ ...(A) (Art. 9)] yfO X 

Vr J / ' 

(if) Again OY' is _ to OZ / ' 

OZ' L to OX', OX' _L to OY' 

1,1, m,ni:,+n,nj-0, ^ + rnrt' = 0 (Art. 1 3,(a), Cor. 3)] 

1,1, i m,,mi Djiij^O, ...(B) 

1,1, m,m, - n,n,. = 0. J 

(11) (i) the direction-cosines of OX, OY, OZ referred to 


[i2-mHn--l (Art. 9)] 


, OZ' 

are 

/„ i, 


fTti, 

Tn‘*f ^ 

ir - 

>•- 

Id 
• » 

-1, 

1 


m.- 

m .- 

A 

' m.r 

1, 

y 

...(C) 

"i''' • 

A 

■ n.," 

D - 

1 » 

= 1. 

I 



(n) Again OY is j. to OZ, OZ .2 to OX, OX to OY 

m,n, m,n, — m , 11 ^=: 0, [ // -rmm : nn =0 

n,l, n.l, • n,l^ =0, y ...(D) (Art. 13, (a). Cor. 3) J 

l,m, l.mj J 

(A). fB) : (C). (D) are the required relations. 

Noll-, riic twn sets (A), (B) ; (C), (D) are not independent. In 
la. t :i . .in b-j proved that it either of the two sets is given, the other 
..in hv d.\lu. ed ,i!i:ebi'ai>-a!Iv. 

[ RuU- lo ivriti- clown the relations (C), (D) from (A), (B). 

Wr’ie in thru: rows the direction cosines of the lines thus, U, tn,, tr, 

It, m^, ri't 

l..f m^t, n,. 

Now chan'^e columns into rows thus geffi/fg /i, l^p h 

fTli/ /Hj 

and remember that the numbers in the rows are the direction-cosines of 

three mutually perpen iicular lines ; use (A), (B). ] 

Cor. If Ij, m,, n, ; I . m,, n, ; 1„ m„ n, are the direction- 

•How to «rite this step. IT, ot three ihiniis a, h, c wc have lo lake ivsoata 
time, it is customary to take the >e.:on.l an.l the third, i.c., c ; then the third and 
the first, i.t’., c, a ; and then the lir.t and the second, i.e., a, lu 
Here OX', O'! ', OZ' are three nnit'KiHy _ lines. 

*. we lake OY’ ± to OZ' ; then OZ' 1 to OX’ ; and then OX _L to 0\ . 
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Art. 58 ] 


cosines of three mutually perpendicular lines, to prove that 


; Ip t*i 

Ij, mo, n. 


L 

/7Ij> 




m^, 

X 

lu 

/Hj , 


I 

/Ho# 

Tli 

f 



n.. 

h. 

/n 

n.. 

m 

i C 


«3 

) 

/a. 


«3 

L 


n.i 


[ which, by the Product Rule for determinams ] 

= fj- -f n,% liU-rmim^-l-nin.,, 

Lli+mMi+Tiini, />“ I m/ + n/, 

0, 0 [ From the relations (A) and (Bj of 

1, 0 Art, 58] 

0. 1 

m,, Hj =±1. 

EXAMPLES 


= 1 


1, 

0, 

0 , 

h. 

I 


i' 


1, ox, OY, OZ ; O^, Oj/, are two sets of rectangular 
axes through a common origin O. Obtain the relations between 
the direction-cosines of the lines 0£, Or^, O^, [D.U>H, 1949 ] 


If Ij, mj, n^ ; L, m^, n^. ; I 3 , m 3 , 03 are the dircctiou>cosines 
of three mutually perpendicular lines, prove that the line whose 
direction-cosines are proportional to Ij -f-L -I-I 3 , mj-fm^ -mj, 
nj-{-n 2 -|-n 3 makes equal angles with them. 

2. Three straight lines mutually at right angles meet in a 
point P, and two of them intersect the axes of x and y respec- 
tively, while the third passes through a fixed point ( 0 , 0 , c) on 
the axis of z. Show that the equation of the locus of P is 

= 2cz. [ D. U. H. 1949 ] 

3. Two systems of rectangular axes have the same origin ; 
if a plane cuts them at distances a, b, c, and a', b', c' from the 
origin, then show that 



[P.U. 1961 ] 


4. If (Xj, yi, Zi) is at a distance d from each of the three mutually 
perpendicular planes Pr-/rX-m.y-n,z=0, r= 1, 2, 3 ; prove that 
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Xi-ihpi-hhPt-hhPi) ^ Pi+mgpa-f ms Pz) 

mi+ms+ms 

= " (”l Pi +^g Pg + ^3 Pz) 

+/? 2 +n 3 


5 . Show that if 

ax2 -j-by2 -ucz^ +2fyz -f-2gzx -|-2hxy +2ux+2vy -{-2wz -f-d 

be transfornaed by change of co-ordinates from one set of 
rectangular axes to another with the same origin^ the exp- 
ressions a +b + c, u2+v2+w2 remain unaltered in value. 

[ B. y. 1948 ] 


**59. If U, m„ n, ; ; k, m 3 , are the direction-cosines of 

three mutually perpendicular lines, to prove that 

/j= i (m2n3 — m^nn), m^^ i /ii— i {litti^ 

[ In words : In the determinant | Ij, m^, n^. , 

l2» ™ 3 > ”21 

I I3, m 3 , nj- i 

each constituent = ± (its co-factor). ] 

The direction-cosines of the lines (I), (2), (3) are 

Itt m^, Hj ^ /j, m 2 , ^2 j m 3 , ^ 3 . 

the line (1) is X to the lines (2), (3) 

.*. /i/2*rmim2.'fvtin2=0. 

Ilk-: mim-^-\-n^n-_i=0. [ /rxmm'+/m '=0 (Art. 13, (a). Cor. 3)*] 
Solving for /i, mi, Oj _(by cross-multiplication ), 

_ mi _ 

m-na— /ia/ 3 — , /^ma— /amj 

4 

m,, Ui are proportional to 

m'^n^~~ rri'^in^f nd2~~n;il2^ ^ 

Dividing by 

= i sin ^ ■ [ Complete formula (Art. 13, ta)> Cor. I) ] 
^ X sin 90° { *.• line (2) is X to line (3) ] 

= i 1, 

the actual direction-cosines are 

li= X rn^ri-^, mi = X {nJ^ — n^l.^, =* X {Jim^-—kTn^, 

the ambiguous signs being taken all ve or all — ve. 

Note. Similarly 

h = ± (m^ni-miOa), X {n-Ji- nih), n,= X J 

^3 ~ X (miHo monj), 7 n^= X ^2^1)/ X (^im2 /^mj) • 


Art. 59 ] 


MISCELLANEOUS EXAMPLES ON CHAPTER VI 


129 


MISCELLANEOUS EXAMPLES ON CHAPTER VI 

1. OA, OB, OC are three mutually perpendicular lines through 

u are /„ m„ n,; L, m., n,; m,, n,. 

It UA-OB=OC=a, prove that the equation to the plane ABC is 

(^+?a+/3)x+(mi+m,+/n3)y-f(n,+n,-,-n,) z = a. [P.U. 1958 ] 

2. If the axes of x,y,z are rectangular, prove that the substitutions 


X 

X= -7Z 


v6 ^V2^vry=- h>^'+ i 


- —5 — y' 

V/2+V3 


give a transformation to another set of rectangular axes in which the 
plane ^+>^ + ^ = 0 becomes the plane j' = 0, and hence prove that the 
section of the surface yz-yzx-\~xy-^\=Q by the plane x-ry4-z=0 
IS a circle of radius y/2. 



CHAPTER vn 

THE SPHERE 

SECTION I 

EQUATION OF A SPHERE 

60. Sphere. Def. A sphere is the locus of a point which moves 
so that its distance from a fixed point is constant. 

The fixed point is called the centre, and the constant distance the 
radius of the Sphere. 

61. Central form. To find the equation of a sphere whose 
centre and radius are given. 

Let C{a, b, c) be the centre, and r the 
radius of the sphere. 

Let P(:r, y, z) be any pt. on the sphere. 

Join CP, 

Then CP=r. [ Def. (Art. 60) ] 

V{Y-ay-{~Cy-b)-^z~cf=:r 
or, squaring, 

(x— a)2-f-(y— b)2-j-(z— c)*=r2, 
wliich is the required equation. 

Note 1. Central form. Since in the equation 

(A:-a)H-(v~6)=-f(z-c)==r^ 

(a, b, c) is the centre of the sphere, this form of the equation of a 
sphere may be called the central form. 

Note 2. Important. The student must have noticed the 
close analogy between the equation of a circle 

(;c-A)-fCr-^)“=r= 

in Analytical Plane Geometry and that of a sphere 

{x-QyHy-b)-~Hz-cY=r'^ 

in Analytical Solid Geometry. He will constantly come across 
examples of this kind. He should mahe use of this analogy as an 
aid to memory for standard results in sphere. 

Cor. I. Standard form. The equation of the sphere, whose centre 
is the origin and radius a, is x^+y2-|-z2=a^ 

Proof. The centre of the sphere is (0, 0, 0), and radius=G. 
the equation of the sphere is 

(x-0)2-b(y-0)2-f(z~0)2=Q2 

[ (jc-a)=+(>'-6)2+(z-c)==r^ (Art. 61) ] 
or 
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Note 3. Standard form. The equation x--\-y-+Z’=a- is the 

simpku form of the equation of a sphere, and may be called the 

standard form. 

Cor. 2. The equation of a sphere is of the form 

Z“4-2ux+2vy-f 2wz+d=0. 

The equation of a sphere, in the central form, is 

(x-a)-+(y-ip-{-(2-c)-=r‘ [Art. 61 ] 
or X- - 2ax + a~ -\-y- - Iby^b- -yz-- 2cz + c- = 

or x= -i-y - + - 2ax - 2by - Icz +(a- 4 6 - 4c— r-) = 0, 

which is of the form x--yy'-i- 2 --i- 2 ax+ 2 vy^ 2 wz-}-d = 0, 
where u = -a, p- -b, tv^-r, d=^aHb~ -rC--r\ 

Note 4. The converse of Cor. 2 is important^ and will be proved 
in Art. 62. 

EXAMPLES 


1. Obtain the equation of a sphere in its simplest form. 

[ P. U. 1945 ] 

2. Find the equation to the sphere whose centre is (2, —3, 4 ) 

and radius 5. [ p. f/, ] 

The centre of the sphere is (2, -3, 4), and radius = 5. 
the equation of the sphere is 

(x-2T4[y-(-3) P+(^-_4)2=3(5)2 

[ (x-a)H(y-6)HU-c)2=r2 (Art. 61 ) ] 
(x-2)M-(>'-f3)--|(r-4)2=(5)2 
X— 4x44 4y=46y49 4^^-8z4I6=25 
X- i y-42-— 4xH-6y-8244=0. 

3. Find the equation to the sphere whose centre is 1 fl n 

and radius 2. ’ ’ 

4. Two systems of rectangular axes have the same origin 0 ; if 
a sphere whose centre is O meets them in A, B, C : A' B' C rh^n 
show that Vol. OABC'= ±Vol. OA'B'C. ' ^ ^ ^ ^ > then 

5. If the axes are rectangular, what locus is represented bv 

x-^.y^-\-2^‘=a^y^=Aaz^ 


or 

or 

or 


62. General form. To prove that the equation 

X- ^ y2 4 z2+2ux 42vy 42wz i d = 0 
represents a sphere, and to End its centre and radius. 

The equation is 

x-4y*42'42ux42i;>'42w2 4d=0 ...(I) 

Transposing, (x®42ux)4(>'®-f-2t;;;)4(22-( 2wz)=^~d 

[ Constant term on R.H.S. ] 
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Completing the squares in the terms containing x^y^z [by adding 
u 2 -fy 2 _|_yj 2 fQ both sides ], 

ix^+2ux-i-u-)+{y^-{-2vy+v-)+{z~+2wz-\-w~)=a~+v^-^w'^-d 

or {x-\-uf+{y-^vY-\-{z-\-wY=u^-{-v^-\-w-—d 

or [jr_(-Il)]3+[y_{_i;)]2+[2_(_„,)]2 = (V^u 2 +!;^+H;=‘-rf )2 ...(2) 
Comparing this with the equation of the sphere 

{x~af-^{y-bY+{z-cf=T^ ...( 3 ) 

(2) is the same as (3), 

if a^—u, b=—v, c=— w, T=Vu}-\-v'^-\-w^—d* 

(1) represents a sphere, 

whose centre is (— —v, -w), (fl/ b, c) 

and radius ='\/u- -fv“+w'^— d. [ r ] 

Note 1. General form. Since the equation 

x--\-y--\-z'^-\~2ux+2vy-i-2wz-hd=Q 

can, by a proper choice of a, v, w, d, be made to represent any sphere, 
this form of the equation of a sphere may be called the general 
form. It is also called the general equation of a sphere. 

•^♦Note 2. Virtual sphere. 

The radius of the sphere=\/u-H-v*d-iV“— d, 
if u--rV'-l w-<d, the radius is imaginary. 

Thus it is a sphere with a real centre and an imaginary radius. 
It is called a virtual sphere. 

[ Rule to write down the centre and radius of a sphere 
(equation in the general form) : 

(i) Write the equation of the sphere so that the coefficients of 
X', y'^, Z' arc each-l on the L.H.S.(by dividing thro* out by the co~ 
efficient of x'-, if necessary) {R.H.S. being zero), 

(ii) Compare this with x--^y^+z^-{’2ux-{-2vy-r2wz+d=0/ und write 
down the values of 

u[=^ (coej5^, of x)], {coeffi, of y)], w[=l {coeffi, of z)], 
d{=constant term). 

(in) Then the centre is (— u, — 1 >, —w), 
and radias=V d. ] 

EXAMPLES 

1. Most general form. Prove that the equation 

ax2-}-ay2 -;-az2-{-2ux-|-2vy+2wz + d=0 
represents a sphere, and find its centre and radius. [P.U. 1955S} 

[ In words : If there is an equation of the second degree in x, y, z 
in which the coefficients of x‘, y\ are all equal, and the coefficients of 
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yz, zx, xy are all zero, i.e., there are no product terms yz, zx, xy, then 
the equation represents a sphere. ] 

The equation is 

ax‘^+ay^-\-az^i-2ux+2vy-^2ivzid=0 ...{1) 

Dividing thro’ out by a, 

"-X+2 iy+2 ^ =0. 


Transposing, 



[ Constant term on R.H.S. ] 
Completing the squares in the terms containing x, y, z 

[by adding ^ -r V + -V to both sides], 

I j d' Q'' fl- 




^2 J.9 




W , 

~ - 2 “T"*., 

a u- 




u- , V’ . w- d 

d- a- a- a 


or [x-i 




u- yv~-yw- -ad 
a- 


or 


[-(-t)J+['-(- :-)]•+[- (-1)1 


. bL-' .,i:i 


Comparing this with the equation of the sphere 
{x-aY \{y-brHz~cy=f^ ...{2) 

(2) is the same as (3), 


,, u , V w Vu' rV’+w-- ad 

(I = ~ ““*/ 0“ - — / C— ” •“ i T— ~ ~ 

a a a a 


if 

(1) represents a sphere, 

whose centre is ( — 

\ a a a J 


and radius = 


V u--yv^-\-w^~ad 


a 


[ (a, 6, c) ] 


[M 


2. Find the centre and radius of the sphere given by 

x2.fy2+22+2y-4z=4. 

The equation of the sphere is 

j^iyyi^z-+2y—Az~A=Q, [Cceffs. of x-,yK 2 -already=I] 
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Comparing this with 

^ ^^‘l:;Ty'-\-z-+2uX'\-2vy-\-lwz+d=(i, 
he^ V u^(0)=0, P=K2)- 1, u;=n-4)=-2, 

\X /I ^ [ u= ^ (coeff. of X), v=\ (coeff. of y), (coeff. of z), 

\J = constant term ] 

the centre is (0> ~\, 2), [ {-u, ~v, -w) 1 

and radius=V'fO)=-i (T)M-(-2)*-(-4) 

=Vl-f4-(-'4=v'9=3. 

3. Find the centre and radius of* the sphere given by 

(/■) x-4-y2-f-z=-i-2x— 4y+6z=2. 

{ii) 2x^-}-2y24 2z=-2x-^4y-62 = l. 

4. Prove that x-'^-yr ^2--^2x—4y+6z—2=0 represents a sphere 
whose centre is at (- 1, 2, -3) and radius 4. 

5. Find the ratios in which the sphere x^4-y-+z-==24 divides 
the line joining the points (-1, I, 2), (-4, 4, 8). 

G. The sphere x^+y--i-z^-h6y ■h\2z-]\^Q meets the line join- 
ing A(l, — 1 , — 3h B(4, 5, 6) in the points P and Q. Prove tliat 

AP:PB=-AQ:QB=I : 2. 

7. A is the point (I, 3, 4) and B the point (I, -2, -I). A point 
P moves so that 3PA=2PB. Prove that the locus of P is the sphere 

X'^y^n z^~2x-]4y-16z+42 = 0. 

Verify that this sphere divides AB internally and externally in 
the ratio 2:3. 


B. From the point (1^ —1,2) lines are drawn to meet the sphere 

.V- + y- - 1 , and they are divided in the ratio 2 : 3. Prove that the 

l^oinis of section lie on the sphere 

5x~-h5y^-h5z^-6x4-Gy-]2z-\-lO = 0. 


9. Prove that the locus of a point the sum of the squares of 

whose distances from any number of given points is constant, 
IS a sphere. 

[ Note. For problems relating to any number of given points 
let the given points be (x„ y,, z.), (*„ ... , y^^ j 

10. A point moves so that the snm of the squares of its dis- 
tances from the six faces of a cube is constant; show that its 

locus is a sphere. ^ p ^ ^ j 

[Note. For problems relating to the faces of a cube, take the 
centre of the cube as origin, and the three (mutuaUy perpendi- 
cular) lines through the centre parallel to the edges as axes, so 
that the faces are parallel to the co-ordinate planes. 
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are 


Thenif an edge of the cube=2a, the equations of the faces 

x = a, x=-a ; y = a, y=-a ; z = a, z=-a. ] 


63, A sphere can be found to satisfy four conditions. 

The general equation of a sphere is 

x-^y- -\- z- A-2ux-^2vy-\-2wz ^-d = 0, 

which contains jour arbitrary constants u, v, w, d. These constants can 

be determined from the four equations obtained by using the four 

conditions satisfied by the sphere, each condition giving rise to one 
equation. 

a sphere can be found to satisfy fcur conditions {e.g., a 
sphere can be found to pass through any four non-coplanar points). 


64. Four-point form. To find the equation of the sphere through 
four given points. 

Let (xj, y,, Zj), (Xg, y... (a’,, y.„ y^, Zx) be the four pis. 

Let the required equation of the sphere be 

(xM y^+Z')+2ux-{-2vy-\-2wz-\-d = 0 ... (I) 
it passes thro’ the four given pts., 

f + = 0 ... (2) 

I 2ux.i-¥2vy.+2wz.r\-d = 0 ... (3) 

2nx:rr2vy,4-2K;2:,4.d = 0 ... (-1) 

(V+)^iHV)H-2ux,+2i'_y, h2wz,+d = 0 ... (5) 

Eliminating u, v, w, d from ( I ), (2), (3), (4), (5) [by means of a 
aeierminant ], 


+ / -I- ;c , z ^ I , 

+ ^ 1 % Xu yi, zu 1 

x^~-'ry./ + z^^, Xu yz, Zu 1 

x/+y3~ + z./, Xu yu Z 3 , I 

Xi^+yi^ + Zi^, Xu yu z^, 1 

which is the required equation. 

Note. Short cut for numerical examples. 

examples it is better to solve (2), (3), (4), ( 5 ) for 
substitute these values in (1). (See Ex. 1, following.) 

EXAMPLES 


la numerical 
u, V, w, d, and 


to o''n”wo^* ‘•'-“gh the points 

(0, 0, 0), (0, 1, -1), (-1, 2, 0), (1, 2, 3). [ P(P), u, IIJ4S , 

Let the required equation of the sphere be 

xHy2-|-j2_i_2ux-|-2ii>.-H2Mijfd-0 ... (I) 
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*.• it passes thro* (0, 0, 0), (0> 1, —1), (~1> 2, 0), (l> 2, 3), 

d-0 ... (2) 

l^\-\-2v—2w+d= 0, or 2v—2w-\-d+2~Q ... (3) 
\-^4—2u-\-4v-\-d = 0, or — 2u+4i;+rf+5=0 ... (4) 

1 _|_4^,9-j-2u-f-4y-}-6w+d =0, or 2u+4u+6nJ+rf + 14=0 ... (5) 

Eliminating d [by substituting from (2) in (3)^ (4). (5) ]. 

2v— 2 jv+ 2=0, or i;-w+l=0 ... (6) 3 

— 2u-|-4i;4-5=0 ... (7) 

2U'|-4i;+6w-rl4=0> or u-h2i'+3iv+7=0 ... (8) I 
Eliminating w from (6) and (8) [by multiplying (6) by 3/ (8) by 

and adding L 

u+Sp+IO = 0 ... (9) 

Solving (7) and (9) by cross-multiplication/ 


15 


25 


U V I U V 1 

40-25 “5-(-20)“-r0-4''^^ 15 25 -14' 14' 14 

Substituting this value of v in (6), 

25 1 1 

- or «'=- 14* 

Substituting these values of U/ v, w, d in (I), 

, + z =+2 (- f 2 (_- =|>+2 (- H ) ^+ 0 = 0 , 


or 7(x* +>-2 4-Z-) - 1 5x - 2 5y - 1 U= 0, 

which is the required equation. 

[ Check. This equation of the sphere, 

7{x3+y2+z=)-15x-25y-llz=0, 
is satisfied by the co-ordinates of the four given pts. 

(0, 0, 0), (0, 1, -1), (-1, 2, 0), (I, 2, 3) 
thus, 7(0)-15(0)-25(0)-li(0)=0, or 0=0, 
7(2)-I5(0)-25{l)-ll(-i)=0, or 0=0, 
7{5)-I5(-l)-25(2)-ll(0)=0, or 0=0, 
7(14)-15(l)-25(2)-n(3)=0, or 0=0.] 

[ Rule to find the equation of the sphere through four given 
points : 

(/■) Let the required equation of the sphere be 

i-2i/x+2y>'4-2H;r 4-^=0 ... (/) 

(u) V it passes thro’ the four given pts* 

substitute their co-ordinates in (/), and get four equations 
(2), (3), (4), (5) in u, v, w, d. 
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(in) Solve (2), (3), (4), (5)*, and find the values of u, v, w, d. 

(iv) Substitute these values of u, v, w, d in (/). The resulting equa- 
tion is the required equation. ] 

2. Find the equation of the sphere which passes through 

the origin and the points (a, 0, 0), (0, b, 0), (0, 0, c). [ P. £/. ] 

3. Show that the point ^ / 0/ -f j the centre of the sphere 

which passes through the four points (0,— 1,-2), (—2,1,2), (2,2,— I) 
and (0, 2, 3). 

4. Find the centre of the sphere through the four points (0,0,0), 
(0, 2, 0),(-l,0, 0), (0, 0, -4). 

5. OA, OB, OC are mutually perpendicular lines through 
the origin, and their direction-cosines are 1„ mj, n, j h, m,, n. ; 

If OA-rra, OB = b, OC = c, prove that the equation of the 
sphere OABC is 

x~ -}.-y2 -|-z2 — x(ali H bh “-cl .) — y(am, -fbm. -hem.,) 

~z(anj :-bn2 + cn3)=0. [P. U. J952] 

6. Prove that the equation to the sphere circumscribing the 
tetrahedron whose sides are 


y 

b 


^ n ^ ^ 0 ^ ' y f\ ^ I y , 2 

=0, -t-t - = 0, ^- = 1 


d^\b^-c^ a bc^- 


a 


[P(P). U. 1952 S] 

7. A plane passes through a fixed point (a, b, c) and cuts 
the axes in A, B, C. Show that the locus of the centre of the 

[J.kK. U. 1956 ] 

[ Note. Important. For problems relating to a plane meet- 
ing the axes in A, B, C, let OA=a, OB=b, OC=c. 

Then the equation of the plane ABC, in the intercept form. 


sphere OABC is -f— = 2. 

X y 2 


IS 


^+ 1 +^= 1 . 
a b c 


( ’Rule lo solve (2), (3), (4), (5) : - . — 

(0 Hliir.inatc^from (2) and (3) I by subtracting ], and get an equation m 
», i, «•. Again, cluninatc d from (3) and (4) [ by subtracting , and get anoth-r 
equation m //. r, M-. Again, eliminate t/ from (4) and (5) ( by subtracting ] and 

get a iliird equation in w, i-, h’. ' 

Hi) Solve the three equations in u, v, ii- (as in the Rule of Ex. 1, Art. 51) 

ft/) Substitute these values of //. V. It- in any one of the equations (2) f)) Mi 
(5;, say (2), and find the value of </. J » t t ), 
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Here in Ex. 1, in order to avoid confusion with the given a, b, c 
in the pt. (a, b, c), let OA=a^ 08=6'^ OC=c'. 

Then the equation of the plane ABC/ in the intercept form, is 


- + ^ 
fl' ^ 6' 


7 = K] 


8. A sphere of constant radius k passes through the origin and 
meets the axes in A, B, C. Prove that the centroid of the triangle 
ABC lies on the sphere [J, <5c K, U. 1953 ] 

[ Note. Important. For problems relating to a sphere pass- 
ing through the origin and meeting the axes in A, B, C, let 
OA = a, OB = b, OC=c. It will be found that the equation of 
the sphere through 0(0, 0, 0), A(a, 0, 0), B(0, b, 0), C(0, 0, c) is 

X"-f-y“-f-z- — ax — by— cz = 0. ] 

A variable sphere passes through the origin O and meets the 
axes in A, B, C, so that the volume of the tetrahedron OABC is 
constant. Find the locus of the centre of the sphere. 

10. A sphere of constant radius r passes through the origin, 
Oj and cuts the axes (rectangular) in A, B, C. Prove that the 
locus of the foot of the perpendicular from O to the plane ABC 

is given by (x^- y'^^-z^)--! (x- 24 -y-=+z-=) = 4r2. [ p. U, ig40 ] 

^ Diameter form. To find the equation of the sphere which 

(•''‘'u Yd Zj) and (x.,, yj, Z;.) for extremities of a diameter. 

Let k, B be the pts. (x,, y^, z-f), 

(A-j, Vo, To). 

Let P(x, y, z) be any pt. on the 
sphere on AB as diameter. 

Join AP, BP. 

Then ZAPB, in a semi-circle, is a 

rt. / ...(1) 

Now the direction-cosines of AP 
are proportional to x~x^, y-y^^, z~z^ 

. . ^ 2—^1 (Art. 12) 1 

and those of BP are proportional to x-x., y-y^, 

from (1), 

(x-Xi)(x-X2)-i-(y-yj)(y_y2)+(z_Zj)(z-z..)=0, 

, . , . ^ , [ aa'-\-bb'+cc'^0 (Art. 13, (t). Cor. 3) ] 

which IS the required equation. 

Note, Diameter form. Since in the equation 

(■’c — — Xa) -I- {y —yfiiy —y ^ + (z - z^){z - Zj) = 0, 






] equation of a sphere j 39 

z,) are the extremities of a diameter, this form 
of the equation of a sphere may be called the diameter form 

EXAMPLES 

1. Show that the equation 

(^-^i)ix-X2)-(y~yj]{y-y,^)^-{z- zi){z-z.^) = 0 

represents the sphere on the join of (x,, (r v 7\^<rA- 
, 2 . 'Find .be equation 

and^3^-,,2) asdia„.e.er. [ P. J.Tpj, 

( 1 ) ( 2 ) 


The extremities of the diameter of the sphere are (2,-3 l) n 
the equation of the sphere is 

[ (x-X,)(x--X,)-l-(y~y,)(y~y^)^-(jr^^^)(^_^j^Q ^ 

(x-2)(x-3) + (_y + 3){7-f l) + (z— l){^-2) = o 
A:^-5x + 6-!/+4y+3+z2-3z+2 = 0 
^^+/-;-^-5x-f4;;-3z + I|=o. 

find the equation of the sphere on the join of (2 -t n 

[P. O, J935S] 


or 

or 

or 


3. 


and (1, — 1) as diameter. 


tu of a circle. Two equations, one of a sphere and 

he other of a plane, together represent a circle. 

Proof. Let^ the equations of the sphere and the plane be 

x--\ y'-{-2^-\ 2ux~^ 2vy+2wz-i-d=0, 

Axd B>2 +Cz+D=0. 

Then the two equations together represent the curve of inr^^r 
section of the sphere and the plane, r a 

which is a circle. [Art. 19] 

Note. Important. Centre and radius 
of the circle. The centre of the circle is 
the foot of the perpendicular from the 
centre of the sphere on the plane of the 
circle, and radius of the circle 

= Vf^dhTs of sphei^ep - (central j. on plane}^ 

For r^Vd^-pK 



examples 

I. ^Qoations of circumcircle of a trianph Th i 

equation is x a y/b + a,c=l, meets the axes B r 

equations to determine the circumcircle of .u 
and obtain the co-ordinates of its cemrt 
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(a) The drcumcirde of the l\ABC is the circle of intersection of 
the sphere OABC and the plane ABC. [ Note this step ] 

The plane —4-^ + — = 1 --(I) nieets the x-axis where, 
^ a 0 c 

putting y=0, a=0 in (1), x— a, 

A is (a, 0, 0). 

Similarly B is (0, 6, 0), and C is (0, 0, c). 

Let the required equation of the sphere OABC be 
x~-^y-^z^+2ux-^2vy^2wz-\-d=0 ...t2) 

'/ it passes thro' 0(0, 0, 0), A(a, 0, 0), B(0, 6, 0), C(0, 0, c), 

d=0 -..(3) 
a=4-2ua4-d=0 ...(4) 

6= + 2i;64-d=0 ...(5) 
c-4-2u'c4-d=0 •••(6) 

Eliminating d [ by substituting from (3) in (4), (5), (6) ], 
Q=4-2ua=0, u=— Y* 

b-+2vh=^, 



Substituting these values of a, v, w, d in (2), 

+2-+2(- (- t) t) 

x--ry'-\-2^~nx~-by--cz=0. 
the equations of the circumcircle of the AABC are 

x=--y-— r-— ax— cz=0, 4- 4- ^ 


(&) The centre of the circle is the foot of 
the 1 , from the centre of the sphere on the 
plane of the circle. 

The direction-cosines of the normal to 
the plane (1) are proportional to 

1 1 1 
'~b ' c * 

/. the equations of the JL from the 


centre 




of the sphere 


on the 
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Any pt. on this ± is 


( 


o r h r c . r \ 

2'^ a ' 2 b ' 2 c J 




->)* ...(7) 


/' a , 

le.. (2 + 

If it lies on the plane ( 1 ), 

then _1 (Inri--') ■ , ,, 

or I -^cTcr'^ -T\+rb~- + \ H rc“- = 1 , or r(a - - 6 - t-c"') — — I, 

r = — 


, 1 '' c , 

+ . -frc * 

c 


- 1 


1 


Substituting this value of r in (7), the foot of the J_, i.e., the 
centre of the circle is 


” a 

l.'~2{a'^~ 


a 




b- 


-I 


i.e., 


2 (a-s-r 6 -^Tc-^) ' 2 2 (a--^ 6 -^H-c-^) 2 2{a-- 6 -1 c--). 

o(fe--=-‘ c-=) Mc--- a--) .. . 

2 (a*--i '6 --f c~-) ' 2 ((i‘- '6 '-t-c'-) ' 2 (a“=+6‘-4'C‘-) J 

2. Find the centre and radius of the circle in which the 
sphere x- - y~-\ z~ \ 2x 2y-4z-I9 = 0 is cut by the plane 

x+ 2 y - 2z . 7 == 0. [ P.U. 1957 S ] 

3. If r is the radius of the circle 

2ux ! 2i?y-l-2MJZ -d=0^ /xH my-f nz=^0, 

prove that {r-hd){i‘ + m- n-)^{mw-nv)-^{nu~lw)'+{lv-mu)‘. 

4. Find the areas of the projections of the curve 

x" ; y'M z-^25, 2 x i-y+ 2 z = 9 

on the co-ordinate planes, and find the area of the curve. [L.U.] 


•• 5 . POP' is a variable diameter of the ellipse z -- 0 , - 

d- ' b' 


= 1 , 


and a circle is described in the plane PP'ZZ' on PP' as diameter. 
Prove that as PP' varies, the circle generates the surface 

ix-^y'^-\-z-){x^a^-\-y^lb^)=x^-\y^. [Ag. U. 1944] 

[Rule to find the surface generated by a curve whose equ- 
ations involve one variable (parameter) : 

Eliminate the i^arza 6 /e from the two equations of the curve. ] 

67. Any sphere through a given circle. The equation of any 
sphere through the circle of intersection of 
the sphere x^^y--{-z^-\-2ux-\-2vy^-2wz^-d = 0, 

and the plane AxA-By-\-Cz-\-D ^ 0 , 

"i.e., work in -j-ve and -ve powers of a, b, c. 
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is x“+y'-{-z“-|-2ux-f2vy-f-2wz-f-d -l-k(Ax-l-By-f-Cz-j-D) 0, 
where k is any constant. 

[ In words : sphere -}-k (plane) =0, where * sphere’ stands for the 
‘L.H.S. of the equation of the sphere (R.H.S. being zero)’, and so for 
the 'plane’. ] 

Proof. The equations of the sphere and the plane are 

x^’ -\-yH2--h2ax-^2vy-\-2wz-\-d = 0 ... (1) 

Ax-!-B>’+Cz+D = 0 ... (2) 

Consider the equation 

x--i y--i-j--r2ux+2uy+2ii>.?+d+ft{Ax+By-}-C^-hD)=0 ...(3) 
wl^tre k is any constant. 

\ (i) It is an equation of the second degree in x, y, z in which the 

cocffs. of 2 " are all equal, and there are no product terms 

yz, zx, xy. 

,y. it represents a sphere. [ Ex. 1, Art. 62 ] 

[ii) The co-ordinates of the pts. which satisfy both (1) and (2) also 
satisfy (3) [ •/ substituting from (1) and (2) in (3), we get 

0-t-/[{0)=0, or 0=0, which is true ] 
the pts. of intersection of the sphere (1) and the plane (2) lie 
on the sphere (3) 

(3) is the equation of any sphere thro' the circle of intersection 
of the sphere (1) and the plane (2). 

Note. The value of k is found from the second condition 
satisfied by the sphere. 

EXAMPLES 

.1. T.iiid the equation to the sphere through the circle 

X'-i-y'-t-z" = 1, X'f2y-|-32 = 4 

and' jthe origin. [ B. U.) 

The equations of the circle are 

1=0, XT2y+3z-4=0 ... (1) 

[ R. H. S. 's zero (A^ofe this step)] 
The equation of any sphere thro' this circle is 

x=-fy^H-2--I+/r(x-i-2y+32-4)=0 ... (2) 

[ sphere -f-fc (plane)=0 (Art. 67) ] 
If it passes thro' (0, 0, 0), then 
-l+A:(-4) =0, 

Substituting this value of k in (2), 

x^-yy^--\-z^-\-\{x~y2y + 3z-4) = 0 
or 4(x“-fy=-H2“) — 4— (x-f'2y-'-32— 4) = 0 

or 4{x'-hy^-\-z-)~x-2y~-3z ~ 0, 

which is the required equation. 



EQUATION OF A SPHERE 


143 


Art. 67 ] 


2, Find the equation to the sphere through the circle 

2x-f3y+4z=5 

and the point (1, 2, 3)_. [P{P).U.m 4 ] 

J. Find the equation to the sphere which passes through the 
point (x, % y) and the circle z = 0, x--( y2 = a-. [J,<^ K. U. m9 ] 

[ The circle of intersection of the plane 2 = 0 and the cylinder 
j :2 4-/=aMs the same as the circle of intersection of the plane 2=0 

and the sphere x^-y-A-z-~a~. 

[ V putting 2=0 in we get x=+y^=a=. ] 

Now find the equation of the sphere thro' the pr. (a, -i v) and 

the circle 2 = 0 , ] 

*M. p is a variable point on a given line and A, B, C are its pro- 
jections on the axes. Show that the sphere OABC passes through a 
fixed circle. f ^ 5 ,^^ 

5. Prove that the circles 

xH-y-+z‘-2x-!-3y+4z -5 = 0, 5y46z4.I=:0 : 


X 


y2 + 22_3x-4y-f5z-6 = 0, x-i-2y-7z = 0 t 


lie on the same sphere and find its equation. [ P{P). U. 1953 ] 
The equations of the circles are ^ 

x=+>*M 2— 2x4-3yH-42-5=0, 5y-f62H-l=0 ... (I) 
xHyN 2' -3x-4y-^ 52-6=0, x4-2y-72=0 ... ( 2 ) 

The equation of any sphere thro’ the circle (I) is 

x=H-yH 22 - 2 x-|- 3 yJ Az- 53 k(5y '■ 62 J 1)=0 ... ( 3 ) [Art. 67] 
and the equation of any sphere thro’ the circle ( 2 ) is 

xM-y--(22-3x-4y-l-52-6'' k'{x \-2y~lz) = 0 ... f 4 ) 

If the circles fl) and ( 2 ) lie on the same sphere, then for some 
values of k, k', (3) is the same as (4) 

comparing coeffs. in (3) and (4), 

[coeffs. of x], -2=-3-fit' ...(5) 

fcoeffs. ofy], 3 + 5ft=-4-j-2*' ...(6) 

[coeffs. of 2 ], A-\-(>k = 5~lk' ...( 7 ) 

[constant terms], — 54-^ = _6 ...ig) 

[ To solve (5) and ( 6 ) for A, k\ ] 

From{5), A'=I, from ( 6 ), 3 +5A= -4+2 • k=~] 

■Substituting these values of k, k' in ( 7 ) and ( 8 ), we get 
4 — 6 = 5 — 7, and -5 — 1 = — 6 

. each of which is true 

• , the circles he on the same sphere. 

Substituting the value of A(=-l) in ( 3 ) 

x%/ + 2^-2x-r3y+42-5- (5y+62Vl) = 0 

, . . . ^ , ^'+/-+2^~2x-2y-22-6 -0 .. (9) 

which IS the required equation of the sphere. 


or 


or 
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[ Check. Substituting the value of /c'(=l) in (4), 

I- 3x - 4y -}- 52- 6 + Ux +2y — 7^) = 0 
or x^-!-y-+2-—2x—2y~22~6=0, which is the same as (9). ] 

6. Show that the circles 

x2 .i-y2+z2-2x+3y-z~2=0, 2x-3y+z-7=0 ; 
x=-hy-+z2— 2x— 4y-f6z+I=0, x-^2y— 3z— 5=0, 
lie on the same sphere and find its equation. [D. U* 

SECTION II 

A SPHERE AND A LINE 

68, Intersections of a straight line and a sphere. To find the 

points where the line — — meets the sphere 

^ I m n 

x’-\-y--hz-=a% 

The equations of the line are 

l m n 
and the equation of the sphere is 

x-+>'--|-2“=a" •••(2) 

Any pt. on the line (1) is 

{Xj-; lr,yi-\-mr, 2i+nr) ...(3) 

If it lies on the sphere (2)^ then 

(x, -h lrr^{y^ +nr)2=a^ 

or r-(/H ^--r n-)-r2r(/xi+77i_yi+n2i)+(Xi’*+>'i--}'2i*— a-)— 0 
which is a quadratic in r giving two values of r. 

Substituting these values of r one by one in (3), we get the two 
pts. of intersection. 

EXAMPLES 

1. Find the co-ordinates of the points in which the line 

x-f2 y+9 z — 8 
4 - 3 “ _5 

meets the sphere x--f-y'-i-2^=:49, [ S. C/. ] 

2. Find the locus of the centres of spheres which pass through 
a given point and intercept a fixed length on a given straight line. 

[ Note. For problems relating to a 
given point asd a given line, take the foot 
of the perpendicular from the given point 
on the given line as origin, the perpendi- 
cular as the z-axis, and the given line as 
the x-axis, so that the line through the 
origin perpendicular to the zx-plane is the 
y-axis. 
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Arts. 69, 70, (a) ] 

Then, ifthe perpendicular distance of the given point from 

the given line=c. the co-ordinates of the given point are fO, 0, c), 

and the equilions of the given line (x-axisj are y=0, 2=0. ]' ' ’ 

3. Prove that the sum of the squares of the intercepts mad • by 
a given sphere on any three mutually perpendicular lin'es thrcu^^h a 
fixed point is constant. [y. & ^ ^ 

^ Conicotd, Def. A conicoid is a surface whose equation 
IS of tjWcond degree in X, p, z or, more shortly, a conicoid is a 
surf^e ol^ke second degree. 

Tangent plane. Def. The locus of the tangent lines at a point 
P of a sphere {or conicoid) is a plane called the tangent plane to the 
sphere (or conicoid) at P. 


70. ((7) Equation of the tangent plane to a sphere {equation in the 
standard form). To find the equation of the tangent plane at any 

Zj) of the sphere x-+y2-{-z-=a3. 

Th^quation of the sphere is 

...(I) 

’he equations of any line thro' (x„ y^, z,) are 

I m n 

Any pt. on this line is (xi -f/r, yi+mr, Zj+nr). 

If it lies on the sphere (1), then 

(xi - f-/r)2 -f-(y( J- mr)~ + (z, +nr)~=a- 

or rV-lmHn=)+2rax.+OT;/,+n^.)+(V+V-|-Jr-a’)=0 ,..(3) 

which is a quadratic in r. 

(Xu yi, Zj) lies on the sphere (I) 

Xi^-i-y,^+Zi^=a~ ...(4) 

one root of the quadratic (3) is zero. 

If the line touches tlie sphere, the other root is also zero, 
coeff. of r=0/ 

i.e., lXl-hmyl-\-n2^=0 ...(5) 

from^2Hn 'AT.h "’l' " substituting their values 

irom (2) in (5)], the locus of the tangent lines is 

(x-Xi}Xi-\-{y-y^)y^-{-{z-z^)z^= 0 

-^>^1 +>'>'1 +zzi - 4-^,2 = 0 ... (6) 

Adding (4) and (6), 

, . , , , + yyi -I- zzi = a-, 

which IS the required equation of the tangent plane. 
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Cor. 1. A tangent line at any point P of a sphere is perpendicular 
to the radius through P. 

Let P be the pt. (x„ Zi), 

The direction-cosines of the line (2) are m, n, and those of the 
radius thro' P, ue,, join of (0, 0, 0) and (Xu d'l/ are proportional to 
xi~0,yi~0, Zi~0 [ x.-xuyz—yi, Zz—Zi (Art. 12) ] 

i.e., proportional to Xu 

from (5), the tangent line at P is X to the radius thro' P. 

[(Art. 13, (6), Cor. 3j V afl'+66'+cc'=0 ] 

Cor. 2. The tangent plane at any point P of a sphere is perpendicu- 
lar to the radius through P. 

Let P be the pt. (Xj, yi, zf). 

The equation of the tangent plane at P is 

xxi+yyi-\-zzi a-. 

the direction-cosines of the normal to the plane are propor- 
tional to Xi, y'l, Zi. 

Also the direction-cosines of the radius thro' P, z.e., join of 
(0/ 0, 0) and {xi, yi^ z^) are proportional to Xi— 0, Xi— 0, Zi—0 

[ ^Vo-Xi, yz-yi, Zs-Zi (Art. 12) ] 

i.e., proportional to Xi,yi,Zi 

the normal is || to the radius 

the tangent plane at P is X to the radius thro' P. 

Note 1. The properties of a sphere (or surface) do 

nor depend on the form of its equation, therefore we take the simplest 
form of the equation (as here) to prove these properties. (See 
Cors. 1 and 2. ) 

Note 2. Important. Tangent plane property. If a plane touches 
a sphere, 

the perpendicular distance of the centre from the plane 

= the radius. [ From Cor. 2 ] 

Tangent line property. If a line touches a sphere, 
the perpendicular distance of the centre from the line 

= the radius. [ From Cor. 1 ] 

EXAMPLE 

Find the equation of the tangent plane at (x, y) to the sphere 

= a2. [ P(P). U, 1958 ) 

70. {b) Equation of the tangent plane to a sphere {equation in the 
general form). To find the equation of the tangent plane at any 
point (xj, y^, Zj) of the sphere 

x^4.y*+*®+2ux-i-2vy+2wz d = 0. 


Art. 70, {b) ] 
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The equation of the sphere is 

x^-\-y-~\-2--h2ux^r2vy-r2wz-\-d = 0 ... (1) 

The equations of any line thro' {Xi,yi, Zi) are 

/ m n ^ ^ 

Any pt. on this line is (Xi + Ir^y^ + mr, z^ + nr). 

If it lies on the sphere (I), then 

(^^ + l'-y- + iy,+mry + {2i-inr)^+7u[xt+lr)+2v(y,+mr)+2w{z,+nr)+d^li 

or T-(l^+m‘-i,n‘)+2r U{x,-u)+m{y,+v) rn{z,+w) ] 

+ W^y^‘+^ri2uxr-2wy,+2H,z,+d) = 0 ...(}) 

which IS a quadratic in r. 

{^\tyi>^\) lies on the sphere (I) 

- y\~ + 2uxi + 2vyi + 2wZi d = 0 ... ( 4 ) 

one root of the quadratic (3) is zero. 

If The line touc-Aes the sphere, the other root is also zero 
coeff. of r = 0, 

i-e., l{x, ru) + mi y^ -f- i;) -p n(z, + «;) = o ... (5) 

Eliminating /, m, n from (2) and (5) [by substituting their values 
irom (2) in (5) ], the locus of the tangent lines is 

(x-x,) Ui+ul + ty-yi) (>'i+i;)+(z-Zi) (z,+w) 0 

'1!! +WZ,) =o...(6) 

Adding (4) and [6), 

xxi+yyj+z 2 ,-: u(x I Xj)+v(y-fyj) -Kw(z + z^) 4- d = 0 , 

which is the required equation of the tangent plane. 

[ Rule to write down the equation of the tangent plane at the 

point (x„ y„ a,) of a sphere (or conicoid whose equation contains 
no product terms yz, zx, xy) : 

In the equation of the surface, change to xx„ y^ to yy z= to zz 

X m y to Uy-f-y,), z to l.(zqzj. The resulting equation is the 

required equation. 

Note. Important. // ,he numerical values of x„ y„ z, are given 
substitute them in the above equation. ] ^ ' 

examples 

1. Find the equation to the tangent plane at fx , v' z ^ r« tU.. 
sphere xHyH zH2ux+2vy+2waH d = 0. [ j. ,,,, 

Z. tind the equation of the tangent plane 

(i) at 1, 2, 2) to the sphere x^-\-y‘^-\-z 2 ~q^ 

(ii) at the origin to the sphe re x^+y^+z'-+2ux+2vy+2wz = n. 

•//./, . 2 .. fM IT, , he- equation coniaim the proika terms yz zx 
i (y/i /O i (zx^+z^x), xy to J (xy,+.xiy). (Scc Art. V5 ’ 
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/ 

(i) The equation of the sphere is 9. 

the equation of/the tangent plane at ( — ), 2, 2) is 

\ A Rule (Art. 70, (6)). here ;ci = - 1 , - 2, 2 ] 

4\l)y}^(2)-^42)--9*. or .\:-2>;-2z + 9=0. 

(ii) The equartOT of the sphere is x'^-|'>>“'r2"+2ux-h2yj^+2tv^=0. 
the equation of the tangent plane at (0, 0, 0) is 

[ Rule (Art. 70, (6)), here x,=0, yi = 0, ^i=0 ] 

x(01 +y(0}+z(0)+2u4(^-r0) + 2p.Ky-{0)+2w.K^+0)=Ot 
or ux-\-vy+w2=0. 

[ Check. The equation of the tangent plane is satisfied by the 
co-ordinates of the given pt,. thus 

in (0, -I-2(2)-2(2)-f9=0, or 0=0, 

and in (ii), u(0)-f i-(0)-r-u-(0)=0, or 0=0. ] 

3. Find the equation of the tangent plane at 

(a cos 0 sin 0, a sin 0 sm (/>, a cos 0) 
to the sphere x^-\-y^+2^=a~. 


71. (rt) Condition of ian^ency of a plane and a sphiTe {equation in 
the standard form.]» To find the condition that the plane 

Is-|-my -^-nz = p 

should touch the sphere x--T-y--|-Z'=a®. 

The equation of the plane is lx-\-my-\-n 2 =p ...(1) 
and that of the sphere is x~ 'r-y'^-] z~=a- ...(2) 

If the plane (ouches the sphere, 

the 1 distance of the centre (0, 0, 0) from the plane {I)=the radius 

1 /x+my+nz— p— 0 



Vi'-'.ni 



[ Complete J_ distance formula (Art. 29, (6)) ] 

or, squaring, a~{l--\-m''--\-n-)=p% 
which is the required condition. 

71, {b) Condition cf tangency of a plane and a sphere {equation 

in the genera! form). To find the condition that the plane 

lx -c my nz = p 
should touch the sphere 

5^“-!-y’-rZ"+2ux -f-2vy-r2wz-f- d=0. 


“■Explanation. In the equation of the sphere .t2+,v2+r2j=9, change .v® to 
V- to v;'j, i.e., >\2), r* to rri, i.e., r(2). 
tExplanatlon. In the equation of the sphere .t3-|-j2+i2+2«.t+2v>'+2»’r=0, 
changers to .YA-), i.e., -v(0), >-2 to ji-j-i, i.e., v(0), r 2 to r(0), x to 
« e., iU'-l-O), y to i.e., Rv+O), z to i(r4-ri), /.e., Rz-hO). 

tfSee Note in Ex. 15, Art. 43, (c). 


A SPHERE A^^D A LINE 


149 


Art. 71, {b) ] 

The equation of the plane is /x-f my~nz=p ...(I) 
and that of the sphere is 

x.'^y-^-z‘'--\-2ax^-2vy■^2ivz-\ d=^ ...( 2 ) 

Ij the plane touches the sphere, 

the 1 distance of the centre {-u, — v,-w) from the plane [})=(he radin; 

I Ix-my-nz—p-Q 

[ Complete 1 distance formula (Art. 29, (6)) ] 
or, squaring, mi;+p)==(/-+m--t-/i-)(uH'i^=T-u;--rf), 

which is the required condition. 

Note. For the tangent plane property we use the complete per- 
pendicular distance formula for the plane, [ See Note 2 in Art. 29, {b) ] 

EXAMPLES 

Find the equations to the spheres which pass through 
the circle x2+y2 f-22==5, x+2y + 3z=3, and touch the plane 

4x + 3y = 15. [ p. U, 1957 ] 

2. Prove that the locus of the centres of spheres which 
pass through a given point and touch a given plane is a conicoid. 

[ P{P). u, H, ms ] 

[ Note. Important. For problems relat- 
ing to a given point and a given plane, take 
the foot of the perpendicular from the given 
point on the given plane as origin, the per- 
pendicular as the z-axis, and two perpendi- 
cular lines through the origin in the given 
plane as the x-, y-axes. 

Then, if the perpendicular distance of the given point from 
the given plaoe = c, the co ordinates of the given point are 
{0, 0, c), and the equation of the given plane (xy-plane) is z = 0 ] 

3. Sphere touching the co-ordinate planes. Prove that the equa- 
tion to a sphere, which lies in the octant OXY2 and touches the 
co-ordinate planes, is of the form x--fy2q-2a_2A{x-; y -z) - 

Prove that in general two spheres can be drawn through a 
given point to touch the co-ordinate planes, and find for what 
positions of the point the spheres are (i) real, (u) coincident. 

[ P, U. 1944 ] 

4. Find the locus of the centres of spheres of constant 
radius which pass through a given point and touch a given line, 

. [ P{P). V. H. 1952 i 


!■ 
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5. Prove that the centres of spheres which touch the lines 

y=mx, 2 =:c ; yi=— * = 

lie upon the conicoid inxy+cz(l+m-) = 0. [ P* * , 

6. Find the equation of a plane which touches each of the circles 
^^ 0 , y^-\-z^=a ^ ; y=0, z--\-x^=^b ^ ; 2=0, x^-\-y^=c^* 

How many such planes are there ? 


r Polar plane, 

A Harmonic division. Harmonic conjugates. Defs. 

n'V^aight line AB is divided g ^ j 

internal^ imd externally in the 

sameVatio aiC^nd D, then ^ 

(0 AB is said to be divided harmonically at C, D ; and 

(li) C and D are called harmonic conjugates with aspect to 
(w.r.t.) A and B ; also D is called the harmonic conjugate of C (and 

C the harmonic conjugate of D) w.r.t. A and B. 

Cor Symmetry of the harmonic relation. If AB IS divided 

harmonically at C, D, then CD is divided harmonically at A, B. 

Proof, (See Fig. of Art. 72.) 

AB is divided harmonically at C, D/ 

AC _ AD [ Def. (Art. 72) ] 

CB ~ BD 

AC 

AD BD ' . , ^ . A 

CD is divided externally and internally m the same ratio at A 


or 


i.e 


and B 


CD is divided harmonically at A, B. 


[ Def. (Art. 72) ] 


73. Pole and polar, Def, If through 

a point P is drawn any chord QR of a sphere 
(or conicoid), and S is the harmonic conjugate 
of P w.r.t, Q and R, then the locus of S is a 
plane called the polar plane of P or, more 
shortly, the polar of P w.r.t. the sphere {or 
confcoid) / 

P is called the pole of the locus of S. 



74, Equation of the polar plane w.r.t, a sphere (equation m 
the standard form). To find the equation of the polar plane of the point 
(•^ 1 / Pi, ^i) H^-r.f. the sphere x^-ry--\-z^=a^. 


Art. 74] 
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The equation of the sphere is 
x^-hy-+z^=a^ ...{{) 

Let P be the pt. 

QR any chord of the sphere thro' P, 
and S(a:, y, z) the harmonic conjugate 
of P w.r.t. Q and R. 

[To find the locus of S.] 

The pt. which divides PS in the 
ratio A: : 1 is 



fkx-\-Xi kyA-y^ kz- Zx\ 

V ' ;t+i ' *+i r 

If it lies on the sphere (!), then 



or, multiplying thro’ out by (/c + I)^ 

{kx Hky +y ,)" + {kz = ( A + 1 

or {kx-]-x,Y-\-[ky+y^fMkz-\-z,Y-{k^-\f a *=0 

or k}{x^-{-y^-yz^~a})-{-2k{xx^+yy^■\zZy-a^) 

.... . ■ - , -f W+y.H^r-a^)=0 ...(2) 

which IS a quadratic in k. 

V PS is divided harmonically, i.e., internally and externally in 
the same ratio at Q and R [Def. (Art. 72)], the quadratic (2) has 
equal and opposite roots, 

sum of the roots=0, coeff. oi k=0, 

i-e., xxi-hyyi-l zzi-Q-— 0 

or xx|+yyj-fzz, = a'-, 

which is the required equation of the polar plane. [Dcf. (Art. 73}] 

Aid »o memory. The cqunlion of the polar plane of (.ri.;,. n) w.r.t, a 
sphere (or conicoid) is of the same Jorm as the equation of the ungeni plane at 


Cor. If a point P is on the sphere, the polar plane of P is the 
tangent plane at P. 

For the equation of the polar plane of P {Art. 74) h the same 
as that of the tangent plane at P {Art. 70, (a)). 

Note I. The locus of points on a sphere the tangent planes at 
which pass through a point P is the polar plane of P w.r.t. the sphere. 

Proof. Let the equation of the sphere be x~n y- \ z-=a~ ...(I) 
and P be the pt. (xi, y„ z,). 

Let (x , y , 2 ) be any pt. on the sphere. The equation of the 
tangent plane at (x',y', z') to the sphere (1) is xx'^yy'H Z 2 '=a\ 

If it passes thro’ P, then Xix'+yjy'-f = 
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the locus of (x', y, z') is [ changing {x', y% z’) to {x, y, z) ] 

XiX-\-}\y+ZiZ=a% or xx^-\-yyx-\-zZi=d-, 
which is the polar plane of P. [ Art. 74 ] 

Note 2, The property of the polar plane of a point w.r.t. a 
sphere proved in Note 1 is also true for the polar plane of a point 
w.r.t. a conicoid. This property is sometimes taken as the definition 
of the polar plane of a point w.r.t. a sphere (or conicoid). 

EXAMPLES 

1. Equation of the polar plane w.r*t. a sphere {equation in the 
general form). Find the equation of the polar plane of the point 
(x., Yp Zj) w.r.t. the sphere y-+z--r2ux-f 2vy-f 2w^d=0, 

[ P7U. 1954 S ] 

[ N.B. The equation of the polar plane of the point {Xu Pi* ^i) 
w.r.t. the sphere x--\‘y--\-z~-^2ux-{-2vy-rlwz-\-d—0 is 

XX, -fyy, -i-zz, J-u(x-i-Xi) -i-v(y+yi) +w(z-l z,) -f d=0. ] 

Aid to memory. See Aid to niemor>‘ in Art. 74. ] 

2. Reciprocal property. If the polar plane of a point P with 
respect to a sphere passes through a point Q,, then the polar 
plane of Q, passes through P. 

[Note!. The reciprocal property of the polar plane w,r.t. a 
sphere given in Ex. 2 is also True for the polar plane w. r, t. a 
conicoid. 

Note 2, Conjugate points. Def, Two points, which are such 
that the polar plane of each w. r. t. a sphere (or conicoid) passes 
through the other, are called conjugate points w.r.t. the sphere 
(or conicoid). 

(See Note 1 in Art. 70, (a).) Let the equation of the sphere be 
X‘-hV" -c-=(3'“, and P, Q the pts. (Xi,yi, Zi), (Xs^ya# ] 

3. Prove that the distances of two points from the centre 

of a sphere are proportional to the distances of each from the 

polar of the other. 

SECTION III 

j TWO OR MORE SPHERES 
( \J Orthogonal spheres. 

75. Ort^gonal spheres. Def. Two Spheres are sccid to be 
orthogonal or to cut orthogonally if the tangent planes at a point of 

intersection are at right angles. 

Cor. If two spheres cut orthogonally, 
the square of the distance between their centres 

=r-the sum of the squares of their radii. 
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Proof. Let C, C' be the centres, 
and P a pt. of intersection of the 
spheres which cut orthogonally, so that 
the tangent planes at P are at rt. £s. 

[ Def. (Art. 75) ] 

Join CC', CP, C'P. 

Then the radii CP, C'P, being _L 
to the tangent planes at P, are also at 
rt, zs, 

CC'^ = CP- + C'P-. 

Note. The converse of the above Cor. is also true. 

For the order of the steps in the proof of the Cor. can be 
reversed. 

76. Condition of orthogonality of two spheres. To find the 
condition that the spheres 

X" + + z- -f 2u X - - 2v y ~ 2w z -f d =0, 

x2 4 - y- -j- z- + 2u'x + 2v'y -f 2w' z 4- d' = 0, 

may cut orthogonally. 

The equations of the spheres are 

+y^~ -h 2 - + 2ux -r 2v y -I 2w z + d == 0 ... ( 1 ) 

x^ -^y^- + 2u'x - 2v'y -f 2w'z + d' = 0 ... (2) 

If the spheres cut orthogonally, 
the square of the distance between their 
centres 

= the sum of the squares of their 

radii ... (3) 

Now the centres of the spheres 
(1) and (2) are 

(-U, -V, -w), {~u', -v', ~w‘}, 

and their radii are 

V u^-yv“-i-w^—d, Vu"^~-y v"^ 

from (3), 

{u~u'f+{v-v'y+{w-w')^ = u^^vHw-~d-iu'-\v"^^\-w'--d' 
or u^—2ua' -ra'^-'rv^-~2vu’ -\-v"^-]^w^—2ww' -\ w'^ 

= u^-+v^+w--di u'~^v'- + w'^-d' 

[ Cancel common terms on both sides ] 
or ~~2uu'—2vv'—2ww' — —d—d' 

or 2uu'+2vv'+2ww' = d4d', 

which is the required condition. 
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EXAMPLES 

1. (a) Prove that the tangent planes to the spheres 

x2+y2+z2+2u x-+2v y+2w z+d = 0, 

*"+y^+2^+2uiX+2viy+2wiZ+di= 0 

at aOy common point are at right angles if 

2uui + 2vvj + 2wwi — d+dj. [ P. £7. 1958 ] 

{b) Show that the two spheres +2j+8=0 and 

^*+>’“+a"-f6x-f-8);+4^H-20 = 0 are orthogonal. [P.U.1957] 

2. Show that the spheres whose equations are 

x--!-y2_|_^2_j_2Ax+2By+2C^H-D = 0, 
and X“+y=+^M-2ax +26>» +2cz + d = 0, • 

cut one another at right angles^ if 

2Aa+2B6+2Cc-D-d = 0. 

Find the equation of a sphere which cuts four given spheres 
orthogonally. [ P. U. H* ] 

**3. Find the equation of the sphere which touches the plane 

3x+2y— z-r2 = 0 

at the point P(/, —2, 1) and also cuts orthogonally the sphere 

x2-f-y2-^z2~4x+6y+4 = 0. [ P. C/. 1959 ] 

[ The equation of the plane is 

3x+2y-r+2=0 ...(1) 
and that of the sphere is 

4x + 6y+4=0 ...(2) 

•/ the sphere (whose equation is required) 
touches the plane at P(U —2, I)/ 

centre lies on the normal to the plane thro’ P. 
the equations of the normal to the plane (1)^ thro' P are 
x-1 _ y-\-2 _ z-\ 

‘ 3 " 2 ~ -1 * 

Let the centre C of the sphere on this normal be 

(l-i-3r, -2-!-2r, 1-r). 

Then radius of the sphere— PC (which will be found)= Vl^^* 

•/ this sphere cuts the sphere (2) orthogonally, 

the square of the distance between their centres 

=the sum of the squares of their radii. ] 
4. Prove that a sphere which cuts the two spheres 8=0 and 
S' =0 at right angles, will cut /S-}-mS'=0 at right angles. 

[ P. U.'i946 ] 

[ Abridged notation. The equation of the sphere 

x= +2ijx ^2vy-\-2\vz -\-d = 0 

is, for shortness, denoted by S=0. 
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Similarly the equation of the sphere 

x-+y^-i-z--\-2u'x+2vy+2w'z-\^d'==0 

is denoted by S'=0. ] t 

Radical pUu»e of two spheres. 

77. Power of a point w.r.t, a sphere* If any secant through a given 
point O meets a given sphere in P and Q,, OP. is constant. 

Let O be the pt. {x^, y,, zf), and the 
equation of the sphere be 
x^-{-y-+z~+2ux-\-lvy-\-2wz-\-d=^Q ...(1) 

Let the equations of any secant thro' 

\ m n 

where I, m, n are the actual direction- 
cosines. 

Any pt. on this line is {Xx+lr, y^-rmr, Zi+nr). 

If it lies on the sphere (1), then 
{xi -\-lrY+{yi +mr)H(^i +nr)2 

+Mxi+lr)-h2v{yi-i-mr)+2w(z^ -|'nr)-l-d=0 
or r2 ^/2 4mHn®)+2r [ /(xi \-u)-\-m{yt~\-v)+n(Zi-{-w) ] 

+ >'i-+^i*+2uX] -r2i;y,-f ■rcf) = 0. 

or rH2r [ / (Xi+ul+mfyi -l-p)+n(Zi+w) ] 

+ {Xi^ +yiH^i- -i- 2uxi + 2 + 2 wzi + 1/) = 0 

[ V l--rm--i-n^=] ] 

which is a quadratic in r, whose roots are OP, OQ. 

OP.OQ=XiHyiH^iH2izXi-f2yy,-|-2w2i4-d ...(2) 

[ Product of the roots ] 

which is independent of I, m, n, and /. constant. 

Note 1. Power of a point w. r. t. a sphere. Def. This 
constant, OP.OQ is called the power of 0 w.r.t. the sphere. 

Note 2. Formula for the power. The power of the point 
{xi,yi, Zi) w.r.t. the sphere x--\-y--\-z~ i 2ux-f-2i;y+2w’z-| is 

+yi^ TziH2uxi -f 2vy, 4-2wz, -|-d. 

Cor. Length of the tangent. To find the length of the tangent 
from the point (Xi, yi, Zi) to the sphere 

xi -yz' +2ux -r2vyi-2wz +d^0. 
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Let O be the pt. {Xi, yi* and 
OT a tangent from O to the sphere. 

Thro' O draw a chord PQ of the 
sphere. 

Then OP . OQ 

-1-211X1 +21^71 -f 2 m;zi -Fd. 

[ Art. 77 ] 

when P, Q coincide at T, 

OT.OT, i.e., OT-=Xi=-fyi=-hzr-h2uXi-}-2i;yi-f2iviri-hd 

or OT =Vxi“-ryi“-r*i^+ 2 aXi-i- 2 vyj-h 2 wZii-d. 

[ Rule to find the power of a point w. r. t, a sphere or the 
square of the tangent from a point to a sphere : 

(i) Write the equation of the sphere so that the coefficients of 
z- are each=l on the L.H.S, {by dividing thro' out by the co- 
efficient of if necessary)^ R.H.S. being zero, 

{ii) In the L.HS. substitute the co-ordinates of the point. The 
result is the power of the point or the square of the tangent from the point.] 

EXAMPLE 

**With any point P of a given plane as centre and the tangent from 
P to a given sphere as radius, a sphere is described. Prove that all 
such spheres pass through two fixed points. 

[ Note. For problems relating to a 
given plane and a given sphere, take the foot 
of the perpendicular from the centre of the 
given sphere on the given plane as origin, the 
perpendicular as the j-axis, and two perpendi- 
cular lines through the origin in the given 
plane as the x-, and y-axes. 

Then, if the perpendicular distance of 
the centre of the given sphere from the given 
plane is c, the co-ordinates of the centre of 
the sphere are (0# 0, c), let the radius be =a, 
so that the equation of the given sphere is x-'fy^-h(^— c)“= 0 “ ..-(1) 
and the equation of the given plane (xy-plane) is z—Q. 

Let any pt. P of the given plane (j= 0) be {x„ yu 0). 

It will be found that the equation of the sphere whose centre is 

P, and 

radius=the tangent from P to the sphere (i), 

X- -hy = -i- a - - 2xxi - 2yyi -t- = 0, 
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which, for all values of Xi and yi, passes thro’ the pts. given by 
[ equating to zero the coeffs. of jcj and ] [ Note this step ] 

x=0,y=0, 

2 ^+a-— c“=0, or z=±Vc--a-, 
i.e., thro’ the two fixed pts. (0, 0, ±Vc-—a-). ] 

78. / 'Radical plane. Def. The locus of a point, whose powers 
w.r.t. tivo spheres are equal, is a plane called the radical plane of the 
tLo mheres. 

X Note. Since the power of an (external) point w.r.t. a sphere is 
equal to the square of the tangent from the point to the sphere 

[ Art. 77, Cor. ] 

we h^:^ another definition. 

/umN. Radical plane. The locus of a point, the tangents from 
\umich to two spheres are equal, is a plane called the radical plane of the 
^two spheres. 

79. Equation of the radical plane of two spheres. To find the 
equation of the radical plane of the spheres 

x2-f-y2 '-2ux-l-2vy - 2wz fd—O, 

x2+y2-(-22^-2u'x+2v'y-h2w'z ^d' = 0. 

The equations of the spheres are 

x'^ -\-y- 2 - + 2ux + 2vy -\-2wz ...(1) 

x^-'y+z^+2u'x-^r2v'y+2w'2 ■ d'=0 ...( 2 ) 

Let {x,y, z) be any pt. on the radical plane. 

Then the power of ix, y, z) w.r.t. the sphere (1) 

= the power of {x,y, z) w.r.t. the sphere (2) [Def. (Art. 78)] 
x-q yH'2*-r2ux ' 2vy -^Iwz ^-d 

^x^+y~^-z'^-\-2u’x^-2v'y^'2w■z^d■ ...(3) [Art. 77] 
or 2x(u-u') ! 2y(v-v')-(2z{w-w')-i-d-d'=0 ...(4) 
which is the required equation. 

Abridged notation. 

If S =x~-ry^-{-z--2ux-\-2vyi-2wz+d, 
S'=x^-\-y^+2^+2u'x-{-2v'y+2w'z-}-d', 
the equation of the radical plane of the spheres S=0, S'=0r is S — S'=0. 

[ Rule to find the equation of the radical plane of two 
spheres : 

(i) Write the equation of each sphere so that the coefficients of 
x^, y^, 2 ^ are each—1 on the L.H.S. (by dividing thro' out by the coeffi- 
cient of x^, if necessary), R.H.S. being zero. 

(li) Subtract one equation from the other. The resulting equation is 
the required equation. ] 
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Cor. 1. The radical plane of two spheres is at right angles 
to the line joining the centres. 

Proof. The direction-cosines of the normal to the radical plane 
(4), (Art. 19), are proportional to 2(a—u'), 2{v—v'), 2{w—w'). 

[ Coeffs. of X, y, z (Art. 24, Cor.) ] 
i.e., proportional to u—u', v—v', w—w'. 

Also the direction-cosines of the join of the centres 
and (— u', — y', —w') are proportional to u- u', u—v', w—w'* 

[ Xs—Xi, y 2 -yu Zi—Zi (Art. 12) ] 
the normal is I1 to the join of the centres 
the radical plane is ± to the join of the centres. 

Cor. 2, The radical plane of two spheres passes through 
their points of Intersection. 

Proof. Let the equations of the spheres be 

S=0 ...(I) 

S'=0 ..;(2) 

where S =x^-\~y~+z^-\-2ux-\-2vy-\-2wz-\-d, 
S’=-x^-l-y--\-z”~-)-2a'x+2vy^2w'Z‘^d’. 

Then the equation of their radical plane is 

S~S'=0 ...(3) [ Rule (Art. 79) ] 

The co-ordinates of the pts. which satisfy both (1) and (2) also 
satisfy (3) [ V substituting from (1) and (2) in (3), we get 

0—0=0, or 0=0, which is true ] 

the pts. of intersection of the spheres (1) and (2) lie on the 
radical plane (3), 

i.e., the radical plane of the two spheres passes thro’ their pts. of 
intersection. 

Note. The property of the radical plane of two spheres proved 
in the above Cor. is important. It is sometimes taken as the definition. 

Def. Radical plane. The plane through the points of inter- 
section of two spheres is called the radical plane of the two spheres. 

80. Radical line of three spheres. The radical planes of three 
spheres taken two by two pass through one line. 

Proof. Let the equations of the spheres be 

Si=0, S2=0, $3=0, 

where Si=x- -^-y" -rz^ -r2uiX^2viy -^-Iw^z -\-di, and so for Sj, S3. 

Then the equations of the radical planes of the spheres taken two 
by two are Sj— 80=0, 82—83=0, S3— Si=0, [ Rule (Art. 79) ] 

which pass thro’ the line 81 = 82=83. 

Note. Radical line, Def. The common line of intersection of 
the radical planes of three spheres taken two by two is called the 
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81, Radical centre of four spheres. The radical planes of four 
spheres taken two by two pass through one point. 

Proof. Let the eqtiations of the spheres be 

Si=0, $2=0, $3=0, Sj=0, 

where Si=^x^-\-y^^-z'^-\- 2 u^x-\- 2 viy-\- 2 WiZ-Tdi, and so for $o, $3, $4. 

Then the equations of the radical planes of the spheres taken two 
by two are 

$i-$2=0, $i-S3=0, $,-$1=0 ; $.,-$3=0, $2-51=0 : $.-$1=0,* 

which pass thro' the pt. S,=S2=S3=Si. 

Note 1. Radical centre. Def. The common point of intersection 
of the radical planes of four spheres taken two by two is called the 
radical centre of the four spheres. 

[**Note2. Thus we have the radical p/ane of two spheres, the 
radical line of three spheres, and the radical centre of four spheres. ] 

82. Equations of two spheres in the simplest form. To prove 
that the equations of any two spheres can be put in the form 

x2-(-y2-fz2-f2AiX-f d = 0, x-+y'^-^'^-2A2X-i-d = 0. 

Take {i) the join of the centres 
of the two spheres as the x-axis, and 

(lY) their radical plane as the 
yz-plane. 

Let the equations of the 

spheres be 

JfH/+2H-2uiX+2y,y+2u'iZ-i-(fi=0 ...(1) 

x^n-y~-{-z^-i-2u2X + 2i>.y+2w2Z-\-d.>=0 ...( 2 ) 

(i) their centres (-Ui, -r,, -w,), -w-f) lie on 

thex-axis, i.e,, y= 0 , z =0 

~Vi = 0, -Wi=0 ; - 1 ^ 2 = 0 , — w>2=0 

or 1^1 = 0, w, = 0; i;2=0, W2=0. 

from (1) and (2), the equations of the spheres become 
+ / + z~ + 2u,x + dj = 0 ... (3) 

^ j- z- + 2 u.iX + d, = 0 ... (4) 

• How to write this step. Take the sphere (1) with the following, i.e., with the 
spheres (2), (3), (4), thus L-elting S,-S2=0, Si-Sa^O, Si-Si^O; now take the 
sphere (2) with \hc fullowi/ig, i.e., with the spheres (3), (4), thus getting 
Sg-Si^O ; now take the sphere (3) with the following, i.e-, with tlic sphere {4j, thus 
getting Sj-S, = 0. 
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(n) Now the equation of their radical plane is [From (3) and (4)] 

2(ui— Ual-Jc-f di— do = 0 ... (5) [Rule (Art. 79)] 

this is the same as the y^-plane, i.e,, x — 0 ... (6) 
comparing coeffs. in (5) and (6), 

2(u,— u,) _ di— d, 

1 0 

or, cross-multiplying, dj— dj — 0, d^ = dg = d (say) 

from (3) and (4), the equations of the spheres become 
x-+>'Hr“+2uiX-f-d=0, x24■J^H2^+2u2X-^d=0, 
or ;cH>'24-2"+2A,x-fd=0, x^-\-y^+z^-^2X.,x^-d=-0, 
where = Uu Aa ^ Ua- 

Note. Important. For problems relating to two given 
spheres, let the equations of the spheres be 

x--^y2 !-2=^2uiX-f d=0, x2-i-y24-z2-L2u2X+d=0. 

EXAMPLE 

**Show that the spheres which cut two given spheres along great 
circles all pass through two fixed points. [P.U.J954 ] 

[ Note. Great circle. Def. - The section of a sphere by a plane 
passing (brcush its centre is called a great circle.] 

Coaxat spheres. 

03. Coaxal spheres. Def. A system of spheres every two of 
which have the same radical plane is ^aid to be coaxal. 

^ 84. Equation of a coaxal system. The equation 

\ ' x2-f-y2-f-z2-f2ux+d=0, 

V 

H'AcTe }i is a parameter*, represents a coaxal system of spheres. 

Vl^roof. The equation is x^-{-y^‘}-Z’-\-2ax-^d—0...{\) 
v\ here u is a parameter. 

It clearly represents a system of spheres. [ u varies ] 

Let the equations of two spheres of the system be 

x~^y-+z^+2u^x-\-d=0, 

x~ -\-y- -hz--\- 2u.x +d= 0. 

Then the equation of their radical plane is 

2([Ii-U2)x = 0 [ Rule (Art. 79) ] 

or x=0, which is independent of U], U2/ 

and the same for every two spheres of the system 

(1) represents a coaxal system of spheres. [ Def. (Art. 83) ] 

•Parameter. Def. A symbol which is constant for the same member of the 
system but different for different members is called a par.'jmetcr. 
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common radical 

[P- u.] 

2t 





(O', 0,0) X 


EXAMPLES 

1. A, B are two fixed points, and P moves so that PA^^n PB ; 
show that the locus of P is a sphere. Show also that all such 
spheres, for different values of n, have a 
plane. 

[Note. Important. For problems 
relating to two given points, take the 
mid-point of their join as origin, 
the join as the x-axis, and two per- 
pendicular lines through the origin 
in the plane through the origin and 
perpendicular to the x-axis as the 
y-, and z-axes. 

Then, if the join of the two given points — 2a, the co-ordinates 
of the two given points are ( — a, 0, 0) and (a, 0, 0). ] 

2. Prove that the locus of points whose powers with res- 

pect to two given spheres are in a constant ratio is a sphere 
coaxal with the two given spheres. [ P. U, ] 

3. Three types of coaxal systems. Intersecting, tangential and 
non-intersecting. Prove that the members of the coaxal system, 
x2 -f y2 -f- z2 -f- 2ux -\- d = 0, intersect one another, touch one 

another, or do not intersect one another according as d ~ 0. 

The equation of the coaxal system is x^'fy“+j--f2u:c i rf=0. 

Let ther-^qu^Hpns of two members be 

0 ... (X) 

■ A:H>'H2“+2u2X+(f = 0 ... (2) 

They meet where, subtracting (2) from (1), 

2(u,— U 2 )x= 0 , or X = 0. 

Substituting this value of x in (I), 

or ... (3) 

which is a circle in the yz-plane ; 

its radius=\/-i/ ... (4) 

The spheres (!) and (2) intersect one another, touch one another, 
or do not intersect one another according as the circle (3) is a real 
circle, a pt. circle, or an imaginary circle, 
i.e., according as its radius is real, 0, or imaginary, 
i.e., from (4), according as is — ve, 0 or +ve. 
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4. Limiting points of a coaxed system. Prove that the centres 
of the two spheres of the coasal system, X'-}-y“-f- 2 “+ 2 ux 4 -d= 0 , 
which have zero radius are at the points { i Vd, 0, 0). 

The equation of any sphere of the system is 

= 0 ... (1) . 

If its radius = 0, then = 0, or u^~d—0, or u~^d 

.*. 11= d- V'd ... (2) 

Now the centre of the sphere (1) is (— u# 0> 0), 
i.e., from (2), ( y/d, 0, 0), or ( ± Vd^ 0, 0). 

Note. Limiting points of a coaxal system. Def. The centres 
of the two spheres of a coaxal system^ which have zero radius, are 
called the limiting points of the system. 

Thus the limiting points of the coaxal system 

X- ~^y- + 2- + 2ux + d = 0 

are (rt-Vd, 0, 0), 

5. Show that the equation x-+y-+z=*+2My+2i;z-d=0, where 
and V are parameters, represents a system of spheres passing through 
the limiting points of the system x^+y^+^"+2AxH-d = 0, and cutt- 
ing every member of that system at right angles. [ P(P). U, 1952] 

MISCELLANEOUS EXAMPLES ON CHAPTER VII 


1. Touching spheres. Show that the spheres 

= 25, x^-^y--\-2^-lSx~24y-40z+225 = 0 
touch and find the co-ordinates of their common point, [P,U. 1959S] 

2. Touching spheres. Show that the spheres 

^ 64^ and 1 2x-}-4y-6z+48== 0 

touch internally and find the point of contact. [ PM, 1953 ] 

3. A sphere of radius R passes through the origin. Show 

that the ends of the diameter which is parallel to the x*axis lie 
on each of the spheres 4- 2Rx=:0. [ L, U* 1937 ] 


[ It will be found that the equation of the sphere thro' the origin 
is x~-\ y--\-z--\-‘2ux-{-2vy4-2wz = 0. 

Its radius = R, .*. u- + u--rH;-=R-. ..{]). 

The equations of the diameter, f.e., line thro’ the centre {—u,--v,—w) 

of the sphere, [1 to the x-axis are ^ Putting each 


member = ± R, the co-ordinates of the extremities of the diameter 
are x= — uiR, y=—v, z=—w ... (2) 

Eliminate u, p, iv from (1) and (2) [by substituting their values from 

(2) ind)].] 

4. Spheres are described to contain the circle z=0, x--f>^^=U". 
Prove that the locus of the ends of their diameters which are parallel 
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to the x-axis is the rectangular hyperbola y=0, x^~z-=-d-. [L. U.] 

^*5. Find the equation of the sphere which passes throu'^h the 

points (1.0,0), (0, 1. Oh (0,0,1) and has its radius as small as 
possible. 

6. Find the centre of the circle' which passes through the 
points (- I, 0, 0), (0, 2, 0), (0, 0, 3). [L. U.] 

**7. Find the conditions that the circles 

2wz-yd = 0, I x m y- n z - p ; 

x--\-y''--\-z^+luxy2vy-\-2w'z-^d'^ 0, Ix-m'y -nz^p' ; 
should lie on the same sphere. [ P. U.] 

8. Find the equation of a sphere described on the line join- 
>“S(2j— 1,4) and (—2, 2, —2) as diameter, and find also the 
equation of the tangent plane at (2,-1, 4) to the sphere. 

[ B. H. U. !9~-() ] 

Find also the equations of the normal to the sphere at 

(2, —1, 4). [ Poona U. ] 

9. Find the equation of a sphere which touches the sphere 

2x-6y rl^O 

at the point (1, 2,-2) and passes through the origin. [P.U. 1950] 

[ The required sphere passes thro' the fpt.) circle of intersection 
of the given sphere and its tangent plane at (I, 2, -2), and also thro' 
the origin. ] 

10. A sphere is inscribed in the tetrahedron whose faces are 

x = 0, y = 0, z = 0, 2x -6y-|-3z'^14. 

Find its centre and radius and write down its equation 

[B.U.] 

11. Find the equations of the spheres which pass through 
the circle x-’ r y^ : z^^-l, 2x 4y r 5z^6 and touch the plane z 0 

[P,U. 1958 ] 

12. Find the equations of the spheres which pass through 
the circle X- : z2—2x-|-2z = 2, y = 0 and touch the plane y -zr =7 

[B-U.] 

13. Find the equations of the two spheres whose ceiurcs lie in 
the positive octant and which touch the planes 

, x = 0, y = 0, z = 0, 2x+2y-\-z ^ 8a. [ L. U.] 

[Proceed as in Ex. 3, Art. 71, (6). It will be found that the centre 
of the sphere is (r, r, r), and radius = r. If it touches the pl.me 
2x-l-2_y-h^ =8o, then ? (Use the tangent plane property.) J 

14. Sphere touching the co-ordinate planes. Find the equation 

of a sphere touching the three co-ordinate planes. Hovv 
many such spheres can be drawn ? [ P. U. 1946 S ] 
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15. Find the eqaations of the tangent planes to the sphere 
x 2 -}_y 2 ^ 224 - 2 x— 4 y-l- 6 z— 7=0 which intersect in the line 

6x-3y-23=0=3z+2. [ D. U, H, 2954 ] 

16. Obtain the equations of the tangent planes to the sphere 

=9 which can be drawn through the line 


X— 5 


— y~l _ *— 1 


[P. a. 2959] 


2 2 “ 1 

17. Sphere touching the axes. Find the equation of the 

sphere which touches the three co-ordinate axes. How many 
spheres can be so drawn ? [ P. C/. ] 

18. Find the equation of the sphere which has its centre at 
(a, b, c) and which touches the line (x — f)/l=(y— g),m=(z— h)/n, 

[ L. U. ] 

19. Spheres are drawn to pass through the points (2, 0> 0)^ 
(8, 0^ 0), and to touch the axes of y and z. Find how many such 
spheres can be drawn and give their equations. 

Show that the polar planes of the origin with respect to these 
spheres all pass through the same point and find the co-ordinates of 
this point. [L.U,] 

20. Find the locus of the points of contact of the tangent planes to 
' y^ rz'--: 2ux—2vy -2ivz-^d=0 which pass through a given point 

r). [ P. U. 2962 ] 

21. Find the equation of the sphere which cuts orthogonally 

each of the spheres x--i-y-H z-=a“-f b--fc% x 2 -f-y 24 -z 2 -f- 2 ax=a", 
X-- y- - z^^:2by=^b-, x--) y=-i-z“-!-2cz=c2. [P.U.M.P. 2942] 

22. Show that all the spheres that can be drawn through the 
oripin and each set of points where the planes parallel to the plane 

^ V 2 

(I ■ b ^o-ordinate axes, form a system of spheres 

'.\hich arc cut orthogonally by the sphere 

x-+y-+z^-i-2fx^2gy^,-2hz = 0, 

h o/-fig+cA = 0. [Bar, U. 2954] 

23. Show that the locus of a point from which equal tangents 
may be drawn to the spheres 

x2+y2-j-z2=l, xHy--z=+2x-2y-f 22-1 0, 

x=-f-y2-pz--x+4y-6z-2 = 0 

X— 1 _ y— 2 _ z — 1 
_ 


is the straight line 


[L.U.] 


2 5 3 ’ 

24. Show that the locus of the points from which the tan- 
gents to the three spheres 
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x2+(y_3)24.z2=6, (x-j-2)2 4-(y4-l)--f-(z-2)2=6 


are all equal is the line =~^ = -j 


Find the co-ordinates of the point on this line from which the 
length of tangents to the three spheres is also equal to that of 
the tangent to the sphere (2x + l)"+4y“-{-(2z — 1)® = 6. [ £,. C/. ] 

25. Two spheres of radii Ti and r-i cut orthogonally. Prove that 


the radius of the common circle is — 7 = 2 =-. [ P. U. 1956 ] 

Vr^^+r./ 

26. Angle of intersection of two spheres. At what angle does the 
sphere x 2 4 ->'-+ 2 -- 2 x- 4 >>- 6 zH- 10 =Ointersect the sphere which has 
the points (1,2, -3) and (5, 0, 1) as the extremities of a diameter ? 
Find the equation to the sphere through the point (0,0,0) coaxal with 
the above two spheres. [P.U. 1948 ] 

[Note 1. Angle of intersection of two spheres. Def. The 
angle of intersection of two spheres is the angle between their tangent 
planes at a point of intersection. 

Note 2. Equation of a sphere coaxal with two given spheres. 

The equation of any sphere coaxal with the spheres S=0, S'= 0 , 
is S-|-kS'=0, where k is any constant. 

Note 3. The value of k is found from the second condi- 
tion satisfied by the sphere. ] 

27. Find the equation of the sphere having the circle 

x-=-:-y2fz2 = 9, x-2y-i-2z = 5 

for a great circle ; determine its centre and radius. 


[S. U.] 



CHAPTER VIII 

THE CONE 
SECTION I 

EQ,UATION OF A CONE 

85. Cone. Def. A cone is a surface generated by a straight line 
which passes through a fixed point, and satisfies some other condition, 
e.g., it may intersect a fixed curve. 

T he straight line in any position is called a generator, the fixed 
point the vertex, and the fixed curve is called the guiding curve of the 
cone. 

86. Homogeneous equation. Def. The equation /(j:, y, z)=0 
is said to be homogeneous if f{rx, ry, tz)=0, for all values of r. 

Example. The equation ax2-i-by2-|-cz2+2fyz+2gzx-f2hxy=0 is 
homogeneous. 

Proof. The equation is 

ax--\-by~ -b cz- + Ifyz -b 2gzx ^-Ihxy — 0 . . . ( I ) 

Here f{x,y, z)=^Qx~-i-by~-\-cz--{-2fyZ'\-2gzx^2hxy. 

[changing x, y, z to rx, ry, rz] 

Rrx, ry, rz)=a{rxY^b{ry)-^c{rzY~\-2f{ry){rz) +2g[rz){rx)~\-2h{Tx){ry) 

— T'^{ax^ + by- -f cz- +2/yz -r2gzx -\-2hxy) 

=r-(0) [From(l)] 

— 0, for all values of r. 

the equation (I) is homogeneous. [ Def. (Art. 86) ] 

Note. An equation in x, y, z in which every term is of the same 
degree is homogeneous. 


87. Equation of a cone whose vertex is the origin. The equation 
of a cone, whose vertex is the origin, is homogeneous in x, y, z. 

Let the equation of the cone^ whose P(o,o,0) 

vertex is the origin, be 

fix,y,z)=0 ...(]) (x,K. 2 ,)P 

Let 'P{xi,y^,zi) be any pt. on the cone. ' ' 

Then f{x,.y„z)^0...(2) 

The equations of OP are ' 

( 1 ) ( 2 ) 

(0, 0, 0) (.X], j’j, Tj) 
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x-o^y-o_z -o r x-x,_ y-~yi_ 40)“| 

^1-0 y.-o'z^-o ix,-xr yz-yr z,-z, 

or A = JL ^ X . 

^1 yi zi 

Any pt. on OP is Q(rxi, ryi, r^,). 

Q lies on the cone (1) [ Def, (Art. 85) \ 

fi^Xi, ry^, rzi)=0, for all values of r ...(3) 

From (2) and (3), the equation fixi, yi, Zi)=0 is homogeneous 
in Xu yu Z\. [ Dcf. (Art. 86) ] 

f{x, y, r)=0 is homogeneous in x, y, z. 

Cor. General equation of a quadric cone whose vertex is 
the origin. The general equation of a cone of the second degree, 
called a quadric cone, whose vertex is the origin, is 

ax^-f-by^-l-cz--: 2fyz i 2 g 2 x + 2hxy = 0. [ Ex., Art. 86 ] 

Note. If in the equation ax-+6>'-+c2--r2/yz-r 2o^x-}-2/»xy=0, 
obc~\-7fgk—aj'—bg’- ch-=0, the cone degenerates into a pair of planes 
[Art. 35]. 

Converse of Art. 87, Any homogeneous equation in x, y, z 
represents a cone whose vertex is the origin. 

Let the homogeneous equation be fix, y, z)=0 ...(1) 

{See Fig. of Art. 87.) 

Let P(x„ yi, Zi) be any pt. on the locus of (1). 

Then / (xj, z,)=0 ...(2) 
the equation is homogeneous 

/(rxi, ryi, rzi) = 0...(3), for all values of r. [Def. (Art. 86)] 

( 1 ) ( 2 ) 

The equations of OP are (0, 0, 0) (xi, yi, Zi) 


X ~0_ y — 0 _ z — 0 

X,— 0~yj— 0 z, — 0 



y-y^^ 

y-z -yi 




Any pt. on OP is Q(rxi, ry„ rzi). 

from (3), any pt. Q on OP, and OP itself lies on the locus 
.'. the locus of (1) is a cone whose vertex is O. [Def. (Art. 85)] 

EXAMPLES 


1. Equation of a cone whose vertex is the origin, and which passes 
through the curve of intersection of a plane and a surface. 

Find the equation to the cone whose vertex is the origin and 
which passes through the curve of intersection of the plane 

lx-hmy-h«*=P and the surface ax*4-by®-i-cz- = l. [P.t/, 1958 S\ 
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The equation of the plane is lx-]-my-{-nz=p, 

Qj. [First degree terms in x,y,z on L. H. S. 

and 1 on R.H.S. {Note this step) ] 

and that of the surface is 

ax^-hby^-\-cz^={\)^ ...(2) 

. Making (2) homogeneous by means of (I), [by substituting from 
(1) in {2)1 


or p-(ax^-{-by^-\-cz^)={lx-rmy-{-nz)^, 
which is the required eqiution. 

2. Find the equations to the cones with vertex at the origin 
which pass through the curves given by 

(0 ax--\-by^—2z,lx-\-my-^nz—p; 

{ii) x^^y^-^-z-^lax-^-d^Of Ix-\-my-{-nz=p, [ P(P). U* ] 

3. Find the equation to the cone whose vertex is the origin 
and base the circle x=a, y-+z-=b-, and show that the section of 
the cone by a plane parallel to the plane XOY is a hyperbola. 

[ P. U, 1959 S ] 

4. Equation of a cone whose vertex is the origin and which 
passes through the curve of intersection of any two surfaces. 

Find the equation of the cone whose vertex is the origin and which 
passes through the curve given by ax‘+by‘^-\-cz~=\, <xx^+^y^=2z» 

[Rule to make one equation in x, y, z homogeneous by means 


of another : 

(0 Make each equation homogeneous in x, y, z, t by introducing 
proper powers of another variable t. 

(/?) Eliminate t from the two resulting equations, 

I'he resulting equation is the required equation. 

Note. The above Rule is always applicable. But in the particu- 
lar case when one of the two surfaces is a plane# the method of Ex. 1 
IS easier. ] 


5. The plane x/a-!-y/b-)-z c=l meets the co-ordinate axes in 
B, C. Prove that the equation to the cone generated by lines 
drawn from O to meet the circle ABC is 


6. A variable plane is parallel to the given plane 


x,.a4- y;b-fz/c=0, 

and meets the axes in A, B, C. Prove that the circle ilBC lies 
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on the cone 

’'"(c + b)+“(a +“)+*’' (b + a)-'®- [P-C^-W«0] 

7. A is a point on OX and B on OY so that the angle OAB is 

constant (=a). On AB as diameter a circle is described whose plane 
:s parallel to OZ. Prove that as AB varies the circle generates the 
cone 2xy~z^ sin 2a— 0. [ Ag. U. 1946 ] 

8. Planes through OX and OY include an angle a. Show 
that their line of intersection lies on the cone 

z2(x2-|-y2 + 22) = x“y- tan^ %, [ p. {J. 1955 ) 


X y z 

88 , If ^ ^ is a generator of the cone represented by the 

homogeneous equation j {x,y, z)=0, then f{l, m, n)~0. 

[ In words : The direction-cosines of a generator of a cone 
satisfy the (homogeneous) equation of the cone. ] 


X V z 

The equations of the generator are ^ ...(1) 

and the (homogeneous) equation of the cone is / (x, y, z)=0 ...(2) 

Any pt. on the generator (I) is {Ir, mr, nr), 

V it lies on the cone (2), 

/ {Ir, mr, nr)=0, for all values of r. 

But the equation is homogeneous, 

/ (/, m, n)=0. [ Def, (Art. 86) ] 

Converse of Art. 88. If the direction-cosines of a straight 
line, which passes through a fixed point, satisfy a homogeneous 
equation, the line is a generator of a cone whose vertex is 
the fixed point. 

[♦•Proof. Take the fixed pt. as origin. 

Let I, m, n be the direction-cosines of the line, and let them 
satisfy the homogeneous equation f{l, m, n)=0 ...(I) 

The equations of the line [thro' the origin and having direciion- 

cosines /, m, n ] are , = ” „,or ^ ^ ...(2) 

Eliminating /, m, n from (1) and (2) [by substituting their values 
from (2) in (1) ], the locus of the line is 

'■ f(x,y,z)^i)*, 

•ExpLinafion. Pulling each member of i!io equations (2), viz., 

X V r • 1 , , , 

. = ' = - (say). I=rx. ni=iy, n^-rz. 

I m n r 

SubUituling these values of in (I), 

J (rx, ry, rr) = 0 


or f\x,y.z) 0. 


( the equation is homogeneous] 
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which, being homogeneous, represents a cone whose vertex is the 
origin (Converse of Art. 87), i.e., the fixed pt, ] 

Henceforth we shall deal with quadric cones only. 

EXAMPLES 

1. Show that a cone of the second degree can be found to pass 
through any five concurrent lines. 

2. Show that the line x!l=yim=zjn, where 3n®=:0 is 

a generator of the cone x'-rly’^'iz- = 0. [ Sind C7. ] 

3. Show that the lines drawn through the point (a, % y) 
whose direction-ratios satisfy al--{-bm2-|-cn'=:0, generate the cone 

a(x — a)-+b(y — ^)“-i-c(z— = 0. [ S. C7. 1953 ] 


89, Equation of a quadric cone through the axes. To show that 
the general equation to the cone of the second degree, which 
passes through the axes, is 

fyz+gzx-i-hxy = 0. 

The general equation of a cone of the second degree, whose 
vertex is the origin, is 

ax--\-by‘'--rCz‘^+2fyz+2gzx-\-lhxy=^ ...(1) [ Art. 87, Cor. ] 

If it passes thro' the x-axis, then (1) is satisfied by the direction- 
cosines I, 0, 0 [ Art. 88 ], a=0. 

Similarly if the cone passes thro’ the y-, 2 -axes, 
then 6 = 0, c = 0. 

Substituting these values of a, 6, c in (1), 

2f yz 2gzx 4- 2hxy = 0 
or fyz -i- gzx + hxy = 0, 

which is the required equation. 

EXAMPLES 

1, Find the general equation of a cone of the second degree 
referred to three of its generators as axes of co-ordinates. 

[ P. U. 1945 ] 

2, Show that a cone of the second degree can be found to 
pass through any two sets of rectangular axes through the same 

origin. [ U. B. Sc. 1958 S ] 

Take one set OX, OY, OZ as the axes of co-ordinates, and 
let the direction-cosines of the other set OX', OY', OZ' referred to 
them be /j, ruit Ui j In, n 2 1 l.if n-^. 
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The equation of any cone thro' OX, OY, OZ is 

f yz-\-gzx --hxy — 0 ... (1) [ Art. ] 

If it passes thro’ OX', then (I) is satisfied by the direction-ccsincs 

^1# tij 

/mir/j + gnjy + /i/jm, = 0 ... (2) ■ [ Art. 8,S ] 

Similarly if the cone passes thro’ OY', 
then fni^n-i + -r hl.m. = 0 ... (3) 

Adding (2) and (3) vertically, 

/ = 0 ... (4) 

But miHi rngHj 4- = 0 

[ (Art. 58, (Dl ) V h, m,, n, ; L, m,, n-. ; 1.. m,. are 
the direction-cosines of three mutually .1 lines ] 
m,ni 4- = —mjiy. 

Similarly = ~njj, 

Substituting in (4), 

or /m„n 3 - gr(:,/a = 0 

from (1), the cone also passes thro' OZ', [ Conv. of Art. S8 ] 
I. e., the cone passes thro' OX, OY, OZ ; OX', OY’, OZ'. 

3. Prove that the equation to the cone through the co-ordi- 
nate axes and the lines in which the plane lx t my-i-nz ^ 0 
cuts the cone ax^ + by-+cz- t-2fyz 2gzx ^ 2hxy = 0 is 
l(bn2 f cm= — 2fnan)yz m(cl- 4an--2gnl)zx 

nfamH-bl' — 2hlm)xy = 0. [B.U. 1942 ] 

[The equation of the plane is /x -h m>' + nz = 0 ...(I) 
and that of the cone is QX' — by'-\-cz~ \-2j yz-\-2gzx-^lhxy = {) ...(2) 

The equation of any cone thro’ the lines of intersection of the 
plane (I) and the cone (2), whose vertex is the origin, is 

ax^-x by- \ cz--{-2fyz + 2szx+2hxy 

■■ (/xH my i nz)il'x4-m'y^n'z) = 0 ...(3) [ Art. 87 ] 

If It passes thro’ the x-axis, then (3) is satisfied by the direction- 
cosines 1, 0, 0 

a+//'=0 ...(4) 

Similarly if the cone passes thro’ the y-axis, 
then rmm'=0 ...(5) 
and if it passes thro’ the z-axis, 
then c4 nn’=0 .••(6) 

Find the values of T, m', n' from (4), (5), (6), and substitute 
them in (3). ] 
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Right circular cone. 

90. Right circular cone. Def. A right circular cone is 0 sur- 
face generated by a straight line which passes through a fixed point, and 
makes a constant angle with a fixed line through the fixed point. 

The fixed point is called the the constant angle the semi- 

vertical angle, and the fixed line is called the axis of the cone, 

EXAMPLES 

1. Find the direction-cosines of the axis of the right circular 

cone which passes through the lines drawn from 0 having direction- 
cosines proportional to (—1, 2, 2), {2, 2), {—2, 3, 6), and prove 

that the cone also passes through the co-ordinate axes. 

2. Lines are drawn from O with direction-cosines proportional 
to (L 2, 2), (2, 3, 6), (3, 4, 12) ; find the direction-cosines of the axis 
of the right circular cone through them, and prove that the semi- 
vertical angle of the cone is cos"^ 1/V3* 


91. Standard form. To show that the equation of the right 
circular cone whose vertex is the origin, axis the z-axis and 
semivertical angle a is x--f y 2 = 2 - tan* a. 

Let P(x, y, z) be any pt. on the cone, so 
that ^POZ — a ...(1) 

Now the direction-cosines of OP are pro- 
portional to X— 0, y-0, 2—0 (Art. 12), i,e*> 
proportional to x, y, z, 
and those of OZ are proportional to 0, 0, 1, 
from (1), 

fin ^ 

x(0)-h>-(U)-h^(l)' 0, 0, 1 

[Art. 13, (6), Cor. 2] 


^ ^Jy~^■x- 
z 

. 2 y*-!-x* 

or, squaring, tan* a='— -j- , 



or x*-fy*=z^ tan* a, 
which is the required equation. 

Note. Standard form. The equation x*-|-;^*= 2 * tan* a is the 
simplest form of the equation of a right circular cone, and may be 
called the standard form. 


•Why this step. As suggested by the result required to be proved, viz., 
tan2 a, wc have used the angle formula (tangent form) (Art. 13, (*), 

Cor. 2). 
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EXAMPLES 

1. Find the equation to the right circular cone whose vertex 

is P(2, —3) 5)) axis PQ, which makes equal angles with the axes, 
and semivertical angle is 30’, [ B. U. 1952 ] 

[ Let R(a:^ y, z) be any pt. on the cone, so that 

/_ QPR = 30" ...(1) 

Now the direction-cosines of PR are proportional to x--2, y f 3, 
z-5, and those of PQ are proportional to 1, I, I [Ex. 2, (6), Art. 10] 
from(l)/ 

rn. (x-2)l+(y+3) l+(a-5) 1 

or y^- = ^+^-4 

2 Vx^+y^+z^-Ax+ey-lOz+iS . V 3 

Square and simplify. 

Note. To expand (a-[-b-f*c | d)-, 

(a + b-f c+d)-=a-+h^+c®+d*'f- 2 (ab -f ac +ad -J-bc -(-bd -i-cd)*, ] 

2. Prove that -1-6=0 represents a right 

circular cone whose vertex is the point (1, 2, —3) whose axis is 
parallel to OY and whose semivertical angle is 45\ [ P(P). U. ] 

3. The axis of a right cone, vertex O, makes equal angles 

with the co-ordinate axes, and the cone passes through the line 
drawn from O with direction-cosines proportional to (1, —2, 2). 
Find the equation to the cone. [ P. U. I960 S ] 

[Note. Important. The semivertical angle, a., of the cone is the 
angle between any generator of the cone and the axis. 

Here the direction-cosines of the generator are proportional to 
I, —2, 2 ; and those of the axis are proportional to 1, L 1. 

. l(l)+(-2 )(l)-f2(l) I 

V(l)- + (-2f+(2)V(lf + (l)^ + (l)^ 3^3 

4. Find the equation to the right circular cone whose vertex 

is P(2, —3, 5), axis PQ, which makes equal angles with the axes, 
and which passes through A(l, —2, 3), [ p. U, / 95 J S ] 

5. Show that the equation to the right circular cone whose 
vertex is at the origin, whose axis has direction-cosines, cos a, 

•How to write this sttp. In order to find the sum of the products of tfie four 
quantities a, b, c, d, taken two at a time, take a with the following, with b, c. d, 
thus getting ah+aci-ad; 

now take b with the following, i.e., with c, d, thus getting hc-\-bd ; 

now lake c with the Le., with rf, thus getting «/. 

(Compare the footnote* on page 159.) 
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COS p, cos y, and whose semivertical angle is is 

(y cos y — z cos cos a — x cos y)* + (* cos ^ — y cos a)“ 

= sm®0 (x“4-y2-)-z“). [B, U* J953] 
[ (As suggested by the result required to be proved) Use the 
angle formula (sine form) (Art. 1 3, (6), Cor. 1). ] 

**6. The sum of the squares of the distances of a point from the 
planes x— 2 y+ 2^0 is equal to the square of its distance 

from the plane Prove that the equation of the locus of the 

point is y“H-2zx=0. By turning the axes of x and z in their plane 
through angles of 45^, show that the locus is a fight circular cone 
whose semivertical angle is 45'’. 


92. Equation to a cone with given vertex and given conic for base. 
To find the equation to the cone whose vertex is the point 
and base the conic 

f(x, y)=ax^4“2hxy +hy“-f 2gx-f-2fy +c=:0, z=0. 

The equations of the conic are 

ax^^2hxy-\~by-^2gx+2fy-^c=0, z=0 ...( 1 ) 

The equations of any line thro' (x, y) are 

I m n ^ ' 


It meets z—0, where 


X~x 


fj 


_ y~?__ y 


I 


m 


or 


or 


x— a— — 


x — x~ 


I 


n 

I 


Y* 


7/ 


y-?=- 


n 

rn 

n 


'A 


y=?- — Y' 


a(x 

\ 


n ' ' ■ n 

Substituting these values of x^y in (1), 

-4 40 


+ 2g ^a— y 2/ y )+c— 0 ...(3) 

Eliminating I, m, n from (2) and (3) ^by substituting their values 
from (2) in (3)], the locus of the line is 

+'■(*- Hy r )’ +!! (.- JE-" y ) + 2 / (s- V ) + "” 

or g^ — I (^^-vx){^z-Yy) ,f.(?>2-yyY 

iz—vY- ^ (2— y)~ 


{2-yy 
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or, multiplying thro 'out by (z— y)^ 

a{a.z—yxY-\- 2h{%z—yx){?jZ -yy) n-b{'iz-yy)- 

-y2g(ocz-yx){z—y)-r2f{^^z — yy)iz — y)+ciz-yY = 0, 

which is the required equation of the cone. 

[ Check. The equation of the cone is satisfied by the co-ordi- 
nates of the vertex (a, [i, y), and also by the equations of the base 
conic ax^-\-2hxy-yby~-\-2gx-\-2fy +c=0, z=0 thus, 
a{y.y — yx)^-y2h{y.y — y7.)(^^y — y^j) + b{'ly~'/^y 

^ ^si'^y-yy)iy~y)'^V i?'y~y?'){y~y)-^^iy~y)'—^ 

or 0 = 0; 

also putting z=0 in the equation of the cone, 

ay“jic''^ + 2/i'/'A:>’-f6y‘>^^T2gy-X'f2/y-y- cy- = 0 

or, dividing thro’ out by y’, 

ax2+2/jxy+V-^ 2gx -■ 2/y Tc = 0. ] 

EXAMPLES 

1. Find the equation to the cone whose vertex is (a, p, y) 
and base 

0) ax^a-by^ = l, z = 0; [ P{P), U. 1950 ] 

(nj = 4ax, 2 = 0. [ J. K. U. 1954 ] 

2. (a) Find the equation of the cone whose vertex is the 
point {r, [J, y) and whose generating lines pass through the conic 

=1, 2=0. [Bar, U. 1954 ] 

{b) The section of a cone whose vertex is P and guiding curve 
the ellipse -f-|. =1. ^=0 by the plane x=0 is a rectangular hy- 
perbola. Show that the locus of P is ^ =1* [P.U. 1954 5] 


' 3. Prove that a line which passes through the point (k, p, y) and 
meets the parabola z2=4ax, y=0, lies on the surface 

iliz-yyY = 4a (3~y) ([ix-ay). 

4 . Show that the equation to the cone whose vertex is the origin 

and base the curve 2~c, / (x, y)=0 is / =0. [P-U,] 

[ Proceed as in Art. 92. ] 

5. A cone has as base the circle r=0, x^-l y^ --- 2ax+2i)y — 0, 
and passes through the fixed point (0, 0, c) on the z-axis. If the 
section of the cone by the plane ZOX is a rectangular hyperbola, 
prove that the vertex lies on a fixed circle. [ B. H. U, 1954 ] 
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[ It will be found that the locus of the vertex of the cone is the 
curve of intersection of the surface 

c[x^ -f2ax +2hy\ — 2z{ax + fty) = 0 ... (A) 

and the sphere x~+y^+z--\-2ax-\-2by=0 •••(B) 

Substituting from (B) in (A)^ 

c(— z*) — 2z[ax + by) ~ 0, or —z{2ax + 2by -\-cz) =0 

2ax + 2by + cz—0. ' 

the locus of the vertex is the fixed circle 

x^^y'^+z--\-2ax-\-2by=0, 2ax-\-2by-{-cz=0. ] 

93. Tangent cone or enveloping cone. The locus of the tan- 
gents from a given point to a sphere (or conicoid) is a cone called the 
tangent cone or the enveloping cone from the point to the sphere 
(or conicoid). 


94. Equation of the {tangent cone ot) enveloping cone from a point 
to a sphere. To find the equation of the (tangent cone or) 
enveloping cone from the point (xj, yj, z,) sphere 

xa 4- y2 + 2* = 


The equation of the sphere is 

x-^y^+z^’ = a* ... (1) 

Let P be the pt. {x^yu ^i). 

Let Q(x, y, z) be any pt. on a tangent from P 
to the sphere. 

The pt. which divides PQ in the ratio k : 1 
( kx-Vx^ ky-'-y^ kz^z^\ 

V k-~\ ' k-r\ ' k + l ') ‘ 

If it lies on the sphere (1), then 



V . ( V , r kz+z^ 

K ^ K^k+r) ^ \~k^ ) = 

or, multiplying thro' out by (k + \)', 

{kx-i x,)^-r{ky-i-yi)^+{kz-\-z,)^ = {k-\-\y- a= 
or (*x+x,)=+(Ay-fyi)“+(;c^+ji)= - (/c+1)" a* = 0 
or k%x^-\-y--\-z~—a~) +2k{xxi-{-yyx~\-zzi—a''’) 



.... ^ , +(A:r+y,* + ^1— n”-) =0 ... (2) 

which IS a quadratic in k, 

PQ touches the sphere, the quadratic (2) has equal roots 

or (x-4-yH2-— a^) {xi-~yr-\-zi^~a^) = {xxi-\-yyi-\-zZi—ary ... (3) 

which is the required equation of the enveloping cone. 
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^.bridged notation. If S=x'^~y^-hz^-a~, so that S=0 is the 
equation of the sphere, 

so that S, is the result of substitutine the 
co-ordinates of the pt. (jr,, z^) in S, 

T=xx- +yyi-^zZi — Q-, so that T=0 is the equation of the tangent 
plane at {Xu Zi), then from (3), the equation of the enveloping 
cone is SS, =r= T-. 


[ Check. The equation of the enveloping cone (3) is satisfied by 
the co-ordinates of the given pt. (A:„>’,,r,) thus, 

(Xi^-ryi^-- zr-a~){xr -yr ^ z^^-a■)=ix^--^y^UrZ^-~a-)- 

or {x,"-yyr-rz{-^ar^=^ W - yr ] 

Note. Compare, in Analytical Plane Geometry, the equation 
of the pair of tangents (SSj=T^) from the point (x,, y,) to the circle 

S = 0. 


EXAMPLES 


1. Equation of the enveloping cone of a sphere [equation in the 
general form). Find the locus of the tangents drawn from 
the point (Xj, y,, z,) to the sphere 

y-’-: z2 : 2ux f 2vy I 2 w 2 r d =; 0. 


[N.B. The equation of (he enveloping cone from the point (Xi.y^, z,) 
to a sphere [or conicoid) is 

SS,=T% 

where S=0 is the equation of the sphere (or conicoid). 

Si is the result of substituting the co-ordinates of the point (x,, y,, j,) 
in 5, 

T=0 is the equation of the tangent plane at {x„ yi, ] 

2. Find the enveloping cone of the sphere 

x~ -i y- -1 z'^ -r 2x-2y 2 


with its vertex at (I, 1, 1). ^ (j^ ] 

The equation of the sphere is x--.\-y^-\-z- + 2x~2y~2~0. 

, , . , [FormS = 0 (/Voter/ifss'ep)] 

and the pt. is (I, I, I). ^ ^ 

Here S=x*+y-+ 2 *-l 2x-2y-2 ; Xi = l,yi=l, ^, = l 


St=(l)M(l)^-fi(ir+2(l)-2(l)-2=l-fl.H4 2-2-2.= l 
T=x(l)+y{l)+z{l)+2.i(x + I)-2.Hy-l l )-2 
= x-y-i-z+x + l-(y + l)- 2 = 2 x-i-z -2 

the equation of the enveloping cone is 
{x^-\y-\-z^-i-2x-2y-2) l=(2x+2-2)2 [SS.=T^ (Art. 94)] 

or x^-i-y-4-z^-f-2x— 2y-2 = 4xM-2^ l-4-|-42rx-4z-8x 

or 3x2-y2q-42x- I0x + 2y— 4z-f-6=0 ...(1) 
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[ Check, The equation of the enveloping cone (1) is satisfied by 
the co-ordinates of the given pt. (1, 1/ 1) thus, 

3(I)'-(l)"+4(l)(l)-10(I)+2Cl)-4(l)-t-6=0, or 0=0. ] 

3. Prove that the lines drawn from the origin so as to touch the 
sphere x~-\-y^+z^+2iix-{-2uy-\-2wz-]-d=0 lie on the cone 

d {x^+y^'yz^)={wc+vy-\-wz}-. [P. U, 1957 S] 

SECTION II 
TANGENT PLANE 

95. Equation of the tangent plane. To find the equation of the 
tangent plane at any point (Xj, z,) of the cone 

ax^ -f by^ -H cz^ 2fyz + 2gzx -\-2hxy — 0. 

The equation of the cone is 

ax--rby-+cz--T2fyz-\-2gzx-\-2hxy=0 ...(I) 

The equations of any line thro' (x„ yu ^i) are 

x-x,^y-y,_z-z, 

I m n ' 

Any pt. on this line is (Xi-f /r, yi+mr, Zi+nr). 

If it lies on the cone (1), then 

o{Xi4 /r)--h/)(yi-rmr)-+c(Zi+nr)= 

-i-2/O-i-f-mr)Ui-fnr)-|-2g{Zi-j-nr)(Xi-f-;r)+2A(Xi+/r)(>'i+/7ir)=0 

or r-{al- --bm'^ +cn“ +2fmn+2gnl -h2hlm) 

^2r[l{axr~hhyi~gz,)^m{hxi+byi+fzi)+n{gxi+fyi+cz^)] 

-b{axr-rbyi^-{-cZi~-r2fyiZi-\-2gZiXi+2hXiyi) = 0 ... (3) 

which is a quadratic in r. 

{xuyu^i) lies on the cone (1) 

ax,"-r6yr-|-cZi“-l-2/yiai+2g^iXi+2/iXiyi = 0 ... (4) 

♦ 

one root of the quadratic (3) is zero. 

If the line touches the cone, the other root is also zero. 

coeff. of r = 0, 

i.e., /(axi+ftyi-fgzi)+m{ftxi+6yi'f-/^i)4-n(gxi-r/yi+c2:i) = 0 ...(5) 
Eliminating h m, n from (2) and (5) [ by substituting their values 
from (2) in (5) ], the locus of the tangents is 

(x-xi) (axi+/iyt-i-gzi)-f (y-yj (ftXj-ffeyi+M) 

-f(r-Zi) (gxi+/yi-f-c2i) =0 
x{axi +/iyi -f g^i) +y(/ixi+5yi +/z,) +2(gXi4-/yi4-c^i) 

— (axi“-rfcyi^+cZj-+2/yiri+2gZiXi+2Axiyi) = 0 ... (6) 


or 
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Adding (4) and (6), 

x(aXj4hyi-fg2i)-l-y(hx,H-by,-ffzi)4-z(gx,-fy, + cz,} = 0 ...(7) 
which is the required equation of the tangent plane. 

[ Rule to Mrite down the equation of the tangent plane at 
the point (xj, yj, Zj) of a cone : See Rule of Art. 70, (6) and its 
footnote. ] 

Cor. 1. The tangent plane at any point of a cone passes 
through its vertex. 

[ the tangent plane (7) passes thro’ (0, 0, 0) ] 

Cor. 2. Generator of contact. The tangent plane at any point P 
of a cone touches the ccne along the generator through P. 

Let P be the pt. (x„ z,). 

The equation of the tangent plane at P to the cone is 

x{aXi'\-hy,-\-gz^)+y{hx^+byi^fz,)-^z{gXy+fy,-\-czi)=0 ...( 1 ) 

The equations of OP, the generator thro’ P, are 

X y z 

or — = -i- = — 

yi ^1 

Any pt. on OP is Q(Xir, y,r, z,r). 

The equation of the tangent plane at Q is 

x{ax,r-^hy,r-\-gz,r)-- y{hx^r-^by,r-yfzj)-{-z{gXir^fy,r + cz^r) = 0 

or, dividing thro' out by r, 

x(0Xi -f yihXi -vbyi-l fz,) +z{gXx -^-fy^ 4C2,)=0, 
which is the same as the equation of the tangent plane (Ij at P. 

the tangent plane at P touches the cone also at any pt. of OP, 
i.e., it touches the cone along OP. 

Note. Generator of contact. OP is called the generator of 
contact. 

EXAMPLE 

Points of intersection of a line and a cone. Find the points in 
which the line = ^ cuts the surface I l;t®- 5 y- 4 z 2 ^ 0 . 

[ P(P). U. J957 ] 

96. Notation. Important. It is convenient to use the followino 
notation : 

(1) D= a, h, g =abc-f2fgh— af2-bg2-ch2*. 

i h, b. f 


'Explanation. 


1 


J. 

C 


I a. 


R 

=(? (6c— y2j. 

~b{ch-fg)-\-g(tij-bs) 

h, 

b, 

f 



' g. 

A 

c 






=abc—af^-- 

ch'^-frfgh+fgh—hg'^ 




^abc-\-2fish 

-af^—bg^—ch^. 
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(2) A, C, F, G, H are the co-factors of a, b, c, f, g, h respecti- 
vely in the determinant K a, h, g 

; h, b, f 

1 S* /. c 

i.e., A = bc— P*, B=ca— C=ab—h^; 

F=gli-aft, G=kf-bg,U=fg-ch. 

[ V F= — {af~gh)=gh—af. Similarly for G, H. ] 

Cor. 1. BC-F^ = aD. 

Proof. BC-F- = ica~g-)iab~k^~)~{gk~af)^ 

=a-bc~cah^-~abg^-hg-h^—(g^h^- 2 afgh-haT^) 
=a'bc—cah'—abg’-^ 2 afgh—a-f- 
= a('a6c + 2/g/i— a/^— 6g-— cA')— qD, [From (1)] 
Similarly CA-G==6D, AB-H-=cD. 

Cor. 2. GH-AF = fD. 

Proof GH-AF=(A/-fcg)f/g-cA)-(6c-/-)(gA-a/) 

~f~gh — cfh- - bfg-^bcgh — [bcgh — abcj—j~gh -f-a/®) 
= 2j-gh - cjh- — bfg- abcf — ap 
=f (acC -f 2/gA— a/- — cA-)=/D. [From (I)] 
Similarly HF-BG-gD, FG-CH=AD. 

(3) P-^j a, h, g, u 

i h, b, f, V 

; g, f, c, w 

] u, V, w, 0 

= — (Au- - j-Bv'-t- Cw^ -f'2Fvw -i 2Gwu 4-2Huv). 

[ From Higher Algebra ] 

SECTION III 

A CONE AND A PLANE THROUGH THE VERTEX 
^*97. Angle between two lines in which a plane cuts a cone. The 

axes being rectangular, to find the angle between the lines in 
'vhich the plane ux -!-vy + wz — 0 cuts the cone 

f(^^ Ys z}=ax“-rby=-fcz2-i-2fyz+2gzx-i-2hxy = 0. 

The equation of the plane is ux-^vy-\-wz =0 ...(1) 
and that of the cone is ax^+by--\-cz^-F2fy2+2gzx-\-2hxy—0 ...(2) 

Let the equations of a line of section be = — * 

I m n 

•Remember: A=bc— f-’, and put down B, C cyclically, i.e., charging a lob, 
/} lo c. do a ; / to g, g to h, h to /, thus getting 

B=-ca— C=ab—h^» 

tRemember: Fs=gh—af, and put down G, H cycZ/cfl/Zv, i.e., changing a lob, 
h H) c, c 10 a ; f to g, g lo h, h to /, thus gelling 

G—hf-bg, \i^fg—ck. 
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m 


Then v it lies in the plane (1), 

it is _L to the normal to the plane 
ul + vm -h wn = 0 ... (3) 

Again V it lies on the cone (2), 

al~-^bm~ -\-cn^+2fmnn-2gnl-^2hlm ~ 0 ..-[A) (Art. 88] 
Eliminating n from (3) and (4) [ by substituting its value 

(^n=- ^ from (3) in (4) ], 


/ul-\-vm 


ar-+bm"-+c '—y+ljm + [^yy^y+lhlm =0 

or, multiplying thro' out by 

al-w-^bm-w--hc{ul~vm)~—2fmw{ul-{-vm)—2gIw{ul ^-um) 2hlmw'^=0 

or 1^{qw- cu-—2gwa) -{•2lm{cuv ~~^wu— svw -\-hw-) 

-rm-{bw- 4- cv‘ — 2fvu) = 0 

or, dividing thro' out by m~, 

I- I 

— , (aw- i cu-~2gwu) +2 — {cuu—fwn— gvw A-hw-) 


which is a quadratic in - 


I 


-\-{bw--tcv'—2fvw) = 0 ... (5) 


m 


[ Product of roots ] 
[ Sum of roots ] 


If li, m,, ; h, m^, n-, are the direction-cosines of the lines of 

section, then are the roots of the quadratic (5). 

^ li _ bw^A-cv- — 2fuw 
■* mi ’ ~ aw^A-cu-~-2givu ' 

b — ^cuv -fwu~gvw+hw-) 
mi ' mi~ aw-A~cu--2gwu 

. IJi 

'■ bw^ \ cv'~2fvw ~ cu-A-aw-—2gwu 

_ 4- l.m^ 

— 2{cuv—fwu -gi^wA-hw-) 

[ To find lim^—Lmi] 

_ [ f/img 4 - Lmj)* 

[4{cuv - fivu — gvw 4-/nv')^— 4(6iv'' -hcv- — 2fvw)[cu- -^aw^ — 2gwu)] ^ 

=» [Art. 96, (2)] 

2it'[ — (Au*4-Bv^4-Civ-4-2Fviv4-2Gu»u 4-2Hup) ]* 


*Expianation. 

The expression whose square root occurs in the denominator 

{Continued on page Jd2) 
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or 


2ivP 

hh 


... ( 6 ) 


[ Art. 96, (3) ] 


Ttt\T7l2 


bw- -\-cv^— 2fvw cur -f- aw^ — 2gwu 

( which from symmetry is further ) 

_ ^2 

“ av* + bu“~2huu 

( which from symmetry of (6) is further ) 
“ SuP “ 2 pP “ 2wP 

2/1/2 _ [2(min2— 

= t{b+c)u^-22fvw - [ 4 (u 2 +p 2 _^^ 2 )p 2 


[2(min2-/722nj)-]^ 


... (7) 


2(u2-|.y8-f.;V«)^ P 

if 0 is the angle between the lines of section, 

[ adding and subtracting from the 

denom. of L. H. S. ] 

cos 6 sin d 


^{a+b+c)u---l{au-^2fvw) 2{u^ -\-v^ +w^)^ P 

2(u=+i;2+w2)^ p 


or tan 


(a-r6 + C)(u2+y2+M;2)— /(u^ y, w) 


[ f {x, y, z)=ax^-rby^+C2^-\-2fy2-\-2gzx-^2hxy (Given) 

='Z{ax~-\-2fyz) 
f [u, V, w) ='Z{au^ -\-2fvw) ] 

{Continued from page 181) 

=4[c'-u2i;2 +g2i;2uj2 -^li^w* — Icfu-vw—lcguv^w + Ichuvw^ 

+ Ifguvw^ — 2fhuu^~ 2ghvw^ 
— {bcuV -]rab\v* — 2bguw^ +c^u- v- -f cav^w^—lcguv^w 

~2cfu~vw~2afvw^ -\-Afguvw - ) ] 
[Cancel and other such terms, and take the common factor 

w* outside the brackets ] 
—Aw~[pu^-^g‘^u^+h^w^-\-2chuv-h2fguv~~2fhuw 

—2ghvw~{bcu- -{-abw^—2bguw-{'Cav^— 2afvw + 4/^ui;)] 
=4 h; 2 [u 2( f -6 c) +p2(g2- ca) +^2(62-06) 

+2ui;(c6 ~fg) -^2vw{af—gk)-i-2wa[bg-hf )] 
= ~4w^iu^{bc~P)+v^ca~g^-) ^w^ab-h^) 

+ 2i;u>(g6 — af) +2wu{hf~ bg) + 2uv{ fg— ch) ] 
= -4w2[An2+Bi;2+Cu;2+2Fyn;+2Givu-f2Huy]. 
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•‘Complete result. If ^ is the angle between the lines in which 
the plane ux+vy-\-w 2=0 cuts the cone 

/ y> z) = ax^+by^-hcz'^-y2fyz-^2gzx+2hxy=0, 

2(u2+i,2+w,2)^ P 


then tan 0 = ± 


(a-i-6-fc) (u, v, w) 


For in (7), sin 0= ±[ ]- 

[ Complete angle formula (sine form) (Art. l3, (a). Cor. I) ] 

or [ 2 (m,n 2 — ± sin 0. 
from (7), 

cos 0 ± sin 0 

2(a+6+c)u2-S(auH2/M “ 2{a~+v^-+w^)- P 

ran - ± ^v)* 

[V f {x,y, z) = ax--^by‘-\-cz~-{-2fyzi-2gzx+2hxy (Given) 

= l{Qx-+2fyz) 

/ (u, V, w) = T{aa^-h2fvw) ] 

Cor. 1. Condition of perpendicularity of lines of section. The 

condition, that the lines in which the plane ux+vy+wz ~0 cuts the cone 

f{x, y, z) = ax^ -yby^ -ycz"^ ^2jyz +2gzx-\-2hxy=(^ 
may be perpendicular, is 

(a + b+c){u2+v=+w-) = f (u, V, w). 

If the lines of section are ±, 

0> the angle between them, = 90’ 
tan 0 = tan 90’ = co. 


{a+b^c){u--rv^+w^)—f{u,v,w)~°^ ^ ^ 

the denom. {a-\-b-\-c){a'^~{-v^-\-w~)—f{u, v, hj)= 0 
or (a-l b-f-c)(a-+v2+w2) = f (u, v, w), 
which is the required condition. 

Cor. 2. Condition of perpendiinilarity of a pair of lines. 

The condition, that the lines whose directzon-cosmcs are given by 

ul+vm+wn=0, f{l, m, n)=al--\ bm'-\-cn^-^2fmn-\-2gnl+2hlm=0 
may be perpendicular, is 

(a-}-b-f-c)(u2+v*+w*) = f (u, V, w). 

[ From Art. 97, (3), (4), and Cor. 1 ] 
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EXAMPLES 

1. Find the angle between the lines of section of the plane 
6x— y— 2z = 0 and the cone lOSx®— Ty®— 20z==0, 

The equation of the plane is 6x—y—22=0 •••(1) 

and that of the cone is 108 x®— 7_y°— 202 ^— 0 ...(2) 

X y z 

Let the equations of a line of section -y = • 


Then *.■ it lies in the plane (1), 

it is X to the normal to the plane 
.*. 6/— m— 2n=0 ...(3) 

Again *.* it lies on the cone (2), 

/. I08l^-7m^-20n^=0 ...(4) t Art. 88 ] 

[ Compare Ex. 1 1> Art. 13, (6) ] 

Eliminating n from (3) and (4) [ by substituting its value 

108/=-7m2-20 y =0 


or 

or 

or 




7m--5 (36l=-12/m+m2)*0 
~12l--^60lm—\2m-=0 
6 /*— 


[ Cancel (— 12) ] 


t.c., 

also 


•\/25m“ — 24m- 

5m±m 

m m 

— or — 

12 

12 " 

2 3 

21— m =0 

t or 

2l~m =0 

2/— m+0.n=0 

\ Ue., 

3;-m-f0.n=e 

(\l—m — 2n =0 

! also 

6/-m-2n =0 [From (3)] • 


m 


n 


I 


m 


n 


•• 2-(-0;~ 0-(-4; ""-2-(-6)! *• 2-(-0) 0-(-6) -3- (-6) 


or 


or -7- = ^~ = 


m_ 

4 

m 

2 


n 

T 

n 

2 


or 


1 

2 


UL 

6 


n 

T 


the direction-cosines of the lines are proportional to 
1,2,2; 2,6,3 

if 0 is the angle between the lines, then 
cos«=-^. 1(2) +2(6) +2(3) 


V(I)“ + (2)H(2)‘= V (2)“+(6)“+(3)2 

Qa-+ 66; +cc ' _ ,3 

/a:‘+b'-+c'‘ J 


[ 


20 

3(7) 


20 

21 


vc-+6‘^+c2 Va'*+d'-+c' 
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«=cos-‘ ^ . 

2. Find the angles between the lines of section of the 
following planes and cones : 

(0 3x + y+5z = 0, 6yz-2zx-r5xy = 0 ; [ p{p). jg^j i 

(li) 3x-2y+z = 0, 5x^-3y= 7z^-20yz -36zx 2xy = 0. 

3. Show that the angle between the lines given by 

X -- y n z = 0, ayz -t-bzx ^ cxy ^0, 

IS Tt 2 jf a -j-b -1 c=0, but “3 ifla-f-lb-lc^O, [ U 1941^ 

4. Find the angle between the lines given by 


x+yz^O, 

Q — T r— 


yv 


y 


2x 


-L ^ =0 

g-r r—p p-q 

5. Find the equations to the lines in which the plane 

■y— z=0 cuts the cone 4x- — y--{-3z-=0. [ P{P), IJ. J958 S ] 


98. Condition of tanoency of a plane and a cone. To 6nd the 
condition that the plane lx-| my i nz = 0 may touch the cone 

ax-'i-by- f cz= ^ 2 fy 2 ; 2gzx : 2hxy = 0, 

[ Method of point of contact. ] 

The equation of the plane is Ix-my ■ nz=0 ...(1) 
and that of the cone is ax~ by- ~-cz‘ -'rlfyz -\-2gzx-\-2hxy~0 ...(2) 

Let {Xi, y^, Zi) be the pt. of contact. 

The equation of the tangent plane at (x„ y^, ^,) to the cone (2) is 

x{aXi+hy,-\ gz,) l-yihx, --by^-rfzi) : -f/Vi =0 ...(3) ' 

[ Art 95 ] 

V it is the same as the equation of the given plane (1) * 

comparing coeffs. in (3) and (1), 

0Xi- hyi4gZi hxx-'rbyri fzi gx^+fy,-i-cz, , , 

/ m - " ■ tt 

aXi-\^hyi4-gZiHk = 0 ...(4) 
hxi-\ byi-\-fzi---mk=0 ...(5) 
gxi-^. fyiyczi-. nk=0 ...( 6 ) 

(XuPi, 2i) lies on the given plane (/) 

Ixi '\ myi-\~nZi=0 

lXi^-myi-\-nZi-\-0.k=Q ...(7) 

Eliminating k from (4), (5), (6), (7), 


Also 


or 


[ Note this step ] 


o, K g, I 

h, b, f, m 

S' // c, n 
I' m, n, 0 


=0 


„a, k lo .void ncgaiivc si^ns in ihe rqva.ionv (4), 

(See Inc fuolnoic on page 110.) ® 
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or -(AZ“-{-Bm 2 +Cn=-!- 2 Fmn+ 2 GnZ+ 2 H/m )=0 

or AF+Bm2+Cn2^2Fmn-L2Gnl4'2Hlm=0, 

which is the required condition. ^ , 

where A, B. C. F. G. H are the co-factors of a. 6. c. /. g. h in the 

determinant i a. hp i 

hp hp f 

i.e.p A=bc-f-p B = ca-gK C=ab—h- ; 

'F=gh-~afp G~hf—bgp H=/g— eft. 

Reciprocal cone. 

99. Reciprocal cone. Def. The locus of the normals through 
the vertex of a cone to the tangent planes is another cone called the 

reciprocal cone. 

100. Equation of the reciprocal cone. To find the equation of 

the cone reciprocal to the cone 

flx- - 1- by- +cz~+2fyz ^2gzx ■\-2hxy = 0 . 

The equation of the cone is 

ax- \-bv~-^-cz~ + 2fyZ‘^Ag~x-^2hxy=^ ..-(I) 

The equation of any tangent plane to the cone (1) is 

lx my + ...(2) 

where A/’ -Brn'-f-Cn— 2Fmn-f 2Gnl-!-2H/m=0 ...(3) [Art. -98] 
The direction-cosines of the normal to the tangent plane (2) are 
proportional to I, m, n 

the equations of the normal thro’ the vertex (0. 0. 0) are 

X— 0 V— 0 2—0 

I m n 

z—z 


rx~x,^y-yr 
a b 


(Art. 37. Cor. 1) 


or 


X 


^ A ...(4) 


I m n 

Eliminating /. m, n from (3) and (4) [by substituting their values 
from (4) in (3)], the locus of the normals is 

Ax- By= 4 -CzH 2Fyz -l-2Gzx-i-2Hxy=0, 
which is the required equation of the reciprocal cone. 

Note. Why the name “reciprocal” cone. The locus of the 
normals thro' the vertex to the tangent planes to the cone 

ax~‘hby--\-cz--\-2fyz-\-2gzX'r2hxy^0 ...(1) 

is the cone Ax-+B4'“+C2--[-2Fyz+2G2x+2Hxy=0 ..-(2) [Art. 100] 
Also the locus of the normals thro’ the vertex to the tangent 

planes to the cone (2) is 

AV-+By+C'j--f2F>2-i-2G'2xT2H’xy=0 ...(3) 
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where A'=BC— F-=aD, and so on ; 

F'=GH— AF=/D, and so on. [Art. 96, Cors. I and 2] 

(3) becomes aDx- : bDy~~cDz--\2fDy2T2gDzx-,-2hDxy^o 
or, dividing thro’ out by D, ax-~by--^cz-~r2fyz —2gzx -.-2hxy=0, 
which is the cone (1). 

Thus the two cones (I) and (2) arc such that each is the locus of 
the normals thro’ the vertex to the tangent planes to the other, hence 
they are called reciprocal cones. 

Reciprocal cones. Def. Two cones, which are such that each 
is the locus of the normals through the vertex to the tangent planes 
to the other, are called reciprocal codcs. 

EXAMPLES 


1. (fl) Define reciprocal cones. 

(6) Prove that the cones 

•1 

ax"-fby'-}-cz-=0 and 


[ P. U. 1955 ] 



are reciprocal. [ Bar. U. 1955 ] 

2. Prove that tangent planes to the cone fyz • gz.\-rhxy = 0 
are perpendicular to generators of the cone 

• fV-T g-y- i h-z'- 2ghyz-2hfzx^2fgxy^0. [D.V.H. 1952] 

3. Prove that perpendiculars drawn from the origin to tangent 
planes to the cone 2x-T-3>’--: -lrM-2>’z-;--}jx-“6xy=0 he on the cone 

1 1 X- -f Ay - - 32- -r '>f>yz - Oax - 20xy = 0. 

4. Show that the general equation to a cone which touches 
the co-ordinate planes is 

a2x2+b^y2 + c222-2bcyz*2cazx-2abxy=0. [/. & K. U. 1956 ] 

5. Prove that the equation \/ fx +\/jty lu =0 represents 

a cone which touches the co-ordinate planes, [ P. U. 1056 ] 

and that the equation of the reciprocal cone is fyz-f gzx a-hxy = 0. 

( V. j 

6. Show that any two sets of perpendicular planes which meet 
in a point all touch a cone of the second degree. 


SECTION IV 
INVARIANTS 


101. Invariants. lfax-A-by^-iCZ^'i-2jyz-]-2gzxT 2hxy is trans- 
formed by any change of rectangular axes, the expressions a - b ^ c, 
A-. B-l C, D remain unaltered in value. 

(i) If only the origin is changed, the axes remaining 'I to their 
original directions, the coeffs. of the second degree terms, 
i.e., a, b, c, /, g, h remain unchanged, [ Art. 55, Cor. 2 ] 
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a+6+c, A+B+CC=6c-f 

^{—abc+^fgh—af '^—bg^—ch-) remain unchanged. 

(a) If only the axes are changed (remaining rectangular), the 
origin remaining the same, let 
ax--rby~+cz~ + 2fyz-\-2gzX'\-2hxy be changed into 

a'x^+bY-\-c’z^+2f'yz-\r2g'zx^2Hxy. 
*.* -r;^' -r 2 * remains unchanged 

[being= square of the distance of the same pt. from the same origin] 
ax- H“ by- -H cz- + 2fyz -f- 2gzx + 2/ix:_y— A(x“-r>''-f 2 ^) (0 

is changed into 

a'x^^ b'y-^c'z- + 7f'yz + 2g'zx-\-2h'xy-X{x--\-y'^z^) ... (2) 
If (1) is the product of two linear factors for some value of A/ 
then (2) is also the product of two linear factors for the same value 

of A. 

Now (1) is the product of two linear factors if 
(a-A){6-A)(c-A)+2/gA-(a->.)/'-(6-A)g2-(c-A)A^ = 0 

[ ahc^-2jgh-Qr—bg-~ch- = 0 (Art. 35, (a)) ] 
or, multiplvins thro' out by —1, 

(A-a)(A-6)(A-c)-2/g;i+(a-A)/2+.(6-A)g2-^(c~A)/i“ = 0 , 

or A^ — A"(a r6- c)-i-A(6c-rca-f-a6— /-— g-— A') 

~(abc+ 2 fgh—af-—bg'—ch-) = 0 
or A3-A-(a- b fc)4-A(A+B-i-C)-D = 0 ... (3) 

Similarly (2) is the product of two linear factors if 
.V^_,V(a'-; b'- c‘) -i-A(A'4-B'-C')-D' = 0 ...(4) 

Tlie ciibics (3) and (4) in A have the same roots 

equating coeffs., [ '.* coeff. of in each, = 1 ] 

a-\ b rc = a'46'+c', A + B-fC-A'-B'+C', D=D', 

} c.. a-r ^-r c, A-rB-hC, D remain unchanged. 

{Hi) /. from ( 1 ) and (n), for any change of rectangular axes, 
a--b-rc, A-fB : C, D remain unchanged. 

Cor. Practical form. If, by a change of rectangular axes, origin 
remaining the same, a x-^rb y-^c z-+2f yZ’{-2g zx-\-2h xy 
is changed into a'x-^b'y- -^-c'z^+lf'yz +2g'zx -t- 2h'xy 
then a-i-b-|-c = a'+b'-{-c', 

A^BfC == a;+b uc, 

i.e., bc-f--l-ca~g^-hab-h^ = b'c'-P-hc'a'~g'^-ha'b'-h'"-, 

D = D', 

/.e., abc-i-2fgh-aP~bg~-ch^ = a'b'c' +2f'g'b'~a'p-b'g'^~c'h'-. 

Note. Invariants. Since, the expressions aH-64-c, A+B+C, 
D remain unchanged in value by any change of rectangular axes, 
they are called invariants. 
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102 . Condition that a cone may have three mutually perpendicular 

generators. To find the necessary and sufficient condition that a 
cone may have three mutually perpendicular generators. 

Let the equation of the cone be 

ax^ +by- -\-cz^ -yljyz -\ lgzx —Ihxy ~ 0 ... (1) 

(0 [ To find the necessary condition. ] Lee the cone have three 

mutually J_ generators. 

(To find the condition. ) 

Take the three mutually L generators as the axes. Then the 
equation of the cone becomes f'yz-hg'zx \-h'xy = 0 ... (2) [Art. 8-)] 
from (I) and (2), by invariants^ 

a . c = a'-r^'+c' [ Art. lOI, Cor. ] 

= O-T-0+0 

or a + b I c= 0, 

which is the required necessary condition. 

(t'O { To prove that the condition is sufficient.] Let i-i-c=0. 
(To prove that the cone has an infinite number of sets of three 
mutually X generators. ) 

Take any generator as the x*axis# and let the equation of the 
cone become 

a'x^ + -f 2f'yz H- 2g'zx h 2h'xy = 0 ... f."!) 

it passes thro' the x-axi.s, (.^) is satisfied by the direction- 
cosines I, 0, 0 [ Art, 88 ] 

a -- 0. 

the equation (.^) becomes 

b'y--hc'z’ • 2f-yz-2g'zx - Vi xy - 0 ... (4) 

Now from (1) and (4), by invariant.s, a -b+c ~ b'-hc'. 

But a-f-A+c == 0 (Given), b' c‘ = 0 ... (5) 

The plane thro' the vertex _L to the x-axis, the >'Z-plan 
i e., x—O meets the cone (4), where 

b'y'- cz~ - If'yz = 0, 

which is the equation of the lines of section in that plane. 

But b'-rc' = 0 (Proved in (5)), 

by Analytical Plane Geometry the.se lines are X. 

.*. the cone has three mutually X generators. 

Furth« any generator has been taken as the x-axis 

the cone has an infinite number of sets of three mutually L 

generators 

**Cor. If the general equation of the second degree, viz.. 
ax^Xby'^Xcz--^ 2 fyzX 2 gzx+ 2 hxy \-2ax-r2vy-\-2wzXd = 0 
represents a cone, then the necessary and sufficient condition, that it may 
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have three mutually perpendicular generators, is 

a+b-f-c = 0, 

Proof, The equation of the cone is 

ax^-\'by"-\'CZ“+2fyz'^2gzx-\-2hxy~\-2ux-r2vy+2wz-]-d—0 ...(1) 

Changing the origin to the vertex, the equation becomes 

ax~^by^-{-cz--{-2fyz-\-2gzx+2hxy=0 ...(2) 

[ *.* the coeffs. of the second degree terms remain unchanged 
(Art. 55, Cor. 2), and the equation becomes homogeneous (Art. 87) ] 
Now the necessary and sufficient condition that the cone (2) may 
have three mutually _L generators is 

a-\-h-\-c—0, 

the necessary and sufficient condition, that the cone (1) may 
have three mutually J_ generators, is 

a +6 “|"C=0. 


EXAMPLES 

1 . If a right circular cone has three mutually perpendicular 
generators, the semi-vertical angle is tan“^ \/2, [P. £/. 1961 '\ 

Let the equation of the rt. circular cone be 

x~+y-=zU3in’x [Art. 91 ] 

or A=-r>»“— r- tan- a=:0 ...(1) 

If it has three mutually J_ generators, then 

1 + 1— tan’a=0 [ a+6+c— 0 (Art. 102) ] * 

or 2— tan-a=0, or tan-a = 2, or tan a=-v/2 
a=tan‘^V2. 


2. Prove that the plane ax+by+cz=s0 cuts the cone 
} z-f zx+xy = 0 in perpendicular lines if 

[ P(P). U. 1955 S ] 

The equation of the plane is 

ax-\-by-\-cz = 0 ... (I) 
and that of the cone is yz-\-zx-\-xy = 0 ... (2) 

[ Compare it with ajc-+6y-+cz“+2/y2+2g.?x+2/?x^=0. ] 

Here ''a+6+c'’ = 0+0+0=0, 

.*. the cone has three mutually J_ generators [ Art. 102 ] 

.*. the plane (1) cuts the cone (2) in X lines if the normal to the 
plane (1) thro' the vertex, (direction-cosines proportional to a, b, c), 
lies on the cone (2) 

I.C., if ' 6c+ca+a6 = 0 [ Art. 88 ] 

or, dividing thro' out by abc, ^ H- = 0* 


MISCELLANEOUS EXAMPLES ON CHAPTER VIII 


)9I 


Art. 103 ] 


3. Show that the two straight lines represented by the 
equations ax + by ^cz^O, yz -zx 4 xy = 0 will be perpendicular 

if i- = 0 . [P.u.m2] 

a ' b c 

4 . Prove that the plane lx -\-my --.-nz = 0 cuts the cone 

{b-~c)x^~{c-a)y'^{a-b)z--\-2fyz-\ 2^zx -Ihxy = 0 

in perpendicular lines if 

{b-c)l■^\-{c-a)rn'^-{a-b)n--\^2jmn-\ 2snl^2hlm = 0. 

[P,U. 1940 S ] 

5 . If _ y.. represent one of a set of three mutually 

perpendicular generators of the cone 5yz — 8zx — 3xy = 0, hud the 
'equations to the other two. [ P • U. 1954 S ] 

6. Show that the cone wliose vertex is the origin and which passes 
through the curve of intersection of ilie surface 2x’—y~r2z---jci'', 
and any plane at a distance ti !rom the origin, has three mutually 
perpendicular generators. 

103, Condition that a cone may have three matuany perpendicular 
tangent planes- 'lo prove that the necessary and sufficient condi- 
tion, that the cone ax- ■ by— cz- 2fyz 2gzx--2hxy=:0 may have 
three mutually perpendicular tangent planes, is 

A 1 C , C-0, 

where A=.bc-fS B-ca g% C=ab-h=. 

The equation of the cone is 

ax- t by- - cz- -: 2/y^4-2gzx : 2hxy-=0 ..-(I) 

that of the reciprocal cone is 

Ax- i By-'i Cj- , 2Fyz-. 2Gzx \-2Hxy=0 ...(2) 

The necessary and sufficient condition, that the cone (1) may have 
three mutually .!_ tangent planes, is that ilic reciprocal cone (2) may 
have three mutually L generators 

i.e., A-fB i-C-0. ^ c-0(Art. 102) J 

EXAMPLE 

Prove that the cone ax- by- cz- ; 2fyz i 2gzx | 2hxy = 0 
has three mutually perpendicular tangent planes if 

be , ca ' ab f-' ' g'^ i [ P(P). a. H. 1955 ] 

MISCELLANEOUS EXAMPLES ON CHAPTER VIII 
1. Find the equation of the cone whoso vertex is the origin 
and which passes through 

(l) the circle z — 2 and x- y-^4, [ P. U. ] 

(it) the curve of intersection of the plane ax • by + cz |-d = 0 

and the surface zx- -f '>y- -f ^ ^ ] 
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{Hi) the intersections of the two spheres 

x^-ty-+z^-\-y-~2=Q. [P-U.] 

[ {in) The equations of the spheres are 

x^-hy^+z^~x~l=0 ...(1) 
x24-yH2--t-r-2=0 ...(2) 

(To obtain an equation of the first degree in x,y,z from (I) 

and (2).) 

Subtracting (2) from (I), 

— X— y+l=0, or x+y— I— 0 ...(3)' 

The intersections of the spheres (I) and (2) are the same as those 
of the sphere (1) and the plane (3). Now make (I) homogeneous by 
means of (3). ] 

2. Cone represented by the general equation of the second 
degree. 

Prove that if 

z)=ax^^by--\-cz~-y2fyz+2gzx-\-2hxy+2ax-\-2vy-\-2wz+d~0 
represents a cone, the co-ordinates of the vertex satisfy the equations 
F^ = 0, F:~0, F(,=0, where t is used to make F{x, y, z) homo- 
p,eneoas and is equated to unity after differentiation. [ P. U. 1944 S J 

Let ax- ■yby--rCZ^~2fyz-r2gzx-\-2kxy~\-2ax-i-2vy-^2wz+d=0...{l) 
represent a cone, and (Xi, yj, Zi) be the vertex. 

Changing the origin to (xi, y„ Zi), (1) becomes 
-rXi)S-6(y +yi)= -yc{z -yz^f 

+ 2/ (y+yi)(2+a])-l-2g(a-fa,)(x+Xi)+2/i(x+Xi)Cy+y,) 

+2u(X't-xd+2v(y+yj)4-2w(a+2i)-t-d=0 

or ax'- -rby--rCZ‘-t2fyz+2gzx-\-2hxy 


-~2[x{axi^hyi^gz, -f a)-fy(/ix,-h6yi+/zi+i;) ■yz{gXi-\-fyi+czi-yw)] 

(ax,- -hfiyr -l-czy- -\-2fyiZi-^2gZiXi +2/iXjyi +2iiXi -j-Zvyi -yiwzi-yd) = 0 

...( 2 ) 

the new origin is the vertex, (2) is homogeneous. [Art. 87] 
coeff. of x=0, coeff. of y=0, coeff. of z—0, constant term=0. 


i-c., axi+hyi'ygzi^u=0 ...(3) 

hXi-\-byi_-\~fzi+v=0 ...(4) 
gXi-\-fyi+czi-\-w=0 ...(5) 

axr+byi-+cz^=+2fy,z,+2gz,x^+2kx,yi+2ux^ + 2vyi+2ivzi+d=0...{6) 
From (6), 


Xi(axi+Ayi +^^i-f«)-i-yi(/;x,+6yi-f/ai+v)+Zi(gXi+/yi-}'Cri+w) 

-j-uxi+ryi +ivzi+d=0 

cr, substituting from (3), (4), (5), 

Xj (0) + yi(0} -f -^i(O) +uxi -f pyi -i- wzi H-d= 0 
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or uXi-hvyi-^wzi-\-d=0 ...(7) 

Now F(x, y, z)=ax--\~by'^-\-cz~-\-2fyz-\-2gzx^2hxy+2uX‘h2vy-{~2w2 -\-d- 
Making it homogeneous in x, y, z, t by introducing proper 
powers of t, 

F{x,y,z,t)=^ax--\-by--\-cz^r^2fyz-\-2gzx-\'2hxy-\-2uxt-t2vyt-h2wzt-^dt\ 
Differentiating partially w.r.t. x, y, z, t, 

F^=-2 (ax -\-gz -\-hy+ at), = 2{by -j-fz +/ix -f- vt), 

F. = 2(cz + fy -rgx -f m), F, = 2{ux -\-vy~wz +dt). 

Putting r=l in these^ and equating to zero, we get 

ax-\-ky-^gz-\-u=0, hx+by-^fz+v=0, 
gx-\'fy+cz-\-w=0, ux-\-vy-\-wz-\-d=0. 
from (3), (4), (5), (7), the co-ordinates of the vertex (xi, y^ z,) 
satisfy F^=0, Fv=0, F,=0, F,=0, where t is put =! after differen- 
tiation. 

Cor. 1. To find the condition that the general equation of 


the second degree in x, y, z may represent a cone. 

Eliminating Xj, y^ frou^ (5)/ (‘^)/ (-h i?)> 


a, h, g, a =0, 
h, b, f, V I 

A c/ ^ : 

u, V, w, d 

which is the required condition. 

Cor. 2. To find the co-ordinates of the vertex. 

From (3), (4), (5), - 

xi _ -y, _ . _ Z. 


h. 



a, 


u , 

a, h, u 

; a. 

h. 

g 

b. 


1 

1 

h, 

A 

V 

' h, b, V 

h. 

b. 

f 

!/. 

c, w 



c. 

w 

g> f> 

1 g> 

f. 

c 


which give the required co-ordinates (Xj, yi, z^) of the vertex. 

[ Rule to prove that a given numerical equation F(x, y, z)=0 
represents a cone, and to find the vertex of the cone : 

(a) ( To prove that the equation represents a cone. ) 

(i) Make F{x, y, z) homogeneous in x, y, z, t by introducing proper 
powers of t, and get F{x, y, z, t). 


(h) Find 


cF iF dF iF ^ 
Jx' dy' dz ' er 


^ , f ?F oF dF dF 

(in) Put t = I, and equate each of - , -- / -- / — 

'' fj X oy 0 z cl 

(iv) Solve for x, y, z any three of the four equations, 

three equations obtained in step (in). 


to zero, 
say, the first 
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the cone F \ -- 

X 


[ Ag. U. 1947 ] 


(v) Substitute these values of x,y, z in the fourth equation of step 
{in), and show that it is satisfied* 

(b) (To find the vertex.) 

The values of x, y, z found in step (tV) are the co-ordinates of the 
vertex* ] 

3. Prove that ax^-\-by--hcz--{-2ux-r2vy-\-2wz-\-d=0 represents 

a cone if u^la-\-v'lb'}-W’lc — d* [ P{P)» U. H* 1951 ] 

4. Prove that the equation 

(i) 2y“ — Syz — 4zx— 8xy +6x — 4y — 2z-}-5=0 represents a cone 

whose vertex is (—7/6, 1/3, 5/6). [ D* U. H. 1950 ] 

(iz) 7x--f 2y2-j-2z“ — lOzx -j- lOxy 4-26x— 2y +2z — 17=0 represents 
a cone whose vertex is (I, —2, 2). [ P*U. B. Sc. 1961 ] 

5. OP and OQ are two straight lines that remain .at right angles 
and move so that the plane OPQ always passes through the ^-axis. 
If OP describes the cone ¥ {ylx, zix)—0, prove that OQ describes 

z zxJ) 

6. Most general form. Find the equation of a right circular 

cone whose vertex is (a, % y), semivertical angle and axis has 
the direction-cosines 1, m, n, [ J- dc K* U* 1953 ] 

Let A be the vertex {v.,%y), 
and AN the axis (direction-co- 

sines 1, m, n). N 

Let P{;c, y, z) be any pt. on 
the cone, so that Z NAP=0...(I) 

Now the direction-cosines of AP are proportionjil to x—v.,y~^, 
z—y, and those of AN are proportional to I, m, n. 
from (1), 

cQ^e= _ix^^)lj-{y^)m±{z-~y)n 

\ ''(X - + ( y - . f- (^ _ y)2 V P 

[But l--T/n"-fn-=l (■/ I, m, n are actual direction-cosines (Given))] 

^ (x - sQ Nf ( y — -4- (g - y)n 

V(x-a)2 

or, squaring, 

[ (x~a)I-f(3;-p)m+(z-y)n]2=[(;c-.a)=-}-(_y-p)=-f(^_y)2] cos^ e, 

which is the required equation. 

7. General form* Show that the equation of a right circular 
cone whose vertex is the origin, semivertical angle a, and axis 

♦ X y z ' 

the line -j- = — = — (1, m, n actual direction-cosines) is 

(Ix-hmy-hnz)2 = (x^+yS-i-zS) cos* a. [ P*U. 1956 S] 
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8. Find the equation of the right circular cone whose vertex 
is at the origin, whose axis is the line x l=y 2 = z 3, and which 
has a vertical angle of 60". [ Gujarat U. 1950 ] 

Show that the sections by planes parallel to x - 0 are hyper- 
bolas and by planes parallel to y = 0 and z^O are ellipses. [L.O.] 

**9. Show that ^3x-~^\3y^~95z~~\A4yz-96zx- repre- 

sents a right circular cone whose axis is the line 3x^2y=z. Find 

its vertical angle. [ p. fy, 5 j 

**10. If ax-d-by+cz“-|-2fyz-;-2g2x-f 2hxy = 0 represents a right 
circular cone of semi-vertical ansle a. 

gh hf fg /gh hf fg. 

■r -“= 7 -•> = h- ( f - 7 - h J - 

Cor. Conditions for a right circular cone. The conditions, that 

the equation ax~-^by'^+cz'^-\-2fyz-\-2;izx-t 2hxy=0 may represent a right 

F G H 

circular cone, are ~ , where F, G, H are the co -factors of 

f, g, h in the determinant a, h, g , 

h. b, f , 
f. c \ 

i. e., F=gh-af, G=hf-hg, U=fg~ch. 

11. If a is the semivertical angle of the right circular cone which 
passes through the lines OX, OY, x=y=z, show that 


cos x=(9-4v/3)‘^ 

12. The axis of the right circular cone, vertex at the ori<^in. 


{lu 

m^. 


is 

0 , 

U 


1 

X, 

lu 

u. 

h 

yr 

Tfl^0 



Z, 


^ 2 / 



= 0. 


[ P. U. B. Sc. 1961 j 

13. Prove that the line x=pzH-^,y^rz-f 5, intersects the conic 

r=0, ax'^-\ by^=\, if ag^-:-6s==I. [ p. t/. /gv 7 ] 

**Hence show that the co-ordinates of any point on a line which 
intersects the conic and passes through the point (a, [j, y) saiisly the 
equation a{yx -7.z)'-i-b(yy~^iz)'^=(z — y)^. 

14. The vertex of a cone is (a, b, c), and the yz-plane meets it in 
the curve /(y, j)^ 0 , x= 0 . Show that the Jx-plane meets it in the 
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curve 




cx— 

X 


— a / 


**15, Two cones pass through the curves 

y=0, z^=4ax ; x=0, z^=4by, 

and they have a common vertex. Show that if the plane z=0 cuts 
them in two conics which meet in four concyclic points^ the vertex lies 
on the surface z^{x!a-{-ylb)=4{x--\-y-). 

16. Find the equation of the cone with vertex at the origin and 
generators touching the sphere x*'f-y®'fz"—2x+4z—l. 

r Sind U. 1950 1 


♦*17, Find the equation of the planes through the z-axis and the 
lines of section of the plane ux-Tvy+wz=0 and the cone 

/ y/ z)^ax--hby--\-cz-^2fyz-r2gzx-\-2hxy=0, 

and prove that the plane touches the cone if P=0. 

[Note. P2=-{Au-+Bi;2+Civ2_^2FvH;+2Givu+2Hut>) (Art. 96,(3)). 
For simplification see the footnote on page 181.] 

18. Find the equation of the cone generated by straight lines 
drawn from the origin to cut the circle through the three points 
(1, 0, 0), (0, 2, 0), (2, 1, 1) and prove that the acute angle between 
the two lines in which the plane x=2y cuts the cone is 



[ Ag. U. 1937 ] 


**19. Show that the plane ax -j- by + cz == 0 cuts the cone 
yz-rzx Txy=0 in two lines inclined at an angle 


tan 


-1 


{(a^ 'i:c=}(a* + 6= +c2 - 26c- ^a- 2a6)P 

6c-;-ca-ra6 


], [p.u.H.mi] 


and by considering the value of this expression when a+6-fc=0, 
show that the cone is of revolution, and that its axis is x=y=z and 
vertical angle tan“^ 2\/2. [ P. U. H, 1958 ] 

[When a-i-6H-c=0, (aH-^»+c)® = 0, 
he., a--i-6-+c“H-26c-h2ca-r2a6=0, or 26c4-2ca4-2a6= — (a^-f 

It will be found that the acute angle between the two lines of 
section=tan“^ 2\/2, which is independent of a, 6, c. 

any plane thro* the line x=y=z cuts the cone in two lines 
the angle between which = tan~^ 2-\/2 

the cone is a right circular cone whose axis is x~y—z and 
vertical angle == tan”' 2y/2, ] 

20. Prove that the equation of the cone through the co- 
ordinate axes and the lines of section of the cone 3x* — ® 


and the plane 2x — 7y 'f-z = 0 is 12y2— 7zx-f-17xy=0j and that the 
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Other two common generators of the two cones lie in the plane 

3x+2y + 2z = 0. [B.V.] 

21. Find the conditions that the lines of section of the plane 
lx-\-my-Tnz=Q and the cones ax“-i-6y*4-cz^=0, fyz - gzx+hxy^^O 
may be coincident. 

[ Let the equations of a line of section of the plane and the first 


cone be = 


L 


that 


y. - 

M N 

Li La M, M, N, Na 

~ c/-+-an-^ 


Proceed as in Art. 97. It will be found 


... (A) 


or 


bn^-^rcm- c/-+’an'^ am-^bl~ 

Again from the plane and the second cone, it will be found that 

L, Lj _ Mi Ma 

fm ^ gl 

[ Multiply the denominators of both sides by n* {Note this step) ] 

Lj Lj Ml Mj / t • 1 r • /• . » NiNo 

7^ = g^l (which, from symmetry, is further)= ...(B) 

Divide (B) by (A). ] 

22. Prove that the common generators of the cones 

mn-l- , nl~m' , Im—ri- . 

— I ■ "T — “ + “ =U 

lx my nz 

lie in the planes {mn±l'^)x-\'{nl-^_m')y-\~{lm±n^)z=0. 

23. Prove that the equation to the planes through the origin 
perpendicular to the lines of section of the plane lx-rmy-hnz=Q and 
the cone ax^ ] by~-\ cz^^O, is 

x^(AnHcm2)+y-(clM-fln-) t z'^{am‘^ ^ bl'^)—2amnyz —2bnlzx—2clmxy=0, 

[ The equation of the plane is 

lx -hmy -\-nz = 0 ... (1) 
and that of the cone is ax* +by- +cz^= 0 ... (2) 

X V z 

Let the equations of a line of section be ... (3) 

It will be found that 

L I + Mm + Nn = 0 ... (4) 
aL" + 6M2 + cN2 = 0 ... (5) 

The equation of the plane thro' the origin ± to the line*of 
section (3) is Lx + My + Nz = 0 ... (6) 

Eliminate L, M, N from (4), (5), (6) [by finding their values 
from (4) and (6) by cross-multiplication and substituting them in (5).] 

24. Find the semivertical angle of a right circular cone when the 
cone has three tangent planes perpendicular to one another. 


•Why this step. To gel symmetrical (i.e,, rxc//c) rciulis in the denominators. 



CHAPTER IX 
THE CYLINDER 
EQ,UATION OF A CYLINDER 


104. Cylinder. Def. A cylinder is a surface generated by a 
straight line which is parallel to a fixed line, and satisfies some other 
condition, e.g., it may intersect a fixed curve. 

The straight line in any position is called a .generator, and 
the fixed curve the guiding curve of the cylinder. 

Right circular cylinder. 

105. Right circular cylinder. Def. A right circular cylinder 

is a surface generated by a straight line which is parallel to a fixed line, 
and is at a constant distance from it. 

The fixed line is called the axis, and the constant distance the radius 
of the cylinder. 

EXAMPLES 


1. Find the equation to the right circular cylinder of radius 
2 whose axis passes through (1, 2, 3) and has direction-cosines 


proportional to (2, —3, 6). 

The direction-cosines of the 
axis are proportional to 2, — 3,6. 
Dividing by 
v(2)- + 

= ^ 44 - 9 -^ 36=^49 = 7 , 
the actual direction-cosines are 

2_ 3 6 

7 7 


[ P. U. 1940 






7 ’ 7 ’ 7 


/ 


Let (x, y, z) be any pt. on the cylinder. 

Then the J_ distance of {x,y, z) from the axis = 2 ... (1) 

[ Radius (Def. Art. 105) ] 

Now the distance between one pt. (1, 2, 3) on the axis and the 

given pt. {x,y, z)=^V(x^\)~-j-{y-2)--{-{z-3)^. 

The projection of this distance on the axis [direction-cosines 
3 6 . 

7 ' 7 ' 7 J 


- (*-■ )(4) + (^-0( - f) + ('-=)f 

[ (Art. 14)] 

_ 2x— 3y-t-6z— 14 

7 
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± 


— V (distance )2-(proieciionj" 


from (1), 


= + + 4 6z - 1 4 y 






2x-3v--6r-14 


)■= 


or 45x^+40f--{-\32^-\-36y2~24zx^\2xy 

-42x-280y-1262H-294 = 0, 
which is the required equation. 


or, squaring, 

or, multiplying thro' out by 49, 

49 [{x~-\)~-i-{y-2y~ + (z-3r]-{2x-3y-re2~\4)-=m 

or 49 ix^~2x + l+y--4y 'r 4 -hz -~62 4-9) 

{4x‘^ -r9y^ -\-36z- -\-\96— I2xy4-24zx— 36>'.r + 84y — 168z)*= 196 

49 
14 
686 
- 39 ^ 
294 

2. Find the equation of the right circular cylinder of radius 

3, whose axis passes through (1, -1, 2) and has direction-cosines 
proportional to (2, - 1, 3). [ p. jg^j 5 j 

3. Standard form. Find the Cartesian equation of the right 
circular cylinder whose axis is OZ and radius a. [ P(P). U, /PJdS] 

[ N.B. The equation of the right circular cylinder, whose axis 
is the z-axis and radius a, is x2-fy2=a-. 

**Note. Standard form. The equation x- is the simp/esf 
form of the equation of a right circular cylinder, and may be called 

the standard form. 1 


Enveloping cylinder. 

106. Enveloping cylinder. Def. The locus of the tangents to a 

sphere {or conicoid), which are parallel to a given line, is a cylinder called 

the enveloping cylinder. 


107. (o) Equation of the eni^e/opiVig cylinder of a sphere. To find 
the equation of the enveloping cylinder of the sphere 
x-4-y^ -i z* = a^, whose generators arc parallel to the line 

X y _ * 

1 m n * 


• Ho» to Hritcthis step. See Note in Lx. 1, Art. 91. 
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The equation of the sphere is 
and the equations of the given line are 

iL= ...(2) 

I m n ^ ' 

Let {xi, yi, Zy) he any pt, on a tangent 
1! to the line (2). [ Note this step ] 

Then the equations of the tangent are 

x-x, ^y-yt^ z-z i 

I m n * 

Any pt. on this line is 

{Xi-\-lr, y^-\-mr, ^i+nr). 


jr __y_^ 

L ~ m~n 



If it lies on the sphere (1), then 

ixi-\-lr)-+iyi +mr)= + (zi +nr)®= a~ 
or r-(/--i-m--^n2)+2r(;Xi+myi+nZt)+(Xj=*+>'i^+2i®— a®)=0 ...(3) 
which is a quadratic in r. 

*.* the line touches the sphere, the quadratic (3) has equal roots 

G^) [Cancel 4] 

the locus of (Xi, yu Zi) is [changing z^) to (x, y, a)], 

(Ix-rmy +nz)-= (/^ 4-m“ +n“)(x^ H-a® — or) 

or (x^ 4-y- + a- — a~) + m- -f n~) —{lx-\-my +na) - ... (4) 

which is the required equation of the enveloping cylinder. 

♦♦Abridged notation. If S=X- G^ SO that S=0 is the 
equation of the sphere, 

Si=/- ! so that Si is the result of substituting the co- 
ordinates of the pt. in S, the constant term (—a*) being omitted, 

t=xl-: ym^zn^ so that t=0 is the equation of the tangent plane 
at (/, m, n), the constant term (— g") being omitted, 
then from (4), the equation of the enveloping cylinder is 


Ssi=t“. 

[ Compare and contrast with the equation (SSi=T^) of the 
enveloping cone (Art. 94). ] 

Caution. The above equation of the enveloping cylinder (Ssi=t*) 
is applicable only if the equation of the sphere (or conicoid) is given 
in the standard form, viz., x^+y^-yz^=a^ (or ax“+6>^=-t-C2"= 1). 

Thus it is not applicable if the equation of the sphere is 
(x-G)2 4-(y-5)H(z-c)==r% (See Misc. Ex. 9, Chap. IX.) 

Note. Important. Cylinder as the limiting form of cone. 


Art. 107,(6) ] 
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A cylinder, whose gene- 
rators are parallel to the 

line 

I m n 

is the limiting form of the 
cone, whose vertex is 
{Ir, mr, nr), when T — 



107. (6) Equation of the enveloping cylinder of a sphere. 

To deduce from the equation of the enveloping cone of the 
sphere X“4-y2-j-z^ = a2, the equation of the enveloping cylinder 

whose generators are parallel to the line ^ ^ 

1 m n 

The equation of the sphere is -..(1) 

[ The enveloping cylinder, whose generators are to the line 


^ = — / is the limiting form of the enveloping cone, whose 

vertex is [Ir, mr, nr), when T — ►oo. J 

The equation of the enveloping cone of the sphere (1), whose 
vertex is {Ir, mr, nr), is 

ix--\'y‘^-]-z^—a^){l-r'^-\-m^r^+n-r'^—a~)={xlr +ymr-\-znr — a-)- 

[SS. = T^ (Art. 94)] 

Dividing thro' out by r-, [ Note this step ] 

n=) )={Jx-\-my-\-n2-'''^ )K 


Taking the limits when r— ►oo, so that ^ ►O, ——►0, 

r r* 

(x^ -f y- +Z-— -rm“ -(-«-) = {lx + my-hnz)'^, 

which is the required equation of the enveloping cylinder. 

[ Rule to deduce from the equation of the enveloping cone 
of a sphere (or conicoid) the equation of the enveloping cylinder 

whose generators are parallel to the line * = -^= 

1 m n 

(i) Write down the equation of the enveloping cone of the sphere 
{or conicoid), whose vertex is {Ir, mr, nr). 

{ii) Divide thro' out by r-, and take the limits when r~*oo, so that 



The resulting equation is the required equation of the enveloping 
cylinder. ] 
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EXAMPLE 

Find the equation of the enveloping cylinder of the sphere 
x'-ry--{z-~2x-^4y=\, having its generators parallel to the line 
x=^y=z. [ P. U. I960 S ] 

MISCELLANEOUS EXAMPLES ON CHAPTER IX 

1. Equation of a right circular cylinder. General form. Find 
the equation of the right circular cylinder whose radius is r and 


• -Li- %• X — a y — 3 

axis the line — = - — 

1 m 

ix,y,2) 


z — 


n 


[ p. u. mo ] 


m 


n 


'' Jl rn in ^ + \ 






1 


The equations of the axis are ' ^ ■=^ ^ ...(1) 

Let (x, y, c) he any pt. on the cylinder. 

Then the _L distance of {x, y, z) from the axis (1) 

= r-(2) 

Now the distance between one pt. (a, .S, 7 ) on the axis and the 

uivcn pt, (.V, y, j) = \/(x~ y.j^ 7 (y 

The projection of this distance on the axis ( 1 ) 

[ 1 - • I m n* 

dircction-cosines — > — — - - ^ ^ 

I. \ ^ V/'-hm-Tn® 

“(x-a) ^ r(y — 3) — -.IH- +(2 — 7) 

[{x2-Xi)Pr{yi-yi)m-\-{z2-2i)n (Art. 14 ) ] 
^ (.v-'/)/-r(y— 3 )m + (z— y)n 

\/P-rm"+n“ 

X -- v^ldistance)-— (projection)^ 

L L VPTm‘*+n" J / 

from ( 2 )/ 

/(;c-a)^+ (>,_p)=4.(.--y)“- [ i^~^-V±(yr 

I L VP+m^+zi" J / 

or, squaring, 

Pq-m’+n" 

■'See Note in Lx. 15, Arl. 45, (c). 
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Art. 107,(6) ] 


or, multiplying thro’ out by 
which IS the required equation. 

2 . Find the equation of the right circular cylinder of radius 


2 whose axis is the line ^ =y — 2 ^ 


2 ^ - 2 * ] 

3 . Find the equation of the right circular cylinder whose 

axis is x = 2 y:= — z and radius 4 . [ p. [/. /9J7 5 j 

4 . Find the equation of the right circular cylinder whose 

guiding circle is x=-|-y-4-z= = 9 , x-y-rZ= 3 . [ P. U. I<>59 S ] 

[ The axis of the cylinder is the line thro’ the centre of tlie 
sphere _L to the plane, and 
radius of the cylmdcr=radius of the circle. ] 

**5. Obtain the equation of the right circular cylinder wliose 
guiding curve is the circle through the points (1,0,0), (0,1,0), (0,0,1). 

( P. U. M. P. 194: ] 

6 . Equation to cylinder with generators parallel to given line and 
given conic for base. Find the equation to the cylinder whose 

generators are parallel to the line = and base the 

I ni n 

conic f(x, y)=ax-*2hxy+by“-f2gx-- 2fy-|-c=:0, z = 0. 

[ P. U. 1952 S ] 

The equations of the given line are ^ ^ ..,( 1 ) 


m 


n 


and those of the conic are 

qx- 4 2hxy -\-by- -\-c=0, ...( 2 ) 

Let {x„yi, Zi) be any pt. on a generator to the line {/). 

[ Note this step ] 

rn n ' 

_ y~yx ^ -^1 

m 


Then the equations of the generator are ^ 


It meets 7=0, where 


I 


n 


or 


I m 

x-x, = --- 7„y->/, = - — r,. 


n ‘ ' n 

• _ ^ ^ 

x-xi ^ 7„ y ~ yi - - 7i. 

Substituting these values of x, y in (2), 

!r ^0"+^'’ "0+^ (->’■- n )' 

+ 2?(x.-^ ^,) H-C = 0. 
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the locus of (Xi, yi, Zi).is [changing (Xj, yj, Ji) to (x, y, r) ], 

)'+-* (^- i ^ )(>'- f ^ )+* (y- f ^ )' 

+2g(x-^z)+2f(y~I^ ^)+c^0 

or, multiplying thro’ out by n^, 

a{nx ~Izy-\-2k{nx— Iz) (ny — mz) -\-hiny— mzY 

-\-7in{nx—lz)+2jn{ny—mz)-\-crY = 0, 
which is the required equation of the cylinder. 

7. Find the equation of the surface generated by a straight line 
which is parallel to the liney = mx, z=nx, and intersects the ellipse 

x='a=-Ty^,6- =1, z = 0. 

8. Find the equation of the cylinder whose generators are 

V z 

parallel to the line x=— — =— and whose guiding curve is 

the ellipse x2+2y= = 1, z==3. {}. dc K, U, 1955 ] 

9. Find the equation of the right circular cylinder which enve- 

lopes a sphere of centre (a, b, c) and radius r and has its generators 
parallel to the direction (/, m, n), [ P{P). U. 1947 ] 

10. Locus of a line intersecting two given curves. A straight 
/ ine is always parallel to the yz-plane . and intersects the curves 
X'-\-y-—a^, 2=0, and x' = az, y=0 ) prove that it generates the surface 

xY = (x“-a2)-(a2-x:*). [ Ag. U. 1938 ] 

(xi^yi. Zi) be any pt. on the line, and let the equations of the 

line be 

= ;'-v. = ... (,) 

I m n ^ 

*.• it is ;1 to the yz-plane, i.e., x=0 

it is X to the normal to the plane, (direction-cosines I, 0, 0), 

I = 0 . 

Substituting this value of I in (1), the equations of the line 
become ‘ = ZizZl _ (2) 

It intersects the curve x-+y-=a", z=0 ... (3) 

The line (2) meets z=0, where ~ 

0 m n 


or x-Xi = 0, y-yi=- 
or x=Xi, y=yi- -^ Zi. 
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Art. 107, (6) ] 

Substituting these values of x, y in (3), 

XiH ) =a^ ...(4) 

Again the line (2) intersects the curve y=0 ... (5) 

The line (2) meets y=0, where ~ 

or x-x, = 0, z-z^=~^ y^. 


or 


X — Xi, Z = Zx~- 


n 

m 



Substituting these values of x, z in (5), 

jci‘=a (^i - -^y^) •••(^) 

Eliminating m, n from (4) and (6) [ by substituting the value of 


■— from (6) in (4) ], 




X, ’ vr 


{az,~x^^y 


= 0' — X,* 


or Xi* yi-= {azi - x^^)\ar — x,*) 


a 


n xr 

or 'yx=z^ 

az, — xr 


n QZi— X,- 

or 

m ayi 


az,-xr 


the locus of {x,, Zi) is [changing (Xj, yu ^i) to (x, y, z) ] 

x*y*^{az-x-)\a^-x^) 


or xfy*=(x^—ciz)^{a-—x‘^) ..-(7) 

which is the required equation of the surface. 

[ Check. The equation of the surface (7) is satisfied by the 
equations of the given curves (3) and (5) thus ; 

Putting 2=0 in (7), r‘/===x*(a2-^^) Of' cancelling x^ and trans- 
posing, xM'>'-=a% which is true from (3). 

Again, putting ;;=0 in (7), 0 ={x^~azy'{a^-x% or x" = az, 
which is true from (5). ] 



CHAPTER X 


[ This chapter should be omitted by the IS. A. 

(Pass Course) students of the Punjab University. ] 

TRACING THE LOCI OF NINE STANDARD EQUATIONS 

Symmetry about a co-ordinate plane. 

108. Rule to find whether a surface is symmetrical ([) about 
the yz-plane, {ii) about the zx-plane, (Hi) about the xy-plane. 
(i) Symmetry about the yz-plane. 

If on changing x to ~x, the equation 
remains unchanged, i.e., if only even* powers 
of X occur in the equation, the surface is 

symmetrical about the yz-plane. 

•> •> ^ 

2 ^ 

Thus the surface -f- {---1 — 5 = 1 is 

a- 0 ' 

symmetrical about the j’a-plane. 



(/{) Symmetry about the zx-planc. 

]f on changing y to —y, the 
equation remains unchanged, i.e., if 
only even powers of y occur in the 
equation, the surface is symmetrical 
about the zx-plane. 

Tims the surface 

f> ^ 

A- 

1 

b 


^ L* “r 0—1 

' c- 





A 

{Hi) Symmetry about the xy-plane. 

2f on changing z to -z, the equation 
remains unchanged, i.e., if only even powers 
of z occur in the equation, the surface is 
symmetrical about the xy-plane. 

Thus the surface 


z- 


- + - 1 - - - 1 
a- ^ 6= ^ ‘ 


is symmetrical about the .A>’-plane. 



i.e., no Oilii pu^vcrs vj x occ.n. 
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Central conicoids. 

109. (a) Ellipsoid. To trace the locm of the equation 

y2 1^2 ^2 

[_ _ _ / 

.1 T j •» “ •> • • 

a- 0- c- 

x~ V“ 

The equation of the surface is ^'^52' + ^==^ ■••(*) 

(/) Symmetry. The surface is symmetrical about the yz-plane. 

[ (Art. 108, (0)» only even powers of x occur in (1) ] 
It is symmetrical about the jx-plane. 

[ (Art. 108, (ii)), only even powers of y occur in (1) ] 
It is symmetrical about the A:>'-plane. 

[ (Art. 108, (m))^ only even powers of z occur in (1) ] 
(z7) Sections by co-ordinate planes. The surface meets the 

z- 

yz-plane where, putting x=0 in (I ), ^ which is an ellipse 

in that plane. 

It meets the 2x-plane where, putting y=0 in (1), 

= 1, which is an ellipse in that plane. 

It meets the xy-plane where, putting z=0 in (I), 

V“ 

— -[.-=1, which is an ellipse in that plane, 

a- 0 - 

{Hi) Axes-intersections. The surface meets the x-axis where, 

jif- 

putting y=0, r = 0 in (1), = 1, or x^=a-, or x=±a, i.e., in the pts. 

A(a, 0, 0), A'(-a, 0, 0). 

It meets the y-axis where, putting z=0, x=0 in (1), 

= I, or y'=b’, or y= ±6, z.c., in the pts. B(0, b, 0), B (0, —6, 0). 

It meets the z-axis where, putting x=0, y=0 in (1), 

,2 

^^- = 1, or z^=c-, or ?=±c, i.e., in the pts. C(0, 0, c), C'(0, 0, — c). 

{iv) Generated by a variable curve. The surface meets the 
plane z=k where [putting z—k in (1)], 


a- 0 ^ C“ a- 0 - c- 

the surface is generated by a variable ellipse 

^ + = l ...(2) [ /c varies ] 

whose plane is Jl ’to the xy-plane, and centre (0, 0, /c) moves on the 
r-axis. 
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The ellipse (2) is real only if I - is +ve> or ^ <1, or k- < c\ 

or k is numerically <c, i.e., k lies between c and —c. 

the surface lies between the planes r=c and ir=—c. 

Similarly it lies between the planes x=a and x=— a, and bet- 
ween the planes y=6 and >>= — 6- 

the surface is limited in every direction. 

Hence the shape of the surface is that shown in the Fig.* 


It is called an ellipsoid. f 
(Its shape is like that of an egg.) 



r Aid to nienior>'. Remember the word ‘SAG’, S is the first letter of the 
word Svnimcfry, and of Sections by co-ordinate planes, A of Axcs-intersecthns, and 
(J oi Generated by a yoriahle curve. The same .\id to memory will be useful for 
Arts. 109(A). 109(f), 1C9 {(/>, lil(fl), and 111(A). 

Note. Virtual ellipsoid. Def. The surface, whose equation 

is = — 1 ...(1), is called a virtual ellipsoid. 

Q~ 0" c" 

Every pt. on it is imaginary. For, from (1), x, y, z cannot all be 
real [ if x, y, z are all real, then L.H.S. of (1) is +ve, and R.H.S. 
is — ve, which is impossible ]. 

y- 2^ 

Its equation resembles that of the ellipsoid 
Hence it is also called an imaginary ellipsoid. 

109. (6) Hyperboloid of one sheet. To trace the locus of the 

•t 

X- 


equation 


•k 


a- 


o o 

■ _ ^L-7 

6-" “ 


c- 


•How to draw the Fig. Draw two J_ lines OX, OZ. 

(0 On the :r-axis take two pts. A, A' on opposite sides of O, such that 
OA=OA'=a. 

On the r-axis take two pts. C, C' on opposite sides of O, such that 
OC=OC'=c. 

In the r.v -plane draw an ellipse ACA'C'. 

(//) Tliro’ O draw B’OB, the >-axis, and on it take two pts. B, B' on opposite 
sides of O, such that OB = OB'— 6. 

In the xy-plane draw an ellipse AB'A'B. 

{Hi) In the yr-planc draw an ellipse B'CBC'. 

tSo called, all plane sections of tlie surface -h -^+ ellipses. 
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I » 

The equation of the surface is \ =! ...fl) 

Q- 0“ C' 

(l) Symmetry. The surface is symmetrical about the jr-p!ane. 

[ (Art. 108, (i;) *.• only even powers of a occur in (I) | 
It is symmetrical about the rx-plane. 

[(Art. 108, (nj) only even powers of occur in (I) ] 
It is symmetrical about the xy-plane. 

[ (Art, 108, (m)) only even powers of r occur in (1) ] 
(h) Sections by co-ordinate planes. The surface meets the 

yz-plane where, putting x=0 in (I ^ . =1, which is a hyper- 
bola in that plane. 

It meets the zx-plane where, putting >'=0 in (1), 

^ - = 1, which is a hyperbola in that plane. 

It meets the xr-plane where, putting z=0 in (i), 

+ 1/ which is an ellipse in that plane. 

{Hi) Axes-interscctions. The surface meets the x-axis where, 

X' 

putting y=0, z=0 in (1), =1, or x-=o-, or x= ±a, he., in the 


pts. A(a, 0, 0}, A'(-a, 0, 0). 

It meets the y-axis where, putting z=0, x=^0 in (1), 

^=1, or y- = b% or y^-b, he., in the pts. B(0, b, 0), B'(0, -6, 0). 

It meets the z axis where, putting x = 0,>>=0 in (I), 

— -. =K or z-=~c’, or z-=±/c, he., in imaginary pts. 

{iv) Generated by a variable curve. The surface meets the 
plane z=k where [putting z=k in {!)], 


•> 

.u y- 
' 6- 


k- X- v~ 


the surface is generated by a variable ellipse 


4 . y- = 
a- ' 6- 


k- 


1 "h ^ ^ (2) [A: varies ] 


whose plane is to the xy-plane, and centre (0, 0, k) moves on 
z*axis. 


The ellipse (2) is real 
whether k is -j-vc or — ve, and 
Its semi-axes 



increase as k increases, and -^co 



a- 



““(i + (V) 6^- (I 



as k—^o^ 



I 


or 
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the surface extends to infinity on both sides of the xy-plaue» 


shown in the Fig.* 

It is called a hyperboloid of one sheet. 
(Notice one —ve sign in the equation 


X- 


a-^b- c- '' 

(Its shape is like that of a 'murha' (^131^) 

♦ 

with elliptic ends.) 


V 


K 







EIBG^E 

/ 

*, \ 

1 1 

\ \ 

/ f 

^ \ 

j 4 

^ \ 

j ! 

-XA 

■T^ 



K' 


109. (c) Hyperboloid of two sheets. To trace the locus of the 

. X- y- 2- 

equation ~ 

X* V* 2 ^ 

The equation of the surface is — — ^ = 1 ...rn 

Q- O'* ^ ' 

(i) Symmetry. The surface is symmetrical about the yz-plane. 

[ (Art, 108, (i)) *.* only even powers of x occur in (1) ] 
It is symmetrical about the ^x-plane. 

[ (Art. 108, (h)) *.* only even powers of y occur in (1) ] 
It is symmetrical about the xy-plane. 

[ (Art. 108, {Hi)) *.* only even powers of z occur in (1) ] 

(ii) Sections by co-ordinate planes. The surface meets the 

yz-phne where, putting x=0 in (1), ^ = ^ 

which is an imaginary! ellipse in that plane. 


•How to draw the Fig. Draw two X lines OX, OZ. 

(/) On the x-axis take two pts. A, A' on opposite sides of O, such that 
OA-OA' = fl. 

In the zx-plane draw a hyperbola DAE, D'A'E' ("equal branches). 

(»7) Thro’ O draw B'OB, the v-axis, and on it take two pts. B, B' on opposite 
sides of O, such that OB=OB'=/>. 

In the AT-ptane draw an ellipse AB'A'B. 

(///) Join DD', EE' to meet the z-axis in K, K'. 

Thro’ K, K' draw F'KF, G'K'G i| to B'OB, such that KF=KF' = K:'G =K'G'. 

In a plane ; to the .vv-plan; and above it draw an ellipse DF'D'F- 

( Continued on the next page) 
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It meets the zx-plane where^ putting >^=0 in (1), 

“ 2 — ^ which is a hyperbola in that plane. 

It meets the x>’-plane where, putting z— 0 in (1), 

~ 2 — ^ = 1, which is a hyperbola in that plane. 

(Hi) Axes-intersections. The surface meets the x-axis where. 

putting _v=0, 2=0 in (1), =1, or x-=a', or x=±a, i.e., in the 

pts. A(a, 0, 0), A'(-a, 0, 0). 

It meets the >'-axis where, putting 2=0, x=0 in (I), 

y2 

“ = 1> or y^=—b-, or y= ±ib, i.e., in imaginary pts. 

It meets the 2 -axis where, putting x=0, >’=0 in (I), 

2 ^ 

“ JT’ — l/ or 2 “= — c% or z=±ic, i.e., in imaginary pts. 


(tV) Generated by a variable curve. 

plane x=k* where [putting x = /: in (1)], 

k'i 


a- 


2 - y 

b~ C" — 


C’ 


The surface meets the 



the surface is generated by a variable ellipse 

-i — I, x = /c ...(2) [;c varies] 

whose plane is II to the y 2 -plane, and centre (k, 0, 0) moves on the 
x-axis. 


k- ■ k- 

The ellipse (2) is real only if — 1 is -|-ve, or > 1, or k'>a~, 

{CotninueJ from the last putte) 

Again in a plane to the .t>-p)ane and below it draw an ellipse EG'E'G. 
(iv) In the /r-plane draw a hyperbola F'B'G', FBG. 

t Virtual ellipse. Def. The curve, whose equation, in Analytical Plane 

Geometry, is iscatlcda \irtuiil ellipse. 

Every point on it is imaginary. For, from (I), a: and >• cannot both be real 
[ ■.* if X and y are both real, then L.H.S. of (I) is -f-vc, and R.H.S. is — ve, which is 
impossible 1. 

Its equation resembles that of \hc ellipse -^•-F^.-*l. 

a- 0- 

Ilcncc it is also called an imaginary ellipse. 


X- V- zi 

•Why this step. In the equation - -^^-=*1, the coenicicnts ofyi. 

arc both — ve, and by transposition, both become -Fve, so in order to get an 
ellipse, we consider the plane X’=k (and not z—k as in Art. 109, {b)). 
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[ Art, 109, (d) 


or 




= 1 


or k is numerically >a, ue., k does not lie between a and -a. 

no portion of the surface lies between the planes x—a and 

x~—a. 

The semi-axes of the ellipse j i 

(2), viz., _ __ : ^ 

increase as k (numerically >a) j 
increases, and ^o«= as /c— »-eo. 

the surface extends to infinity on both sides of the y^-plane 
(to the right of A and to the left of A'). 

Hence the 
shape of the 
surface is that 
shown in the 
Fig.* 

It consists G 
of two detach- 
ed portions. 

It is called 

a hyperboloid of tv/o sheets. 



X* 2 ^ 

(Notice two — ve signs in the equation ^ 


(Its shape is like that of two 'tabla's’ (ff#) placed as shown 
in the Fig.) 

109. (d) Cone. To trace the locus of the equation 




V* 2“ 

The equation of the surface is ■••(!) 

(i) Symmetry. The surface s symmetrical about the y^-plane. 

[ (Art. 108, (i)) *.■ only even powers of x occur in (1) ] 

•How to draw the Fig. Draw two J. lines OX, OZ. 

(i) On the x-axis take two pis. - A, A' on opposite sides of O, such that 
OA = OA'=a. 

In the 2 .x-plane draw a hyperbola DAE, D'A'E' (equal branches). 

((7) Join OE, D'E' lo meet the ,Y-axis in K, K' Thro’ O draw OY, the >-axis. 
Thro’ K, K' draw F'KF, G'K'G [1 to the y-nxiSy such that 

KF=KF' = K'G = K'G'. 

In a plane I' to the yj-plane and to its right draw an ellipse F'DFE. 

Again in a plane ;| to the .rr-planc and to its left draw an ellipse G'D GE . 

{Hi) In the .vy-plane draw a hyperbola F'AF, G'A'G. 
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3-^. 2', or X— z, which arc two 


It is symmetrical about the zx-plane. 

[ (Art. 108, (li)) only even powers of y occur in (I) ] 

It is symmetrical about the xy-planc. 

[ (Art. 108, (t/i)) only even powers of z occur in (1) ] 
(z7) Sections by co-ordinate planes. The surface meets the 

y- z- V" _ z- 

yz-plane where, putting x=0 in (1), =0, or 

or y-=^l- Z-, or y=±^ which are two st. lines m that plane 

(on opposite sides of the z-axis and making equal angles with it). 

It meets the zx-plane where, putting y=0 in (1), 

X- 7- X- z- 

=0.or;;, ,orx 

St. lines in that plane (on opposite sides of the z-axis and making 
equal angles with it). 

It meets the x>'-plane where, putting z = 0 in (1), 

2 2 

^ -f ^2- = 0, which is a pt. ellipse in chat plane. 

{Hi) Axes-intersections. The surface meets the x-axis where, 

putting y=0, z=0 in (I), ^2 x- = 0, or x— 0,0, i.e., in two 

coincident pts. 

It meets the y-axis where, putting z=0, x=0 in (1), 

^^ = 0, ory“ = 0, or y = 0, 0, i.c., in two coincident pts. 

It meets the z-axis where, putting x = 0, y = 0 in (1), 

- -V =0, or z- = 0, or z = 0, 0, i.e., in two coincident pts. 

0 

(zV) Generated by a variable curve. The surface meets the 
plane z=/< where [ putting z = /< in (1) ], 

X- y* h- .. X' , y- /c- 

the surface is generated by a variable ellipse 

-h ^ = ^ varies] 

a- o- c- 

whose plane is i; to the xy-plane, and centre (0, 0, k) moves on the 
z-axis. 

The ellipse (2) is real whether k is 

, . ak bk . 

H ve or — ve, and its semi-axes — , — increase 

c c 

as A(Tve) increases, and as 


a~ b- ~ c- 




(^k'^ b~ 


or 
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[Art. 110 


the surface extends to infinity on both sides of the x^-plane» 


Hence the shape of the surface is that 
shown in the Fig.* 

It is called a cone. 



110, Centre. To prove that the origin bisects all chords of the 
ellipsoid ~lf which pass through it. 

The equation of the 
ellipsoid is 

X' V" 2^ 

Let P ( Xi, Pi, Zi ) be 
any pt. on the ellipsoid (1). 

Then 





xr 


I 1 /T\ 

q 2 +6-‘= +c2 ••• 


Substituting the co-ordinates of the pt. P'(— Xj, — — ^i) in 

•How fo draw the Fig. Draw two X lines OX, OZ. 

(/) In the zx-plane draw two st. lines DOE', D'OE on opposite sides of the 
z-axis and making equal angles with it, such that OD=OE'=OD'=OE. 

OV) Join DD', EE' to meet the c-axis in K, K'. Thro’ O draw OY, the ;-axis. 
Tliro K, K' draw F'KF, G'K'G jj to the >’-axis, such that 

KF=KF'=K'G=K'G', 

In a plane j[ to the .rj-plane and above it draw an ellipse DF'D'F. 

Again in a plane || to the .vv-plane and below it draw an ellipse EG'E'G. 

Wi) In the vr-plane draw two st. lines F'OG, FOG'. 
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(I)^ we get 


"i » * i“ .» 1 


or 


. yi 




6 -^ c-^ 

2=1, which is true from (2). 


_ 


1 


P' also lies on the ellipsoid. 

Now the mid-pt. of PP' is f — Zi +( — ^ i) 

L 2 ' 2 ' 2 

or (0, 0, 0), f.e., the origin. 

the origin bisects all chords of the ellipsoid, which pass 

thro' it. 

Note 1. The origin is called the centre of the ellipsoid, and the 
ellipsoid is called a central conicoid. 

Similarly the origin is the centre of the hyperboloid of one 

^2 y 2 ^2 

sheet ^ -f———— = 1, and of the hyperboloid of two sheets 




^ ^ ^2 which are also central conicoids. 

Note 2. The equations of an ellipsoid ^ -j- = 1, 

a hyperboloid of one sheet + = U and a hyperboloid of 




two sheets ”52 are all included in the equation 

a;c-+6y= +€£^= 1 , 

the equation of a central conicoid is ax2+by- + cz- = 1 

Note 3. Standard form. The equation ax^ + by-rcz*=l is 
the simplest form of the equation of a central conicoid, and may 
be called the standard form. 

EXAMPLES 

1. Find the equation of the cone whose vertex is at the centre 

of an ellipsoid and which passes through all the points of intersection 
of (r) the ellipsoid and a given plane ; 

(n) the ellipsoid and a concentric sphere. 

2 CP, CQ, CR are three central radii of an ellipsoid which are 
mutually at right angles to one another, show that the plane POR 
touches a sphere. [ ^ 

Paraboloids. 

111. (a) ElUptic paraboloid. To trace the locus of the equation 


~ c 
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2 ^ / 1 X 

The equation of the surface is 

(/) Symmetry. The surface is symmetrical about the yz-plane. 

[ (Art. 108, (i)) •.* only even powers of x occur in (1) ] 

It is symmetrical about the ^x-plane, 

[ (Art. 108, (ii)) only even powers of y occur in (1) ] 

(ii) Sections by co-ordinate planes. The surface meets the 

y^-plane where, putting x=0 in (I), or which is an 

upward parabola ifi that plane. {Assume that c is -\-ve.) 

It meets the zx-plane where, putting y^O in (1), 

^ or X'=^— z, which is an upward parabola in that plane. 

a- c ' c . • /t\ 

It meets the xy-plane where, putting 2=0 in (1), 

** ^ «'2 

^ ■■=0, which is a pt. ellipse in that plane. 

a- 0 ‘ . 

(ni) Axes-intersections. The surface meets the x-axis where, 

putting >*=0, r=0 in (1), —0, or X"=0, or x—0, 0, i.e., in two 

coincident pts., the surface touches the x-axis at 0(0, 0, 0). 

It meets the y-axis where, putting z=0, x— 0 in (1), 

y~-==Q^ or y-=0, or y— 0, 0, z.e., in two coincident pts., the surface 
b~' 

touches the y-axis at 0(0, 0, 0). 

the surface touches the xy-plane at O. 

It meets the r-axis where, putting x=0, y— 0 in (1), 

0= — , or 2 = 0 , i.e., in the pt. 0(0, 0,0). 
c 

(iV) Generated by a variable curve. The surface meets the 

x“ y* 

plane where [putting z=k in (1)], + 

the surface is generated by a variable ellipse 

+1'^ = / 2 =k ...(2) [k varies] 

0 0 

whose plane is li to the xy-plane, afid centre (0, 0, k) moves on the 
2 -axis. 

The ellipse (2) is real only if k is -f-ve c is {5ee step (zi))]. 
the surface lies only above the xy-plane (z-e., in the -hve 
direction of the 2 -axis). 

The semi-axes of the ellipse (2), i ' 2/c 

increases, and — »cc as k—*-'^^. 


increase as k (-hve) 




Art. Ill, (6) ] TPACING THE LCCI OF NINE STANDARD EQUATIONS 2\~ 

the surface extends to inhnity above the xj -plane {i.e., in th: 
+ve direction of the z-axis). 

Hence the shape of the surface is that 
shown in the Fig.* 

It is called an elliptic paraboloid. . 

(Its shape is like that of a '■tabla" d(^ 

Note, Why the name “elliptic” para- 


Z i 


'I 

X- 


b' 


boloid. Since the paraboloid ^ 
is generated by a variable ellipse 

Q“ b- c 

henae the name “elliptic” paraboloid. 


2z 

c 



/ 


i HR 

^ 



IK ; ^ 

\ E 

' ' / 

\ 


\ 

> 

\ ^ 

t / 

f / 

t / 


■ O 


111. (6) Hyperbolic paraboloid. To trace the locus of the equation 

__ ^ 

a- 6- c * 

X- y- 2z 

The equation of the surface is ^ ■■■(') 

(i) Symmetry. The surface is symmetrical about the y-’-p!anc. 

[ (Art. 108, (0) only even powers of .v occur in (I) ] 

It is symmetrical about the 2 x-plane. 

[ (Art. 1C8, (it)) only even powers of y occur in (1) ] 
(li) Sections by co-ordinate planes. The surface meets the 

yz-plane where, putting x=0 in{l), 

is a downward parabola in that plane. {Assume that c is -i ve. ) 

It meets the zx-plane where, putting y=0 in (1), 


y^ 2z .. 2b'’ , 

- 'c, = - or z, which 


or x-= Zt which is an upward parabola in that plane, 
c' c 


It meets the xy*plane where, putting z 0 in (I), 
vz v 2 X- V" „ a'*' , a 


which are two st. lines {not shown in the Fig.) in that plane. 


•How lo draw llie Tilt- Draw two X lines OX, OZ. 

(i) In Ihc rx'planc draw an upward parabola D'OD (arc OD^arc (^D'j. 
Thro’ O draw OY, the »-axK. 

(/<) Join DD' to inccl the z-axis in K. Thro’ K draw E'Kt to the 
vuch that KE-KF.'. In a plane !; to the xv-plana and above it draw an ellipa' 

DE'D'E. 

ini) In the > 2 -planc draw an upward parabola EOF'. 
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[ Art. Ill, (6) 


(Hi) Axes-intersections. The surface meets the x-axis where> 

putting y=0, z = 0 in (1)^ x"=0, or x—0, 0, i.e., in two 

coincident pts. 

the surface touches the x-axis at the pt. 0(0, 0, 0). 

It meets the y-axis where, putting z=0, x=0 in (1), 

f* 

~ 3 ^'= 0 , or y=0, 0, i.e», in two coincident pts. 

the surface touches the >;-axis at the pt. 0(0, 0, 0). 
the surface touches the xy-plane at O. 

It meets the z-axis where, putting x=0, >;=0 in (I), 

2z 

0=s— ^ or z = 0, i.e., in the pt. O (0, 0, 0). 

(tV) Generated by a variable curve. The surface meets the 

plane z = k where [putting z = k in (1)], ^ ^ ^ . 

the surface is generated by a variable hyperbola 

X- v'i off 

"h- ~ V-' "" F' varies] 

whose plane is | to the xy-plane, and centre (0, 0, k) moves on the 
r-axis. 


The hyperbola (2) has its transverse axis [1 
to the x-axis if k is -f-ve, and !1 to the y-axis if 
k is -ve [v c is +ve {See step (»)) ]. 



a= 6^ ~ c 

Wk 2b-k 

c c 



The transverse semi-axis a 
— as k~-*^oo. 



2k. 

— increases as 
c 


k (+ve) increases. 


the surface extends to infinity above the xy-plane. 
Similarly the surface extends to infinity below the xy-plane. 

. . the surface extenas to infinity on both sides of the xy-plane. 
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STANDARD EQUATIONS 21^) 


Hence the shape 
of the surface is 
that shown in the 
Fig.* 

It is called a 

hyperbolic para- 
boloid, 

(Its shape is like 
that of a saddle.) 



paraboloid;^ — ll' = — ’S generated by a variable hyperbola, 


Notel. Why the name “hyperbolic” paraboloid . Since the 

__ 2z 

or b 
V* 2k 

^ = ^ [Ovaries], hence the name “hyperbolic” 

paraboloid. 

Note 2. The equations of an elliptic paraboloid 


^4 — ^2 ~ and a hyperbolic paraboloid are both 

included in the equation ax--rby- = 2z, 

•*. the equation of a paraboloid is ax- - by-=2i. 

Note 3, Standard form. The equation ax- -‘.-by- = lz is the 
simplest form of the equation of a paraboloidy and may be called the 

standard form. 

EXAMPLE 


^ 


(a) What surface is represented by the equation xy = cz ? 

{b) A variable line intersects the x-axis, and the curve x=y, y-~cz. 
and is parallel to the>/z-plane ; show that it generates the paraboloid 

xy = cz, 

*How to draw the Fis. Draw two X lines OX, 02. 

(/) In ilic rx-planc draw an upward parabola D'OD {arc OD = arc OD'). 
Thro’ O draw- OY, the y-axis. In a plane || to the 4c;'-plane and above it thro’ D, D' 
draw a hyperbola EDI-, L'D'F' (equal branches), such that EF, H'F' arc lo the 
>*axjs, and EF = E'F'. 

{//) In the ; j.plane, thro’ O dr.aw a downward parabola GOH, such that HG 
([ to lhe>'-axis. 

(Hi) In a plane 11 to the jcy-planc and below it thro’ G, H draw a hyperbola 
J'GJ, K'HK (transverse axis li to the y-axis), such that KJ, K'J' arc :| to HG and 
KJ = K'J'. 

(iv) Join FJ, F'J' by parallel and equal curves, also join EK, E'K' by p.iraMel 
and equal curves. 
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[ Art, 112,(a)-112,(6) 


Cylinders. 

112. {a) Parabolic cylinder. To trace the locus of the equation 

y- = 4ax. 

The equation of the surface is y-=:4ax ... (1) 

Here z is absent. 

(1) represents a cylinder generated by a st, line which is || to 
the z-axis and intersects the curve whose equation in the xy-plane 
is y-^Aax, i.e., a parabola. [Art. 17] 


Hence the shape of the surface is that 
sh.own in the Fig. * 


It is called a parabolic cylinder. 



112. {h) Elliptic cylinder. To trace the locus of the equation 



X** V** 

The equation of the surface is ^ ^ "■ 


Here z is absent. 

(1) represents a cylinder generated by a st. line which is [] to 
the z-axis and intersects the curve whose equation in the xy-plane is 

•9 '* 

■\ - = \, he., an ellipse. [ Art. 17] 


•How to draw th* Draw two _h lines OX, OZ, and OY the y-axis. 

(/) In the A'r-planc a right-handed parabola DOE, such that DE is jj to 
the v-axis. 

tf/) Thro' D, E draw nr, FG ) to the r-axis, such that DF =» EG, so that 
I (t ' and = DE. Take OK along the r-axis, such that OK=«DF“EG. 

[Hi) In a plane j[ to the .»i -plane and above it draw a parabola FKG. 



Art. 112, (c) ] TRACING THE LOCI OF NINE STANDARD EQUATIONS 221 


Hence the shape of the surface is that 
shown in the Fig. * 

It is called an elliptic cylinder. 
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112, (c) Hyperbolic cylinder. To trace the locus of the eguation 

A 9 \ / • 


Q' 




The equation of the surface is q-j “ ^ 

Here z is absent. 

(1) represents a cylinder generated by a St. line which is to 
the z-axis and intersects the curve whose equation in the xy-plane iv 
1.2 


_ y - 


•> 


O' 


i.e., a hyperbola. [ Art. 17 ] 

1 -' 


Hence the shape 
of the surface is that 
shown in the Fig. f 

It is called a hy- 
perbolic cylinder. 



•How (o draw the Fit*. Draw iwo _L lines OX, ()/• 

(0 On the X-axis take two pts. A, A' on opposite sides of O, sitch that 
OA=OA'=a. 

Thro' O draw B'OB, tbc >-axis, and on it take two pts. U, B' on opposite sides of 
O, such that OB - OB'-f>. 


{ Coiiiiniied on the m x! pa^c ) 
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[ Art. 112, (c) 


MISCELLANEOUS EXAMPLES ON CHAPTER X 


1. It three fixed points of a straight line are on three given 
mutually perpendicular planes, show that any other point of the line 
describes an ellipsoid. 

[ Take the three given mutually J_ planes as co-ordinate planes. 
Let A, B, C be the three fixed pts. of the line on the yz~, zx-, 
xy-planes, and P (xi.y^.Zi) any other (marked) pt. of the line. 
Let PA=a, PB=6, PC-c. 

Let the equations of the line (thro’ P) be 

x-Xi y-yi z—Zi • . v 

= jji ~ 72 (o actual direction-cosmes). 

It meets the ;^^-pIane where, putting x=0, r=a. 


I 


=a. 




a 


Similarly 72 = ——. 

Square and add. ] 

2. Prove that the locus of a point, the sum of whose distances 
frcm the points (g, 0, 0), (- a, 0, 0) is constant ( = 2/f), is the ellipsoid 


of revolution 


.X- , }r-hz- 






=■ 1 . 


( Cofitinucd J the lastpa^e) 

In the .Yv-phinc draw an ellipse AB'A'B. 

(n) T lifo’ A, A' draw AD, A'D' to the r-axis, such that AD = A'D'. Join DD' 
10 n-cei the r-axis in K. Thro’ K draw E'KE |i to B'OB, such that 

KE = KE'=OB=OB'. 

In a plane \\ to the .v>-p!ane and above it draw an ellipse DE'D’E. 

■'r Mon to draw the Fig. Draw two _L lines OX, OZ. ,, 

OA A' on opposite sides of O, such that 

OA = OA =fl. Thro’ O draw OY, the >>-axis. 

np ° hyperbola DAE, D'A'E' (equal branches), such that 

DE, D E' are Ij to the .v-axis, and DE=D'E'. 

('0 Thro D, A, E draw DF, AG, EH jj to the r-axis, such that DF=.AG=EH, 
so lhat FH is j[ and =DE. 

^ Thro’ D', A'. E' draw D>F\ A'G', E'H' \\ to the z-axis, such that 
n E G'=E'H' = DF=AG=EH, so that F'H' is || and =D'E'. 

ii“) In a plane „ to the x;'-p)ane and above it draw a hyperbola FGH, F'G'H'. 
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[ Note. Central couicoid of revolution. Def. If in the equation 
ot a central conicoid I, two of the three coefficients arc 

equal {i.e., a=b, ot b=c, ov c=q), the conicoid is said to be of 

revolution. 

Paraboloid of revolution. Def. If in the equation of a parabo- 
loid Qx‘^-rby'^=2z, a=b, the paraboloid is said to be of revolution.] 

3. (a) What surface is represented by the equation x' -y'^laz ? 

ib) The tangents from a point P to a sphere are all equal to 
the distance of P from a fixed tangent plane to the sphere. Show 
that the locus of P is a paraboloid of revolution. 

[Choose the axes as in Ex., Art. 77. The equation of the sphere is 

c)2 =c% or x^- [y^-~\-z~~2cz = 0, 
and that of the tangent plane is z = 0. ] 

4. A point moves so that the line joining the feet of the perpen- 
diculars from it to two given lines subtends a right angle at tlie mid- 
point of their shortest distance. Prove that its locus is a hyperbolic 
cyh'nder. 



Next three ehapters (XI to XIII) should be omitted 
by the B. A. & B. Sc. Pass Course (old type) students of the 
Punjab University. They are meant only for the B.A. Honours 
(old type) students of the Punjab University. 



CHAPTER XI 


THE CONICOID 

SECTION I 

THE CENTRAL CONICOID 

113. Diameter. Def. A chord of a central conicoid which passe> 
through the centre is called a diameter. 

EXAMPLE 

Prove that the sum of the squares of the reciprocals of any 
three mutually perpendicular diameters of an ellipsoid is 
constant. 

A central conicoid and a line. 

* 

114. A line through a given point Aix„ y^, z,) meets a central 
conicoid ax^-^by^Acz- =J in P and Q ; to find the lengths of AP and 
AQ, 

The equation of the central conicoid 
is ax-+hy^-i-cz~ = 1 ... (1) 

Let the equations of the line thro' 

A(xiy yi, Zj) be 

x -Xi _ y-yi ^ z-Zi 

/ m n * 

h tn, n being actual direciion-cosines , 

Any pt. on this line is {xi-\-lr, yi-vmr, Zi-fnr) ... (2) 

If it lies on the conicoid (I), then 

a(xi + Ir)- + b(yi + mr)- + c(z,+nr)2 = 1 
or r^{aP + bm^ T cn^) T 2rCa/x, + brny^ -t- cnz,) +{ax,‘' + czf^ ~ ] ) 

- 0 ... (3) 

which is a quadratic in r, giving two values of r, the lengths of AP 
and AQ. 

Cor. 1. Intersections of a line and a conicoid. To find the 
points of intersection of the line and the conicoid. 

Substituting the two values of r found from (3), one by one, in 
(2), we get the two pts. of intersection. 

Cor. 2. All plane sections of a central conicoid are conics. 

Proof, •.* every st. line meets a central conicoid in two pts. 

[ Cor. 1 ] 

every st. line lying in a particular plane meets the central 
conicoid and the curve of intersection of the central conicoid and 
the plane in two pts. 
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by Analytical Plane Geometry# the curve 
is a conic. 


EXAMPLES 


of intersection 


1. A line through a given point A meets a central conicoid in 
P# Q. If OR is the diameter parallel to APQ# prove that AP.AQ : OR^ 
is constant. 

**2. A is a given point and POP' any diameter of a central coni- 
coid. If OQ and OQ' are the diameters parallel to AP and AP'# 

AP- AP'“ 

prove that -f 0^'“ constant. 

[ Let the equation of the central conicoid be 

ax^ + by^ -{-cz- ^ \ ... ( 1 ) 

Let A be the pt. (a# p# y), and P{x^, yi, Zj), P' (— Xj -yi, -2i) 
the extremities of any diameter. 

It will be found that the direction-cosines of AP are 

l~ m n - 

AP ' ^ AP ' ’ ” " ■ AP * 


the direction-cosines of OQ ( II to AP) are also I, m, n. 

If OQ = r, the co-ordinates of Q are (/r# tut, ixt), 

Q lies on the conicoid (D# ? 

It will be found that 

AP- 

OQ2 == aCxi-a)2 + 6(yi— p)" 4- c{Zi-y)-. 

changing (xj# yi# zj to (-Xi# ~y^, — Zj), 

AP'- 

OQ's == -r 6(yi + ^)- + c(Zi+y)2. 

. AP^ , AP'2 _ ^ 

■■ OQ- OQ - “ * 

But P(Xi, yi#Zt) lies on the conicoid (I).] 

3. Prove that the line joining the points (1, —5# —6) and 
(---i^5#4) meets the surface 2x“4'3y^~z-= 1 in coincident points. 


115. Equation of the tangent plane. To find the equation of 
the tangent plane at any point (Xj, y^, Zj^) of the central conicoid 

ax- -p by- cz2 = 1, 

The equation of the central conicoid is 

ax- -- by- 4- cz= = 1 ... (I) 

The equations of any line thro' (Xj# y^, zj 

x-x, y-yi _ z-zt , 


are 
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Art. 116 ] 


Any pt. on this line is (a:, 4- Ir, y\ -f mr, z, -- nr). 

If it lies on the conicoid (1), then 

aiXj-tlrr b{yi-\-mr)- -{-c{Zi—nr)- ^ 1 

or r-{al^-{-bm"-\-€n~) -r2r{alxi^bmyi -f-c/iZi) 

- {axr -- byr ^ cz,--l) = 0 (3j 

which IS a quadratic m r. 

lies on the conicoid (1) 

axi^ + byi- -r cz^ = 1 ... ( 4 ) 
one root of the quadratic (3) is zero. 

If the line touches the conicoid, the other root is also zero, 
coeff. of r = 0, 

i.e., alxi + bmy^ cnz^ = 0 ... (5) 

Eliminating /, m, n from (2) and {5} [by .substituting their values 
from (2) in (5) ], the locus of the tangent lines is 

a{x-Xi)x^-\-b{y-y^)y^+c{z-Zi)z^ = 0 
or axx^-\-byy^^czz^-{ax^-^byy--ycz^~) - 0 ... (6) 

Adding (4) and (6), 

axx, 4- byy, 4- czz, = 1, 

which is the required equation of the tangent plane. 

[ Rule to write down the equation of the tangent plane at 
the point y,, z,) of a central conicoid r 

See Rule of Art. 70^ {b}. ] 

EXAMPLES 


1. Find the equation of the tangent plane at the point 


(x'j y4 z') of the ellipsoid 



[D.U.H. 1941 ] 


Show that the length of the perpendicular from the origin 
on the tangent plane at the point (x', yS z') is given by 

1 


X - 


- ^1 + K-r + 


2*- 


a* b 


2. If P, Q are any two points on an ellipsoid, the plane through 
the centre and the line of intersection of the tangent planes at P, Q 
bisects PQ. ' 


116 . Condition of tanj^ency of a plane and a central conicoid. To 

find the condition that the plane lx-]-my4nz = p should touch 
the central conicoid ax- 4-by- 4-cz- = I, 

[ Method of point of contact. ] 

The equation of the plane is lx-\-my-^nz = p ... {[) 
and that of the central conicoid is ax'^+by^‘\-C 2 ^= 1 ... (2) 

(xu yu 2i) be the pc. of contact. 
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[ Art. 116 


The equation of the tangent plane at {Xi, yi, z,) to the conicoid 
(2) is axxi + byyi + czzi = 1 ... (3) [ Art. 115 ] 

V it is the same as the equation of the given plane (1) 

.'. comparing coeffs. in (3) and (1), 

ax I __ byj _ czi ^ 1 

“ T 


i 


m 


n 


. i ^ ^ f A\ 

• • ^ ~cp 

*•* (-^i^ yu ^i) iiss on the conicoid (2) 
axr -I- byi^ + czi^ = 1 ... (5) 

Substituting the values of Xi, y^, from (4) in (5), 


a 




, . m- n- . 

“r& \ C — .>’«• — 1 

n‘p- b-p- c-p^ 


•» <> 


or 


-f — ^ p , 


which is the required condition. 

Cor. 1. If the condition is satisfied, to find the point of contact- 

From (4), the pt. of contact is ^ ' c^)' ^ ^ 

Cor. 2. To find the equations of the two tangent planes to the 
. intral conicoid ax- rby--^cz'=l, parallel to the plane Ix + my -\-nz=0. 
'I'he equation of the central conicoid is ax^-\~by~-}-cz-^\ .••{!) 
The equation of any plane !| to the plane Ix-rmy+nz^O, is 

lx-Tmy-\-nz=p ...(2) 

If it touches the conicoid (1), then 


a 


+ 


m 


n“ 


+ — =PV orp= ± 


VI 


m- 


o c 


Substituting these values of p in (2), 




■f — + — 
^ b^ c* 


lx -\-my-\-nz 

V. Inch are the required equations of the two tangent planes. 

EXAMPLES 

1. Find the equations to the tangent planes to 

2x-— 6y2-i-3z^=5 

which pass through the line “3z=s0— 3x — 3y+6z— 5, 

[ £). Ua Ha 1946 ] 

2. Prove that the equation to the two tangent planes to the 
conicoid ax--f by2*f-cz*= 1 which pass through the line 

us-lx my-f nz->p=.0, u'ssl'x-i-m'y +n'z— p'=sO, is 
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Art. 116 ] 




1^ 

a 


m 




mm 


nn 

c 


-pp' ) 


+ u' 


1= m2 
a b 


n 


-pO=0. [P.U.H.I959] 


3. Tangent planes are drawn to the conicoid ax--rby‘^-\-cZ‘--\ 
through the point (a, [5, y). Piove that the perpendiculars to them 

z- 

[ P. U. H. ] 

4. (a) Show that the plane Ix + myH-nz = p will touch the 


X" . y 


from the origin generate the cone (ax+3y+y2)‘= ' + l 


ellipsoid if a2|2 + b2m2-^c2n2=pi. [B,H.U.}932] 


•> 


a* b* c 


(6) Obtain the tangent planes for the ellipsoid 

which are parallel to lx-^my-\-nz—0. 

If 2r is the distance between the planes, show that a line 
through the origin and perpendicular to the planes lies on the cone 

x‘-{d^-T'~)+yW~T-)yz‘^{c^-r’^)=0. [ P. U, H. 1961 ] 

**5, If the line of intersection of two perpendicular tangent 
planes to the ellipsoid whose equation, referred to rectangular 
axes, is x2, a2 -f y2 b ^ 4 2 =, c2= 1, passes through the fixed point 
(0, 0, k), show that it lies on the cone 

x2(b24-c2-k2)fy2(c2-{-a2-k2)4-(z-h)2(a2+b2)^0. [P.V.H. I960] 

o *> o 

The equation ol the ellipsoid is + ■■ (*) 

Let the equations of the line of intersection of two _L tangent 
planes, passing thro' (0, 0, k), be 


x-0 ^y-0 
I m 


z—k 


X - y 


or = 


z—k 

n 


...( 2 ) 


A2a2-hB*6H-C2c2=C*/c2 


n ' I m 
Let the equation of a tangent plane thro’ this line be 
Ax+By+C(z-A)=0, or AxH-By4-C2 = C* ...(3) 
where A/ 4 - Bm 4 - Cn = 0 ...(4) [Art. 44,(6)] 

*.* the plane (3) touches the ellipsoid (1) 

AV4-B26=+C-(c2-^0=0 ...(5) 

•/ the two tangent planes are _L 
their normals are also ±, 

/. the lines whose direction-cosines (A, B, C) are given by (4) 
and (5), are _L 

P(6=4-c®-/c’')4-m=Cc2-A24-fl')4-n*(aH6')=0 ...(6) 

[ u^(64'C)4-»^®(c4-fl)4-*v*(a4-6) = 0 (Misc. Ex. 5, Chap. II) ] 


or 
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EJimmating I, m, n from (2) and (6) [by substituting their values 
from (2) in (6)], the line (2) lies on the cone 

xW- +c--/£“) -k^) Hz~kf 
Note. Important. The condition, that the two lines whose 
direction-cosines {I, m, n) are given by 

ul-\-vm-\-wn=0, 

al^-\-bni^-hcn^=0, 

may be perpendicular, is 

u“(b -l-c) -j- v-(c + a) + w“(a +b) = 0. 

[ Misc. Ex. 5, Chap. II ] 


117. Director sphere. To find the locus of the point of inter- 
section of three mutually perpendicular tangent planes to a 
central conicoid. 

Let the equation of the central conicoid be ax--\-by^-\-cz‘^=\...{\) 
Let the equation of one of the three mutually X tangent planes 
to the conicoid (I) be 

hx-tmxy^n^z=py, 

Ir 


where 


a 


I « A / 

^ ^ or p,= /W 


mr nr 


i.e.. 


hx-^m^y-i 


V 


2 


+ ... ( 2 ) 


Similarly let the equations of the other two tangent planes be 


Lx-j-msy-rniZ 

h^-^n2:iy-\-n.jZ 


V 

V 


... ( 3 ) 


+ 


m 


+ 


n 


2 


... (4) 


6 c 

[To find the locus of the pt. of intersection of the planes (2), (3), (*i).] 
Squaring (2), (3), (4), and adding vertically, 

rT'T73“)+y“('ni"+tti2"-|-tn3*) ^-z- (/Zr+tla'+tis") 

4 lyz{mpi, -^m^n.^+2zx{ndi ''rn.k XnaQ -\-2xy{l^m,-\-km^-\-km^) 

+ + -f -L (niH/i3"+n3“) 

[ But /i, mx, ni ; L, mo, n ., ; /j. mg, ng being the direction-cosines 
of three mutually X lines, viz., the normals to the three mutually X 
tangent planes (3). (3), (4). 

^rX/a- t/j' = I, and so on ; miniXttionaXmana — 0, and so on 

( Art. 58, (C) {D ) } ] 


or 




+ 


1 
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which is the required locus. 

It is a sphere, whose centre is the origin, i.e., the centre of the 
conicoid. It is called the director sphere of the conicoid. 

EXAMPLES 

1. Director sphere. Fiad the locus of the point of interse.'tion 

of three tangent planes to an ellipsoid which are mutually at 
right angles. [ p. f/. //. J^SS ] 

2. Prove that the locus of points from which three mutually 
perpendicular planes can be drawn to touch the ellipse 

X- aM-y’ 1, z=0, 

is the sphere bK [ P{P). U. 1956 S ] 

Normals to an ellipsoid. 


118. Normal. Def. The normal at any 
point P of a surface is the straight line through 
P perpendicular to the tangent plane at P. 


\ 

- - " 


119« Equations of thi normal. To find the equations of the 

X- V* 2- 

normal at any point (X|, y,, z.) of the ellipsoid - + > = 1. 

a- b“ C" 

^ l> 

The equation of the ellipsoid is -i- y ^ = 1 • 

The equation of the tangent plane at (x,, Zi) is 

+ +”‘ =' (Art. 70,(6)) ] 

the direction-cosines of th? normal are proportional to 

JCi yi 

~d^'b ' ' c ^ ' 

the equations of the normal at (xj, y^, Zj) are 


x-x, y-y, z-z 

*1 yi_ fi 

a* c^ 


i ...(2) [ Art. 37, Cor. 1 j 


Abridged notation. If F(x, y, = -j- - -f- — 1, so that 

F(x, y, z)=0 is the equation of the ellipsoid, then 


= - 2x, 




^F 


?y ~ 6^' az ■" c'^ 
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dXi or ' dyi ' dzi c® 
from (2)^ the equations of the normal are 

_ y^yi, _ -g-^i or 

9F " 8F_ “ . JF_ dF 

“ dXi ^ dyi ‘ dZi dVi 

Note 1, The above equations of the normal hold even if 
F{x,y,z)=0 (instead of being the equation of an ellipsoid) is the 
equation of any conicoid. 

Cor, To find the equations of the normal in the actual 
direction-cosines form. 


then 


If p is the X from the centre (0, 0> 0) on the tangent plane (1)/ 

1 

P== 


V? 


Pi . Zi 




4. _ 1 - 0 

a- 6*"^ c- 


Now the direction-cosines of the normal are proportional to 


^X ^ €i_ 

a:^ " ' c2 • 


[Art 119] 


Dividing 
cosines are 




the actual directlon- 


Pl /»- 

a- c* . Hi pyi 


V V V 

the equations of the normal at (xi, y^ z^, in the actual 
direction-cosines form, are 


y-Yi 

P»i PYi P*i * 
a* c2 


[ Art. 37 ] 


Note 2. Which form of the equations of the normal to use 

and where ? For problems relating io distances measured from P 
{xu Pi/ Zi) along the normal at P, use the equations of the normal at P, 
in the actual direction-cosines form, viz,, 

4 

y-yi_ g-zi 

p*i_ pyi ’ 

a- c2 

and for other problems use the equations of the normal in the 
simpler form, viz,. 
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^ A 

2o j 


2 


y-Vi 

b- 


z — z 


c- 


EXAMPLES 

1. The normal at any point P of the ellipsoid 

•> 

X- y. 2 


a‘ b- c- 

meets the principal planes^ in Gj, Go, Go. Show that 

PG, : PG. : PG. = a2 : b- : c*. 

The equation of the ellipsoid is =1. 

Let P be the pt. (x,, y,, Then the equations of the normal 
at P, in the actual direction-cosines form, are 

Lzy^= Lzb 

‘px^ py\ pzi 

a- b- c- 


[Art. 119, Cor.] 


Any pt. on the normal is - r, yi+^ry r, r \ 

If it lies on the y 2 -plane, i.e., x=0, then 

xH-^^‘ ^="-0/ or 1 i- ^ r=0, or r = — 

a- p 


PG, = - 


<7- 


Similarly PG2=— , PGj=— “ , 


2 


PG. : PG, : PG, ^ =q2 . ^2 . 


X- 




2. The normal at a point P on the ellipsoid —+ + — = I 


y 

a- b~ C" 

meets the principal planes in G., G„ G,. If PGi“-f*PG,--|-PG 3 - = 
6nd the locus of P. [ Ag. U. 1938 ] 

3. Find the length of the normal chord through P(A],yi, z,) of 

the ellipsoid = and prove that if it is equal to -iPGj, 

where G, is the point in which the normal chord meets the plane 
XOY, then P lies on the cone ( 2 c^—a 2 )-|- {2c-—b'^) -\- ^^^=o. 

4. The normals to an ellipsoid at the points P, P' meet a 

principal plane in G, G' ; show that the plane which bisects PP' 
at right angles bisects GG'. [ B. U. H. 1933 ] 


• i.c., the planci YOZ, 20X, XOY. 
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120. Number of normals from a given point to an ellipsoid. To 

prove that there are six points on an ellipsoid the normals at 
which pass through a givan point (a, y). 


or 


or 


or 


Let the equation of the ellipsoid be + --r =1 •••(!) 

Cl 0 C 

The equations of the normal at [x^, yi, zf) are 

[Art. 119] 


X~Xy 


. f:i£i 


>"1 



63 

C2 

P> 

y), then 


a— Xi 

II 

! 

!l 

M 

1 

11 




. 

Q‘ 

63 

C3 


Y 

From the first and last members, a— ;iCi=^ X 

A 




o 

a--j. 




1 


- « 


> - (3) 


/>- r-v 

Similarly Vi = , o \ ,z^ = . 

0 “i ^ C A 

■.* UpA’i* -i) lies on the ellipsoid (1), 

<> n 

• 1 f to ^ to 

Substituting the values of x^, yi, Zi from (3) in (4), 


I 


ah.- 


l 


_ 1 cV" 


(a^ ib—^) 


+ 


c- (c^+A)> 


T =l 


> *> 


o *> 


(a--i-AF ^ {b-^\)’ ^ (c- + X)' 


= 1. 


Clearing of fractions, 

gV(6"-+a)- (c2+A)H6'P'{c-[-A)=(a-*+X)2+cV=(a''+Af(6=+A)2 

= (a2-l-A)2(6^-+X)=(c2+A)^ 
which is an equation of the sixth degree in A, giving six values of A. 

Substituting these values of A, one by one, in (3), we get six pts. 
{xi, yi, Zj) on the ellipsoid the normals at which pass thro' (a, p, y). 

Cor. 1. The feet of the normals from {yi, % y) to the ellipsoid lie 
on three cylinders which have a common curve of intersection. 

From (2) [ changing (;ti, y^^ Zi) to (x, y, z) ], the feet of the 
normals lie on 
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a-x _ _ y-Z 
X z 

b- c- 


C'{y~z) 

y 


or 

X y z 

i.e., on the three cylinders 

b^z{',i—y)=c~y{y-z), c-x{y-z) = a-z{7, -x) 

a‘y{y.—x) = b-x{'i - y). 

From (3) [ changing {Xi, Zy) to (x, y, z) ], rhe feet of the 
normals lie on the curve 

cV 


(5) [Art. i7J 


d^x 


■' ■ 6--r^ 


c--rA 


where A is a parameter. 

the three cylinders (5) have a common curve of intersection (6) 

Cor, 2. Cubic curve through the feet of the six normals from a 

point- The feet of the normals from (7., 'i, y) to the ellipsoid are 
the six points of intersection of Che ellipsoid and a certain cubic 
curve. 

The six feet of the normals from {x, y) to the ellipsoid lie on 
the ellipsoid [Art. 120]. 

Also from (3) (Art. 120) [changing {x^^yuzf) to {x, y, z)], the 
feet of the normals lie on the curve 

a-x o-;i C'y ... 

where A is a parameter. 

[To prove that the curve (6) is a cubic curve.] 

The curve (6) meets an arbitrary plane 

Ax + ByH-Cz'i-D = 0 ...(7) 

where, substituting the values of x, y, z from (6) in (7), 

Clearing of fractions, 

Aa-afi^-hA)(c--|-A) 4-B6^Ti(c'^-|-A)(a--=-t-A)+CcV;a-n'-A)(62-fA) 

-i D(a“-i A)(6^-j-A){c^-M) = 0, 

which is a cubic in A, giving three values of A. 

Substituting these values of A, one by one, in (6), we get three 
pts. {x,y, z) in which the plane (7) meets the curve (6). 
the curve (6) is a cubic curve. 

the feet of the normals from (z, [i, y) to the ellipsoid are the 
six pis. of intersection of the ellipsoid and the cubic curve (6), 


236 


NEW ANALYnCAL SOLID GEOMETRY 


[ Art. 120 


Cor. 3. Quadric cone through the six normals from a point* 

The six normals from (a^ 13) y) to the ellipsoid He on a cone of 
the second degpree. 

Let the equations of a normal from (a^ p, y) to the ellipsoid be 

I m n ' ' 

Then (Art. 119, Cor.) [ But (Art. 120, (3)) ] 

— _ P* 

~ a"- 

or b--c- 

Similarly ' c'—a- 

m I 

c=+A=^?'-. ■ a~~b^ 

n 

Multiplying these equations respectively by 6-— c% c^—a^, a-—b-, 
and adding vertically, 

ib--c-) (c--a-)+^^ (a’—b’'-) 


or {b'-c"-) (c=-a=) -l--^(a=-6=) = 0 ...(2) 

Eliminating I, m, n from (!) and (2) [by substituting their values 
:roin (i) in (2)], the normals lie on the surface 

+^!/a"-6=) = 0 

c r, clearing of fractions, 

y(b--c-)iy-^?){z-y)^y^{c--a:^)[z-y)(x-^)+Y[a‘-b-)(x-^)(y-^)=0, 

which is a cone of the second degree. 

EXAMPLES 


1. ^ (0 Prove that the six normals from a point to an 
ellipsoid lie on a cone of the second degree. [ Ag, U* 1957 ] 

(it) Prove also that the feet of the normals are the six 
points of intersection of the ellipsoid and a certain cubic curve 
which lies on the above cone, Ag. U. 1944 ] 

[ Rule to prove that a given curve lies on a given surface ! 

Substitute in the equation of the surface the co-ordinates (in 
terms of a parameter) of any point on the curve> and show that the 
equation is satisfied for all values of the parameter. ] 
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2. Quadric cone through the feet of the six normals from a point. 

Prove that the feet of the six normals from (a, 'If y) to the 


X- 


y- z- 


ellipsoid -+ ^,-+ :- = ! lie on the curve of intersection of the 


ellipsoid and the cone 


a-(b--c2)a 


+ 




^ [P.U^H. 1954 ] 

Cor, The feet of the six normals fTom{j-,/,y) to an ellipsoid lie 
on a cone of the second degree in whose equation, 

coeff. of x2=0, coeff. of y-=^0, coeff, of z-=0, constant term = 0. 
For, from Ex. 2, the equation ot this cone is 
Qr{b~ — c~yj.yz -rb'{c-—d^yizx-\ c-(a"— 
which is of the second degree, and in which 

coeff. of A-=0, coeff. of >'*=0, coeff. of j- = 0, constant tcrm = 0. 

3. IfP, Q., R; p', Q,'j R' are the feet of the six normals 

• » •• 

X* V * z * 

from a point to the ellipsoid plane 

PQ.R is given by lx-, my-i-nz = p, then ihc plane P Q.R' is given 

z 1 


by 


a-i~ b‘m 


- = 0 . 

c-n p 

[ The equation of the ellipsoid is 


[ P. U. I960 ] 


_•» \ L‘> 

a-’ O' 




or 


z- 


Z + ---1=0. ..(I) 

a- O' c- 



and that of the plane PQR is 

lx-\ my4 nz~p, or lx -\-my ynz~ p=Q...{2) 

Let ihe required equation of the plane P'Q'R' be 

ix^ m'y4-n'z=p', or lx-]-m'yyn'z—p'=0...{}>) 

The combined equation of the planes (2) and (3) is 

{lx-{-my \ nz—p)[l'x-rm'y-\-n'z-p') -0...(4) 

The equation of any conicoid thro' the pts. of intersection of the 
ellipsoid ()) and the pair of planes (4) is 

(^+ )d A:(fx-i my rnz-p)(lx \-m'y-\ n'z-p')^Q, 

If it is the same as the equation of the cone thro’ the feet P,Q,R ; 
P', Q’, R' cf the six normals from a pt. to the ellipsoid, then 
coeff, of X-—0, coeff. of y-=0, coeff. of z-~v, constant term^V. 

( Ex. 2, Cor. ) 

Hence find the values of m', n', terms of k), and substi- 
tute these values in (3). Cancel k from the denominators. ] 
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121. Equation of the polar plane. To find the eqaation of the 

polar plane of the point (x„ y|, Zj) w.r.t. the central conicoid 

ax- + by^ -j-cz^ = 1 , 


The equation of the central coni- 
coid is ax^-i-by--\-cz^ = 1 •••(!) 

Let P be the pt. (Xi, yu 
any chord of the conicoid thro' P, and 
y, z) the harmonic conjugate of 
P w. r. t. Q and R. 



[ To find the locus of S. ] 

The pt. which divides PS in the ratio A: : 1 is 

( kx-\-Xi /fV+Vi kz-\-Zx\ 

VkTr ' k-r I ' k-\-l ) ' 


If it lies on the conicoid (1), then 


a 



kx-\-Xi 

k-r\ 




k^l ) 


or, multiplying thro'out by (A:-fl)^/ 

a{kx-^x^)-+h[ky-\-y^f-\-c{kZ'\-z-ff = (/c + l)=* 

or a{kx ~Xif-\-b{ky-\-yiY+c[kz-]rZd~ — (A: + l)“ = 0 

or k‘[ax' ^-by- ^cz‘^—\)-\-2k{axXi -rbyyi -rczzy — 1 ) 

-r {axx~+byi^-^czx^ — \)= 0 ... (2) 

which is a quadratic in k. 

PS is divided harmonically^ i.e., internally and externally in 
the same ratio at Q and R [Def. (Art. 72) the quadratic (2) has 
equal and opposite roots, 

sum of the roots = 0, coeff. of Ac = 0 
i.e., axXx-rbyyx-\-czzx—\=^ 
or axxj-^byyj + czzi = 1, 

which is the required equation of the polar plane. [ Def. (Art. 73)] 

t Aid to memory. See Aid to memory in Art. 74. } 

Cor. 1. If P is on the central conicoid, the polar plane of P is the 
tangent plane at P. 

For the equation of the polar plane of P {Art, 121) is the same as 
that of the tangent plane at P {Art, 115). 

Cor. 2. Reciprocal property. If the polar plane of a point P 
with respect to a central conicoid posies through a point Q, then the polar 
plane of Q passes through P. 

Let the equation of the central conicoid be 
Let P, Q be the pts. (.Vi, z^), {x^, Zs). 
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The equation of the polar plane of P w. r. t. the conicoid (1) is 

axxi -h byyi — czz^ = I. 

If it passes thro’ Q, then 

+ cz.,z■^= 1 

or ax^Xi^byiy-i + cziZ 2 = 1. 

The symmetry of this result shows that it is also the condition 
that the polar plane of Q should pass thro’ P. 


EXAMPLES 


1. Find the equation of the polar plane of (x', y', z'} with respect 

to the ellipsoid ( ) 'i' ( c ) [ D, U. H. 195! ] 

2. Prove that the six normals from a point P to an ellipsoid 


He on a cone of the second degree. 


Prove also that on this cone lie (n) the line joining P to the origin 
(b) the parallels through P to the axes, (c) the perpendicular from P 
to its polar plane. [ ^ 

3. Pole of a given plane. Find the pole of the plane 


lx my -nz = p, 

with respect to the central conicoid ax- ■ by- cz- = 



The equation of the plane is 
and that of the central conicoid 


lx •’ my- nz~p - -(1) 
is ax'-'rby-^cz-=\ ..-I 



Let (Xi. yj, Zi) be the required pole. 

The equation of the polar plane of (x,, yi, Zj) w.r.t. the conicoid 
(2) is oxx, T ftyy, - czzi = 1 -.(3) [Art. 121 ] 

it is the same as the equation of the given plane (1) 
comparing coeffs. in (3) and (!), 

flx, _ by_\_^. ^ _L 

I ~ m n p 




the required pole is 


f I rn n \ 
\ap 'bp ' cp )' 


4. If P, Q/ R ; P'/ Q'/ R' feet of the six normals from a 

point to the ellipsoid + = and S, S' are the poles of the 

planes PQR/ P’Q'R'/ and O the centre, prove that 

SS'— OS==-OS'-=2(£iH6Hc'^). 
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122. Polar lines. If the polar plane of any point on a line I with 
respect to a central conicoid passes through a line V, then the polar plane 
of any point on V passes through 1. 

Let P be any pt. on I, and P' any pt. on V. 

If the polar plane of P w.r.t. the central conicoid 
passes thro" V, then •/ P' is a pt. on V 

the polar plane of P passes thro" P'. 

/. by the reciprocal property (Art. 121, Cor. 2), 
the polar plane of P' passes thro’ P. 

But P is any pt. on 1. 

the polar plane of P' passes thro' /. 

Note. Polar lines. Def. Two lines, which are such that the 
polar plane of any point on each w.r.t. a conicoid passes through the 
other, are called polar lines w.r.t. the conicoid. 



123. Equations of the polar of a line. To find the equations 

of the polar of the line * , ^ ^ with respect to the 

1 m n 

central conicoid ax^-; by 2 -fc 2 - = l. 

The equations of the line are 


...(0 


I ni n 
and the equation of the central conicoid is ox- +6y- *|-cz®= I ...(2) 

Any pt. on the line (I) is {x^-^lr, y\-{-mr, Zj-fnr). 

The equation of the polar plane of this pt. w.r.t. the conicoid (2) 
is axlXil/O+fryO'in-mriq-czfZi-i-nr) =1 [Art. 121] 

or GX{Xi-f-/r)'i ftv(yfi-mr)'fcz(Zi-rnr) — 1=0 
or axxi-i byyx-\'Cz:^ — \i-r{alx-\-bmy+cnz)^t^, 
which, for all values of r, passes thro' the line 

G.vxi+6j'yi-|-czzi- 1 =0, alx^bmy+cnz=0 [ Art. 44, (a) ] 

the required equations of the polar are 

axxi-fbyyi + czzi = l, alx f bmy-f cnz=0. 

[ Rule to write down the equations of the polar of the line 


X — Xj 

1 


y-Yi 


m 


z — z 


tt 


w.r.t. a central conicoid (equation in the 


standard form) : 

{i) Write down the equation of the polar plane of (Xj, yi, Zi) w.r.t, 
the central conicoid, 

{ii) Write down the equation of the polar plane of {I, m, n), and omit 
the constant term. 

{Hi) The two equations are the required equations of the polar. ] 
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EXAMPLES 

1. Define polar lines with respect to a conicoid. 

. [ P.U. H. ]95<J ] 

Obtain the equations to the polar of the line 

X — g y — _ z — y 

1 m n 

with regard to ax2 + byHcz-=l. [B.V. H. 1948 ] 

2. Find the locus of straight lines drawn through a fixed 
pomt (a, y) at right angles to their polars with respect to 

ax--fby-4-cz“=l ; rectangular axes. [ Q. 1948 ] 

3. Find the conditions that the lines 

y-y\ _ y~y^^ - 

h nil ni., 

should be polar with respect to the conicoid ax- \-by'-rCZ~= I. 

[ The equations of the polar of the line (I) w.r.t. the conicoid are 

^Xi'ybyyi-\-czzi = I, axli-i-bymi-\ czni=0 ...{}) 

I Rule (Art. 123) ] 

If it is the same as the line (2), then any pt. on the line (2), 
{Xz-yl^r, y.-ym-j, z.yyn.r) lies on the line (3) for all values of r. J 

Find the condition that the line ^ 

h nil ni 

should intersect the polar of the line ^ ^ 

l-i m-i m 

with respect to the conicoid ax"^ -\-by- tcz~ — 1. 

5. Prove that if the polar of a Itiie / with respect to a conicoid 
intersects a line then the polar of /' intersects L [P.U.H, }938\ 

[ Conjugate lines. Def. Two lines, which are such that the 
polar of each w. r. t. a conicoid intersects the other, are called 
conjugate lines w. r. t. the conicoid. ] 

Let m be the polar of / intersecting V in P, and 
fn' be the polar of /' 

Consider the polar plane of P, 

V m, I are polar lines 

the polar plane of P(a pt. on m) passes 
thro' I [Def, (Note, Art. 122)]. 

Again m' are polar lines 

the polar plane of P (a pt* on /') passes 
thro' m'. 

the polar plane of P passes thro' I, m' 
f.e., /, m' are coplanar. 
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Wl, the polar of V, intersects L 

6. {a) If P, 0, are the points (xj, yi, Zj), (xj* Yzi * 2 )> polar 
of PQ^ with respect to ax--|-by2-|-ca^ = 1 is given by 

axXi-}-byyi-rCzZi=l, axxj+byyj-pczz^ = 1, 

(b) If P and Q are two points on a conicoid> the polar of PQ 
with respect to the conicoid is the line of intersection of the tangent 
planes at P and Q. 

7. Find the equations to the polar of the line ~2x=5y~\^7z 
with respect to the conicoid 2x^—y^-{-2z-=U Prove that it meets the 
conicoid in two points P and Q, and verify that the tangent planes 
at P and Q pass through the given line. 

8. Find the equations of the polar line of 



with respect to the sphere x--ry--\-z- = I. [ P.U, 1956] 


P(xj,yj,z,) 


124, Equation of the {tangent cone or) enveloping cone*. To find 

the equation of the (tangent cone or) enveloping cone from the 
point (Xj, yj, z,) to the central conicoid ax--(-by--|-cz2 = 1, 

The equation of the central conicoid is 
ax- -r by^- -h C2'^ - 1 ... (1) 

Let P be the pt. {x^, y,, Zj), 

Let Q(x, y, z) be any pt. on a tangent from 
P to the conicoid. 

The pt. which divides PQ in the ratio ^ : I is 
kx-T-x, ky-\-yi kz-yz^ \ 


/ hxj-Xi 

\ k-vV 


/cH-l 



If it lies on the conicoid (I), then 


0(x,y,z) 


a(kxsx,\^^,fky±y^^- ( kz±zc\^ _ 

ky\ ) k-yi ; ” 


1 


or, multiplying thro’ out by 

a{kx^xr)--yh{ky+y,y-yc{kz^zyy = {ki-iy- 

or . a{kx-yXj}--yb{ky-\-yiy-\-c{kz-yz^)--{ky\)~ = 0 
or A-'(ax“ 4- by- +cz- — ])-\- 2k{axxi + byy^ + ezz^ — 1 ) 


.... j (oaVH^/iHc^i^-I) = 0 ... (2) 

which IS a quadratic in k. 

PQ touches the conicoid, the quadratic (2) has equal roots 
Haxxi-{byy,+czz^~])-=4{ax-y-by--ycz-~l){axy-\-byy-hczy-l) 
or {ax-y-by~-- cz- - I)(ax,- f byy-yczy — \) = {axXxy-byyi-\-czzi~-\f--‘{y) 
which is the required equ-ition of the enveloping cone. 

• See Dcf. Art 93. 
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Abridged notation. If S = ax- ^by~ ^cz' ~\ , so that S-0 is 
the equation of the central conicoid. 

Si— — 1, so that S, is the result of substituting 
the co-ordinates of the pt. {xi, z^) in S, 

T—Qxxi-ybyy^-yczzi—l, so that T=0 is the equation of the 
tangent plane at ^i^ 2 i), then, from (3), the equation of the enve- 
loping cone is SS^ = T-. 

[ Check, See Check in Art. 94, ] 

Note 1. Important. The above equation of the enveloping coie 
{SSi=T-) holds even if S=0 (instead of being the equation of a central 
conicoid) is the equation of any conicoid. 

Note 2. Compare, in Analytical Plane Geometry, tlie equation 

of the pair of tangents (SSi=T') from the point (.v„;'i) to the conic 
S = 0. 


EXAMPLES 

1. Find the locus of the tangents drawn from a given point 
(a, % y) to the conicoid ax^ + by^ + cz^ = 1 . [ P. O, H. JvJS ] 

Find the locus of points from which three mutually perpen- 
dicular tangent lines can be drawn to the surface 


ax 


1 


+ by- f cz- =: I . 


[ P. U. H. ] 


2. The section of the enveloping cone of the ellipsoid 
*^aM-y- b“+z-;C-=l whose vertex is P by the plane z 0 is (i) a 
parabola, (ii) a rectangular hyperbola. Find the locus of P. 

[ D, U. H. 1956' ] 

3. Find the locus of a luminous point if the ellipsoid 
x2/aH-y^bH z“,c-i=l casts a circular shadow on the plane z -O 

[ Ag. U. J943 ] 

4. The plane z=a meets any enveloping cone of the sphere 
x-4-y^-\-z'^=a^ in a conic which has a focus at the point (0, 0, a). 

[ P. U. H. 193S ] 

5. Show that the lines drawn through the point (x, ' 3 , y) whose 
direction-cosines satisfy al--\-bm--\-cri--\- 2 fmn-\- 2 gnl \ 2 hlin=^t), gene- 
rate the cone 


a{x-y.)- -i-biy-l^j)- \ c{z-yy- 

Show that the equation of the cone whose vertex is the origin 
and generators parallel to the generators of the above cone is 

ax‘ y by'^ 3 cz^ -i- 2fyz + 2gzx -| 2 hxy = 0 . 

Cor. Important. If the equation 
ax~-\ by^ -\cz^ v 2fyz H - 2gzx -i-2/ixy +2ux+2vyy-2wz-\ d^l 
represents a cone, the equation of the cone whose vertex is the origin and 
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generators parallel to those of the above cone is 

ax2 -f-cz2 +2fy z +2gzx +2hxy =:0, 

i.e., second degree terms=0. 

Note. Compare^ in Analytical Plane Geometry, the following : 
If the equation ax~-\-2hxy-j-by‘^-\-2gx-^2fy-\-c~0 represents two 
straight lines, the equation of the lines through the origin parallel to 
them is ax--f 2hxy-|-by“=0, i,e*, second degree terms=0. 

6. Lines drawn from the centre of a central conicoid parallel to 
the generators of the enveloping cone whose vertex is P generate a 
cone which intersects the conicoid in two conics whose planes are 
parallel to the polar plane of P. 

Let the equation of the central conicoid be ax^+by‘^+c2^=\...{\) 
Let P be the pt. (xi^yi, z,). 

The equation of the enveloping cone of the conicoid (1), whose 
vertex is P, is 

(ax- -fby^ +CZ- — 1 )(axi" +czi= — 1 ) = {axxi -rbyyi +C 2 Zi — 1 )- 

[SSi=T2 (Art. 124)] 

or iax^^-iby^~~hcz-)(ax,--^byr+czi^~])-{ax,Hby,^-^cz^^-^ 

~[{axx^-^byyj^+czz^)--2{axXi-\-byy^+czz^) + \]^0 ...{!) 
The equation of the cone generated by lines drawn from the 
centre of the conicoid (1), i.e., from the origin and il to the generators 
of the enveloping cone (2), is 

{ax- -'rby- +cz-)(oxi“ -hbyi-^-cz^^ — 1) — (axxi +6yyi+czzi)2=0. 

[ Second degree terms =0 (Ex. 5, Cor.) ] 
It meets the conicoid (I) where, putting ax“-{-by--j-cz^~\, 

(nxi* +czi2— 1 ) - (oxxj -(-6yyi +CZZ,)-— 0, 

or {axx, 4- byy, 4- czz^) -={axr-\- byi ^ + _ i ) 

or nxXi-|~6yy,+czZj=d:Va^^+f>yiHcZi®-l, />., in two conics 
, , [Art. 114, Cor. 2] 

whose planes are [I to the plane axxi+6;^yi+czzi==l, the polar plane 

01 P w.r.t. the conicoid (1). 

^(^aation of the enveloping c_y/iVnfer*, To find the equation 
of the enveloping cylinder of the central conicoid ax 2 ^by 2 +c 22 =:I, 

whose generators are parallel to the line ^ .f_, 

1 m n 


•See Dcf. Art. 106. 
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X 

'l 


Z 

rr 


£ 

n 


...( 2 ) 





/ 


/'■- / 


The equation of the central conicoid 
is ax-+hy--{-cz^=\ ...(I) 
and the equations of the given line are 
X y z 

I m n 

Let {Xi,yi, Zi) be any pt, on a tangent 
!i to the line {2). [ Note this step ] 

Then the equations of the tangent are 

x-x^ y-yi^ z-Zi _ 

I m n ' 

Any pt. on this line is 

yiZmr, Zi+nr). 

If it lies on the conicoid (I), then 
« {xj-hlrY+b (;^H-tnr)--hc {Zi+/ir)'=! 

or r\al^-\-bm^-\-cn^)+2r{alx,-\ bmyi-\-cnZi) 

, . , . H-(oXi= 1 6yr-f-czi--l) = 0 ...(5) 

which IS a quadratic in r. 

V the line touches the conicoid, the quadratic (3) has equal roots 
4(a/xi+6/nyi4-cn2i)"=4(a/--i 6m-+cn-)(ax,“-|-^'yi- ■ czi- — 1) .-(4) 

[ Cancel 4 ] 

/. the locus of (Xi, yi, 7,) is [changing (x,, yi, z^) to (x, y, 

(a/x -{-bmy -ycnz}-={al- -j-im- 4- cn-) (ax'^ -\-by~ cz- — I ) 
or {ax'^-yby'-{’Cz^—]){al~+bm~-\-cn^) = {alx'j~bmy -rcnz)' ■■■{5} 
which is the required equation of the enveloping cylinder. 

•‘Abridged notation. If S = ax“-f-fty* + c 2 -— 1, so that S = 0 is the 
equation of the central conicoid, 

Si=af2^6m2 4-c/i% so that s, is the result of substituting the co- 
ordinates of the pt. (/, m, n) in S, the constant term ( — /) omitted, 
t=flx/-f6ym-|'Czn, so that t=0 is the equation of the tangent 
plane at {I, m, n), the constant term ( — /) being omitted, 
then, from (5), the equation of the enveloping cylinder is 

Ss, = t-. 

[ Compare and contrast with the equation {SSi=T') of the enve- 
loping cone (Art. 124). ] 

Caution. See Caution in Art. 107, (a). 

**Cor. Condition of tangency of a line and a central conicoid. 

The condition, that the line ~ — - may touch the central 

I m n ' 

conicoid ax^'\-by^-\-cz^=l, is 

{aXi^-\-byi^-\-czi^—l){al-+bm‘-{ cn-) = (afx, 4 I cnzi)'% 

[ From (4) ] 
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EXAMPLES 

1. What is meant by an enveloping cylinder of an ellipsoid ? 

[ Ag. U, 1948 1 

Find the locus of the tangents to the ellipsoid 


z- 


^ b2 ^ c* 


= 1 , 


f P.U,H. 1951 ] 


.X y 2 

which are parallel to the line -y- = — = — . 

2. Deduce from the equation of the enveloping cone of the 
central conicoid axH by'-f cz2= 1, the equation of the enveloping 

cylinder whose generators are parallel to the line -j- = * 

[ Proceed as in Art. 107, (6). ] 

3. Find the equation of the cone whose vertex is (xj, yi» Zj) 

and which envelops the ellipsoid x^ a- 4 Deduce 

the equation of the enveloping cylinder whose generators are 

X V 2 

parallel to = - = — , 

1 m n 

4. Prove that the enveloping cylinders of the ellipsoid 

X- b--rZ-^c^ — 

whose generators are parallel to the lines 


[ P. U. H. 1950 ] 


X 

"0 


y 

=hv'a--b 


z 

c 


meet the plane z^O in circles. [ D. U. H. 1954 ] 

5, Prove that the polar of a line AB with respect to a central 
conicoid is the line of imerseciion of the planes of contact of the 
enveloping cone whose vertex is A and the enveloping cylinder whose 
generators are parallel to AB, [ P. t/. H> 1958 ] 

126. Equation of the plans of the section with a given centre. To 

find the equation of the plane of the section of the central 
conicoid ax“ 4 'l>y'-rC 2 -=l, whose centre is y^ Zx). 

The equation of the central conicoid is 
ax--hby-+cz- = 1 ...(1) 

[To find the locus of the chords of the 
conicoid (1) whose mid-pt, is 

Let (a'i, Zi) be the mid-pt. of any 
chord. 

Let the equations of the chord [ thro' 

(■Vi, .v’l/ -i) ] be 



r ~ 


m 


z~z 

n 


... ( 2 ) 
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Any pt. on this line is yi-r-mr, '-nO* 

If it lies on the conicoid (1), then 

a(Xi+/r)H6(y,+mr)2-i-c{z, - nr)- = 1 
or r^al'+bnt^ 4 cn-) -t-2r{a/xi -rcnzi) 

-j-{axr+byr \-cz,^~]) - 0 ... (3) 

which is a quadratic in r. 

(Tj, >»i, Zi) is the mid-pt. of the chord, the quadratic (3) lias 
equal and opposite roots, 

sum of the roots = 0, coeff. of r = 0, 
f.e./ alxi'{-bmyi-\-cnzi = 0 ... (4) 

Eliminating 1. m, n from (2) and (4) [by substituting their values 
from (2) in (4) ], the locus of the chords is 

a{x~x,)xi'^Hy-yi)yi-^c{z-zi)zi = o 

or Gxxi46yy,+czzi— ••■(5) 

which is the required equation of the plane of the section. 

Abridged notation. If S— ax* r6y-'^-cz' — 1, so that S = 0is the 
equation of the central conicoid, 

Si=QXi2+6yi--|-cz,^ — 1, so that S, is the result of substituting the 
co-ordinates of the pt. (Xj, yi, z,) in S, 

"r=axxi-f fcyyi-i-czzi — 1, so that T=0 is the equation of the 
tangent plane at (Xi, y„ Zi), then, from (5), adding (—1) to both 
sides, the equation of the plane of the section is 

axx, + byyi + czzi— 1 = axi- + byi‘ + cz,*-l, 
or T Sj. 

[ Check. The equation of the plane of the section (5) is satisfied 
by the co-ordinates of the given pt. (xj, y„ z,) thus, 

ax,- f byy + cz,- = ax,' by,' + cz,-. ] 

Note 1. Compare, in Analytical Plane Geometry, the equation 
of the chord (T=Si) of the conic S=0, whose mid-point is (x,,yi). 

Note 2. Important. The above equation of the plane of the 
section {T=S,) holds even if S=0 (instead of being the equation of a 
central conicoid) is the equation of any conicoid. 

EXAMPLES 

1. Find the equation of the plane which cuts the conicoid 

ax^ -}-by'-| 1 in a conic of which the point (a, y) is the 

centre. [ Bar. U, 1954 ] 

Find the equation to the plane which cuts x^-{ 4y-— 5z' = 1 
in a conic whose centre is at the point (2,3,4). [P.U.B- Sc.H. 1951] 

2. (a) Find the locus of chords of the ellipsoid 
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which are bisected at (f, gj h). [ P. C/. 1951 ] 

(6) The locus of the centres of all plane sections of a 
conicoid which pass through a fixed point is a conicoid. 

[ (6) Rule to find the locus of the centre of a section of a 
conicoid, which (section) satisfies a given condition : 

(i) Let (Xj, yi, Zi) be the centre of a section. Write down the equa- 
tion of the plane of the section [T—Si). 

{ii) Make the section satisfy the given condition. 

(ill) Find the locus of (Xj, y^ Zi) [hy changing (Xj, y^, to {x, y, z)]. 

This is the required locus. 

Note. For problems relating to a conicoid {whose equation is not 
given), let the equation of the (central) conicoid be ax--rby-4-c2®=^» ] 

3. Prove that the locus of the centres of parallel plane 

sections of a conicoid is a diameter. [ P. U> H. 1950 ] 

Prove also that the tangent plane at an extremity of the 
diameter is parallel to the plane sections, 

4. The locus of the centres of sections of a central conicoid 
which are parallel to a given line is a plane. 

5. Find the locus of centres of sections of ax*+by®+cz*=l 

which touch [ P. V. H, 1958 ] 

6. Find the locus of the centres of sections of a conicoid 

that are at a constant distance from the centre. [ P. U. H. ] 

7. Show that the centres of sections of a conicoid that pass 

through a given line lie on a conic. [ Bar. U. 1953 ] 

[Note. Equations of a conic. Two equations> one of a conicoid 
and the other of a plane, together represent a conic (Art. 19). (See 
Art. 1 14, Cor. 2.)] 

8. Equation of the plane of the section of a sphere with a given 
centre. Find the equation of that section of a sphere 

x--i_y-_j.2-=a- 

of which a given internal point (x^, y^, z^^) is the centre. 

[ P. U. 1939 S] 

9. Converse problem. Find the centre of the conic given 

by the equations 2x— 2y~5z'!- 5— 0, 3x®+2y-— 1 5^-— 4. 

[ P. U. B.Sc. H. 1955 ] 

127. To prove that the plane YOZ bisects all chords of the central 
conicoid ax--r by“-}-cz~=J, parallel to OX. 

The equation of the central conicoid is ax* + I •••(U 

Let the equations of any chord ii to OX (>'— 0, z=0) hey^H, z=v. 
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It meets the conicoid (i) where [putting z=v in (I)], 
ax^+bfi^+cv'-=\, or 

[ Art. 5, Cor. ] 


i>e., in the pts. 

The mid-pt. of PP' is (0, v). 

which lies on the plane YOZ (x=0). 

.*. the plane YOZ bisects all chords of the conicoid, to OX. 
Similarly the plane ZOX bisects all chords of the conicoid, to OY, 
and the plane XOY bisects all chords of the conicoid, to OZ. 


128. (a) Diametral plane. Def. The plane which bisects a system 
of parallel chords of a conicoid is called a diametral plane. 

Thus the plane YOZ is the diametral 
plane of the conicoid ax'- -\ by- -\-cz'-= I, whicli 
bisects chords parallel to OX (Art. 127) or, 

more shortly, the plane YOZ is the diametral 

plane of OX. 

Similarly the plane ZOX is the diametral 
plane of OY, and the plane XOY is the dia- 
metral plane of OZ. 

(6) Conjugate diametral planes and conjugate diameters. 

Def. 1. Conjugate diametral planes. Three planes, which 

are such that each bisects chords parallel to the line of intersection 

of the other two, are called conjugate diametral planes of rhn 
central conicoid. 

Thus the planes YOZ, ZOX, XOY are conjugate diametral 
planes of the central conicoid ax^-\-by--\-cz’=\ (Art. 127). 

Def. 2 . Conjugate diameters. Three diameters, which are such 

that the plane through any two bisects chords parallel to the third, are 
called conjugate diameters of the central conicoid. 

Thus X'OX, Y'OY, Z'OZ are conjugate diameters of the 
central conicoid ax--]-by^-[-cz'-=\ (Art. 127). 

(c) Principal planes and principal axes. 

Def. I. Principal planes. Diametral planes, which are per- 
pendicular to the chords which they bisect, are called principal 

planes. 

Thus the planes YOZ, ZOX, XOY are principal planes of the 
central conicoid ax^-i by'^~\-cz^=\. 

Def. 2. Principal axes. The lines of intersection of principal 
p anes taken two by two, are called principal axes. 
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Thus X'OX, Y'OY, Z'OZ are the principal axes of the central ' 
conicoid ax-~rby~-TCz-=\^ 

Cor. (The axes being rectangular) The equation ax'^-tby^+cz"^^! 
represents a central conicoid referred to its principal axes as the co- ^ 
ordinate axes. 


129. Equation of the diametral plane. To find the equation 
of the diametral plane of the central conicoid ax’-{-by‘+cz^=l, which 


bisects chords parallel to the line 


I 


= i'- = 

m 


n 


The equation of the central conicoid 
is ax'nby--{-cz~=\ ...(1) 
and the equations of the line are 


I 


= - .-( 2 ) 
m n ' 



[ To find the locus of the mid-pts. of 
chords of the conicoid (1), to the line (2). 

(Def. Art. 128^ (a)) ] 

Let (x,, yi, Zi) be the mid-pt. of any chord ! to the line (2), 
Then the equations of the chord are 

I m n ’ 

Any pt. on this line is (Xi+/r, yi-\-mr, Zi^-nr). 

If it lies on the conicoid (I), then 

«(xi+/r)“-6(yj -'rmr)--\-c{Zi-\-nry=\ 


or r-{(7r--r/)m--t c«-)-|-2r(a/xi+6myi-f-c«Ji)+(aXi“+&yi“-l-cJi®— l)s=0...(3) 
which is a quadratic in r. 

(Xi, j’i, j,) is the mid-pt. of the chord, the quadratic (3) has 
equal and opposite roots, sum of the roots *0^ /, coeff, ofr=0, 

i.e.^ alxi - bmvi ^cnzx=0 

the locus of (x„ yu z^) is [ changing (Xj, yu Zi) to (x, y, z) ], 

alx+bray-i-cnz=0 ...(4) 

which' is the required equation of the diametral plane. 

Cor. A diametral plane of a central conicoid passes through the 
centre of the conicoid. 

For, from (4), the diametral plane passes thro' (0, 0, 0), the 
centre of the conicoid. 

Abridged notation. If V{x, y, z) = ax--\-hy~^CZ~—\, SO that 
F(x, y, r)=0 is the equation of the central conicoid, then 

cF _ rF , . eF 
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from (^i), the equation of the diametral plane is 


cX 


I +n. i "f- =0 

" dz 


i-m.s , 

- cy 


or 


I cF , cf* , cF « 

1 . -f m + n =0. 
cx cy c* 

Note. The above equation of the diametral plane 


cF , cF 

ax ■ 


( I ^- + 

V ax ^ 


= 0 ) 


holds even if F(<, y, z)=0 (instead of being the equation of a central 
conicoid) is the equation of any conicoid. 

EXAMPLES 


1. Find the equation of the diametral plane of the line 

xyz y^v^z*" 

-j- = -i- = _ with regard to the ellipsoid * , “ f , - = 1 . 

1 m n a- b* C” 

Prove that the diametral plane of any diameter of an ellipsoid is 

parallel to the tangent plane at an extremity of that diameter. 

i> •» _«> 

X“ 

[(6) Let the equation of the ellipsoid * ••■(O 

Let Pixi, yu Zi) be one extremity of the diameter. Then the 

X V z 

equations of the diameter OP are — ^ . Find the equation 

■^1 yi ^1 

of its diametral plane and that of the tangent plane at P(xi, y,, z^) to 
the ellipsoid (1), and show that they are Find the equation of the 
tangent plane at the other extremity P'(— Xi,— yi,— zj of the diameter, 
and show that the diametral plane of OP is also to this tangent 
plane. ] 

2. For the conicoid 2yH-3z--f 4=0, find (i) the equations 
of the tangent plane and the normal at ( — 1, 2, 1) ; (h) equation of 
the diametral plane bisecting chords whose direction-cosines are 
proportional to (1, 2, 2), and {Hi) pole of the plane x ■ y—2z~ I. 

[ P. U, B.Sc, H. 1950 ] 

3. Find the locus of the mid-points of chords of the conicoid 

ax”4-6y-i-cz- = l which pass through the point {r, fi, y). (P, U. H.] 

[ The equation of the conicoid is ax--\-by'^ rcz'^=\ ••• (1) 

Let (Xi, yi, z,) be the mid-pt. of any chard. Let the equations 

of the chord [thro’ (xi, yi, Zj)] be ^ ...( 2 ) 

Proceed as in Art. 129. It will be found that 

a/xi-f6myi-t-cnzi=0 ...(3) 

If the chord (2) passes thro' (a, y), then 
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I m n ^ * 

Eliminate I, m, n from (3) and (4) [by substituting their values 
from (4) in (3). 

Note. Important. For problems relating to the locus of the mid- 
points of chords of a central conicoid ax^-i-by^-^cz^ = I, let (xi,yi,z^ 
be the mid-point of any chord. 

Let the equations of the chord [ thro* {Xi, y^ ^i) ] be 

_ y^zyj^ _ 

I m n ' 

Then alXi-^-hmy^^+cnz^ = 0. (As in Art. 129) ] 

Conjugate diametral planes and conjugate 
diameters of an ellipsoid. 

130. If P, Q are points on an ellipsoid {centre 0)> and the dia- 
metral plane of OP passes through Q, then the diametral plane of OQ 
passes through P. 

X" V* z- 

Let the equation of the ellipsoid be + ^ — 1 •••(!) 

Let P, Q be the pts. {x^, y^, z^, (xg. y-it z-i)» 

The equations of OP are 0(0. 0. 0) P(xi, y^ Zj) 

-TtO = ^ ^ rO r =. >Lz£t _ ijr£i (Art 401 1 

x,-0 Vi-O 2,-0 Lx.-x, y,~yi z,~z, J 

_x 3^ _ £ 

Xi “ “ 2, 

the equation of the diametral plane of OP w.r.t. the ellipsoid 
2x , 2v , 22 . 

(j-i +3'i 1,2' +^i — 0 


or 




(2) 


(1) is X 


[ 


if +.|?+«ffl.o 

dx dy dz 


(Art. 129). here ?==Xi. m—yu n—z,, 

nx,y,z)=^ ^+^ 2 - 4 . j 


or 


Hi 4- J. ££i 

a- 62 -T ^2 
If it passes thro' Q. then 


= 0 . 


0- c- 






= 0 . 


a- 0 * • c^ ‘ W ' 

The s>?mmefry of this result shows that it is also the condition 
that the diametral plane of OQ should pass thro' P, 

Cor. Conjugate diametral planes and conjagate semi-dia< 
meters of an ellipsoid. {See Fig. on the next page.) If P is a point 
on an ellipsoid, and Q a point on the diametral plane of OP and 
on the ellipsoid, and OR the line of intersection of the diametral 
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Art. 131 ] 


planes of OP and OQ (R on the ellipsoid)^ then the planes QOR, 
ROP, POQ are conjugate diametral planes, and OP, OQ, OR are 
conjugate semi-diameters. 

[♦♦Proof. The plane QOR is the diametral 
plane of OP. 

[ V the diametral plane of OP passes thro’ 

Q, and also thro' R (Given) ] 

Again the plane ROP is the diametral plane 
of OQ. 

[ the diametral plane of OQ passes thro’ R (Given). 

Also the diametral plane of OQ passes thro’ P 
since the diametral plane of OP passes thro’ Q (Given) ] 
Also the plane POQ is the diametral plane of OR. 

[ . the diametral plane of OR passes thro' P 
since the diametral plane of OP passes thro' R (Given). 

Similarly the diametral plane of OR passes thro' Q ] ] 
.. the planes QOR, ROP, POQ are conjugate diametral planes. 

[Def. (Art. 128, (6))] 

OP, OQ, OR are conjugate semi-diameters. 

(Def. (Art. 128, (b))] 



131. To find the relations between the co-ordinates of the 
extremities of three conjugate semi-diameters of the ellipsoid 


7^ 

+ =1 
I *_•> I o A * 

a- b- c- 


The equation of the ellipsoid is 


.2 


p( X>.y3,Z 5) 


Let (xi, yit Zi)/ (^ 2 , ^a), {x^ y^, z-^) 

be the co-ordinates of the extremities 
P, Q, R of three conjugate semi- dia- 
meters OP, OQ, OR. 

V P, Q, R lie on the ellipsoid (I) 

>^1=" . yi' , . '] 





, .Kl , , 

^2 -i ^2 i- ^2 - ... 

6- c- ~ 


(A) 


The equation of the diametral plane of OP is 


+ yyj 4. - n 

fl" ^ ^ c- 


[Art. 130] 
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•/ it passes thro' Q, R 

4 _ ^2^1 _ n 

~b-- ^ c^” “ 

' !> T llo T ^2 — 


(B) 


Similarly + 

From (A) and (B)> 


^2^3 

' A V» 

c- 



yi 

. 

a 

' y ' c ^ 

Xr, 

3’2 

Zr, 

« A 

a 

0 c ^ 


yx 

•^3 

a 

' h ' c 


are the direction-cosines of three 


[ Art. 9, and Art. 1 3, (a). Cor. 3 ] 


(changing columns into rows), 

ATi a:. ^3.1 


a ' a ' a ' 

yi y-2 ys . 
V'T' b ' 


^3 

c ' c ' c 


are also the direction-cosines of three 
mutually X hnes [Art. 58, II (z) ] 


* 

ATi" , A» , o f I 

• • X,- +*.-+*.- = a- ; ■ 

ory,-+;;j=+y3==6=; 1- -(Q 


Ad ^ ^ ^ « ft , A| o o 

..• + ;-f = or ri-'+r2-+^3^=c% 

c c c ^ 

>'l , y-' . ^3 ^3 r^ 

6 ■ V ■ c ■*■ 6 ■ T'^^' yi*i+y2*2+y3*3^ 

”c' ■ ■'■'c' ■ ^a‘+ 'c' • 

+ "a" • T 

(A), (B), (C), (D) are the required relations. 

i Aid to memory for (A), (B), (C), <D). 

Remember ; — ‘ ; 

a b c 


- 0 - ^ 
— V , I 


0; )-...(D) 
I 

J 


Xo y<> z*' 

T" ’ b * T’’ ’ 


xi z.i 

a ’ b ’ c' 


nrc ihe direction-cosines of three mutually X lines. 
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(changing columns into rows), 

Xl ICi Xj . 

• 9 ^ ♦ 

a 


a 

y± 

h 

zi 


Xl 

b 

Z) 

c 


a 

_>'3 

b 

Z.1 


c c c 

are also the dir;clion-cosines of three mutually _L lines. 

Now for each set, use 12 + m’+n2=| (Art. 9), and 11' + mm' + nn' -0 
(Art. 13, {a), Cor. 3). ] 

EXAMPLES 

1. (a) Define conjugate diameters and conjugate diametral 

planes of an ellipsoid. 

{b) If P{xj, y„ 2 ,), Q(x., y., 2 ,), R{xj, y^, z^) are the ex- 
tremities of three conjugate semi-diameters of the ellipsoid 

^ ^ ^ = 1» find the equation to the plane PQ,R. [ Ag. U. ] 


V* 

(6) The equation of the ellipsoid is 


^- = 1 -d) 


Let the required equation of the plane PQR be 

lx : my -\ nz=p .. (2) 

V it passes thro' P(xj, >’i, Zih Q(x-, z.), R(xa, >'j, J;j), 

IXi-\-myi-rnZi=p ...(3) 

Ix2+my2‘^nz.,=p -. (4) x^ 
lx.^-\-my:r\-nz-j=p .. (5) x, 

Multiplying (3), (4), (5) by Xi, x,, x„ and adding vertically, 

^(xr+x,H-x/) +m(xiyi+x,y,+x,y,) ” n(z,x, --2,xH--aA3)=p(x, + X.-X, 
[But (xi,yi, Zi), (x.,y.,. 2 ,), (X 3 ,y 3 , Z;,) being the extremities of 

three conjugate semi-diameters of the ellipsoid (1), 
■^iHx-/+X 3 ^=a‘-, and so on ; 
yiZ,-f y 2 Z 3 -t-y.iZ;,= 0, and so on ; 

I (a-)4-m{0j-}-n(0)=p (x,4-Xo-i-Xj) 

'x,4-xH-X:,^^ 

Similarly m=p j, n^p ^2 

Substituting these values of I, m, n (in terms of p) in (2), 

Xi+Xa-bXa I „ z=p 


(Art. 131. (C), (D) )] 


i=p( 


p( 


a 




6- 


C' 


or, dividing thro’ out by p. 


X, -l-Xj-f x- 


a- 




which is the required equation. 
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2. If P, Q, R are the extremities of three conjugate semi- 

= 1, show that the pole of 






y:^ + - 

ro ~ 2 




diameters of the ellipsoid « 

^ a- 0 “ c 

the plane PQR lies on the ellipsoid ^ + '^2 — H 

3. If P) Q., R are the extremities of three conjugate semi- 

X" 

diameters of the ellipsoid ^ 19 prove that the plane 

D C** 


PQR touches the ellipsoid 
the triangle PQR. 


x2 


y* z 


+ tT + 


a2 ' b'-* ' c2 


= ^ at the centroid of 

[ P. U. H, 1959 ] 


4. If the cone Ax“-f By--}-Cz-+2Fy2-{-2G2x+2Hxy=0 passes 
through a set of conjugate diameters of the ellipsoid 






a^ 


b2 ‘ c® 


then AaHBb--fCc==--0. [ D. U. H. 1935 ] 

5. If three conjugate diameters of an ellipsoid meet the 

director sphere in P, Q, R, prove that the plane PQR touches 
the ellipsoid, [ P, U,] 

[ Let the equation of the ellipsoid be ^ =1 "-(I) 

The equation of the director sphere is x--!'y-+^^=a®+6^+c-...(2) 
Let the equation of the plane PQR be lx-^my-rnz=p ...(3) 
Then the equation of the cone, whose vertex is the origin and 
which passes thro’ the pts, of intersection of the director sphere (2) 
and the plane (3), is 

;(^+/+r==(a^+6=+c=) ...(4) (As in Ex. I. Art. 87) 

it passes thro’ three conjugate semi-diameters (direction- 
cosines proportional to x,. y,. z, ; z^\ 

••• = (a=+6Hc=) (.'?-■ [Art. 88] 

Write down two similar results for (x^^ya, Za)/ (x^rys, and add 
vertically.] 

6, Prove tliat the locus of the point of intersection of three tangent 

I 

planes to ^ = K which are parallel to co;ijugatc diametral 


^2 


planes of + j'j +*2=1. is 


a:‘ . y^ . z“ G* . 6- . c 


2 

2’^ 


[ P. U, H. 1956 ] 

What does the theorem become when a— ? 
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**7. The locus of the foot of the perpendicular from the 

** ^ o 

centre of the ellipsoid f =1 to the plane through 

^ 

the extremities of three conjugate semi-diameters is 

a2x2-fbV+c=2‘=3(x= + yH^=)^ [P. U. H. 1951] 

[ Let N(;:o, z^) be the foot of the 1 from O on the phne PQR. 

Then the equation of the plane PQR [thro' N(Xo, y», zj and J, to 
ON (direction-cosines proportional to Xu, y^, z^) ] is 

Xo(x~Xo)+yJy-yJ-hZo(^-^,>) = 0 
or xxo+yyo+zzo = Xo^+yo^-hzo- ... (I) 

\* it is the same as the equation of the plane PQR 




yi-i-y^+y., 




[Ex. 1,(6), Art. 131 ] 


c-z. 


^ xy-i-yr-l-Zo' 
1 


T - (3) 

1 

__ l>yo f4) 

2 I .. 2 I ^ 2 ••• W// 


(5) 


comparing coeffs. in (1) and (2), 

a'~X o ^ = C‘.gr> ^ ^‘yy,r-l-Zu~ 

xi-hx2-i-x3 yi^yi-^y-i i 

. _ axp .... 

a ' ■ ‘ V ^ ^ 

«). 

_ CZo 

C x/ V 

Square (3), (4), (5), and add vertically. 

Note. Important. For problems relating to the locus of the 
foot of the perpendicular from the origin on a plane, let P(xp y,,z,) 
be the foot of the perpendicular. Then the equation of the plane 
[thro’ P(Xi, y„ Zj) and _L to OP (direction-cosines proportional 

to Xp y„ z,) ] is xXi-(-yy,-|-zzi = Xi'^-hyi^-f-z^^ 

In Ex. 7, in order to avoid confusion we have taken N (r,„ y,„ z^) 
to be the foot of the perpendicular. ] 

Three important properties of three conjugate 
semi-diameters of an ellipsoid. 

132. (a) To prove that the sum of the squares of three con- 
jugate semi-diameters of an ellipsoid is constant. 


Let the equation of the ellipsoid be 




1 . 

c- 


Let P{Xi,yi,Zi),QiXi,y. 2 ,Z 2 ),R(x 2 ,ys,Zi) be the extremities of 
three conjugate semi-diameters. Then 0(0, 0, 0) P(x,. j',, j,) 
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OF - (x,-0)^ + + (^1-0)* 

or OP= = + 2 ^ 2 , 

Similarly OQ^ = Xo^ -h 

OR"* = Xa’+ys- + 23% 

Adding vertically^ 

Op-^+OQ2+OR-^=(x,^-hxr-fX32)+(>;,= +:^;,^+y32)+(^^=+^3H^3=) 

[But {Xi, yi, Zi), {x-i, y-if ^ 2 )^X 3 , y-i, z_^) being the extremities of 

three conjugate semi-diameters of the ellipsoid^ 
Xi^-\-X 2 ^-rX 3 ^=a-, and so on (Art. 131> (C) ) ] 
=a- -r ft- -r c% which is constant. 


132. (6) To prove that the volume of the parallelepiped 
which has three conjugate semi-diameters of an ellipsoid for 
coterminous edges is constant. 

o *> ^ 

Let the equation of the ellipsoid be •— + 'T— 4-^=1 ... (I) 

a- O' 

Let P(x,. 2 ih Q(x,, y., z.), Rfxg, ^ 3 / 23 ) be the extremities of 
three conjugate semi-diameters. 

Then the volume of the parallelepiped which has OP, OQ, OR 
for coterminous edges is 

V= 6 (volume of the tetrahedron OPQRj [From Mensuration] 

- 6.’ 0, 0, 0 , I ! = - i xi,yi, z, |...(2) 

Xj, y-i, Z 2 

X 3 , y^, 23 


-V], y'l, - 1 . I 

X; / y n, Znf 1 


X;,. Z 3 . 1 


But 


Xi 

a 

X-, 

a 

X:i 

a 

1 


yi 
' b 

yi 
' b 


c 

£2 

c 

-3 

C 




( ht mx, nx ==^±1) 

^3/ ^3 1 


T*. >"1 

L ♦ ” ” > f 

a 0 


/ — - ; etc., are the direction- 
c 

cosines of three mutually J. lines 

(Art. 131 and Art. 58, Cor.) ] 

[ Take common from the first column, from the second 
u D 

column, and — from the third ] 


or 


1 

a 


1 

b 


1_ 

c 


Xi, 


=d;Lor 

Xu 

yu 

2 i 

Xo. 

3'3. 

2o 

X., 

y2> 

z- 

X 3 , 


23 

X 3 , 

y^ 

Z 3 


=^±abc 


■. from (2), V=~i±abc)=±abc. 

■. V {in ?nagnitude)=abc, which is constant. 
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Art. 132, (c) ] 

132. (c) To prove that if OP, OQ, OR are three conjugate 
semi-diameters of an ellipsoid, and A„ A>, A^ are the areas (of 
the triangles.) QOR, ROP, POQ, then A,^-|-A,HA/ is constant. 

Let the equation of the ellipsoid be p +^+-‘. = 1 ...(i) 

Let the extremities of three conjugate semi-diameters, 

be the pts. Zj), y», Zo), y^,, z^). 


1 

* » 

0, 

0. 

0 . 


Xi, 


2-1 ' 

1 

X,/ 


^3 ! 

1 

o> 

0, 

0 , 


Then Ai=A QOR=A OQR {in magnitude) 

[ V A.- -A/-t A:- (Art. 33} ) 

Ai 2 = J [(y223-yj2,)"+(^.X3-z,X2)2+{x,y3-x,y.)-] ...(2) 

But in the determinant I x, y, z, 

a b c 

Xi_ >*2 z. 
a ' t ' c' 

X3 y:, 2,, 

a 0 cl 

each constituent =± (its co-factor) (Arts. 131 and 59) 

•*T“^V6 ' c ~T* c / b-^K'c ' a~ c' 

- u(^i. y-^ ~ y-^ \ 

c ~ a * 6' a ' b ) 
or yi23-y3Z2 =±-p Xj, 22X3-23X3 = A p y,, 

I 

•^2>^3-X3y2 =±— 2i. 


X.. 

a 


from (2), 
Ai^ = 

Similarly 


I 


6 V' 

2 , 

««• Z 1 


a- 

•*1 -r ^ . 

>'1 ^ 



, , d^b- 

a- 

X 2 + 

y^-y c-s 

6 -c2 

X3^+ ^3 

2 , 


Adding vertically^ 

A,HA/+A,^ =i 

d'b^ 
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[ But {Xu yu Zi), (Xz, yz, Zz), yz, z^) being the extremities of 
three conjugate semi-diameters of the ellipsoid (1), jiCi 2 -i-:r 2 ®+V=a*, 

and so on (Art. 131, (C) )] 



=- H^'C=4-cV-Ha=6-J, 
which is constant. 


[ Aid to memory for the results of Arts. 132 fa), (b), (c). 

Remember OA(=fl), OB(=6), OC( = c) are three conjugate semi-diameters of 
tlie ellipsoid, which are niiitually 

Hence we have the results : 

(a) OP^+OQHOR2=constant=OA2+OB=+OC2 

=a2+b2+c2. 

(i>) Volume of the parallelepiped whose I is 
coterminous edges arc OP, OQ, OR J 

V=constant 

= rVolume of the parallelepiped whose coterminous 
Ledges are OA, OB, OC 
= abc. 

fe) If Ai, A.. Aa are the areas of the As QOR, ROP, POQ, then 

«( A BOC)2+( A COA)2+( A AOB)2 
“(i bc)^+{i c«3)2-j-(i a6)2 
*=1 (b2c2+c"a2-|-a2b3). ] 

EXAMPLES 


1. Show that the sum of the squares of the projections of 

three conjugate semi-diameters of an ellipsoid (i) on any line, 
(ii) on any plane is constant, [ 2961 ] 

2. If OP, OQ, OR are conjugate diameters of an ellipsoid, and 

Pi / Ps/ Pz ; ^ 1 / - 2 / “3 are their projections on any two given lines, then 
show that Pjttj -f -f pjTrg is constant. [ A^, U, 1956 ] 

3. If Q, R are the extremities of three equal conjugate semi- 
diameters of an ellipsoid, and S is the pole of the plane PQR, then 
the tetrahedron PQRS has any pair of opposite edges at right angles. 

4. If the axes are rectangular, find the locus of the equal 

conjugate diameters of the elUpsoid ^ = 1 , [Ag.U.] 


The equation of the ellipsoid is ^ + ^ = 1 ../n 

Let the equations of OP, one of three equal conjugate semi- 
diameters (thro' the centre (0,0,0)) be 

I m n 
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or 


I m n ^ ' 

{h fn, n being actual direction-cosines) 

Let OP=r, then the co-ordinates of P are (/r, mr, nr). [Art. 8J 

V P lies on the ellipsoid (I) 

*' a^'^ 6-"^ ^ 

V OP (=r) is one of three equal conjugate semi-diameters 
rHrN-r^ = a^+fc^+c^ 

[ OPHOQHOR2 = a-+b-+c- (Art. 132, (a) ) ] 

3 r- = a’+b‘‘+c-, OT 

Substituting this value of r- in (3), 

/ a-^b^+c^ wl- , , 

V. 3" Aa^ 'b-‘ c^'J ~~ * 

= P ... (4) 

Eliminating I, m, n from (2) and (4) [by substituting their values 
from (2) in (4) ], the locus of the equal conjugate diameters is 


or 


or 


or 






aH 62 -!-c^ 

6 -' 




0 


or (26^-c=-0-f- [ 2c~~a^'-b' ] = 0. 

5. If A, 1^, V are the angles between a set of equal conjugate 


X2 


y- z 


diameters of the ellipsoid -j- ^ , + ~ then 

a- b* C" 

COs2 A-f COS^ /*4-C052 [/. ] 

**133. If P is any point on an ellipsoid, and OQ, OR any two conju- 
gate diameters of the ellipse in which the diametral plane of OP meets 
the ellipsoid, then OP, OQ, OR are conjugate diameters of the ellipsoii. 

*.* OQ, OR are conjugate diameters of p 
the ellipse 

OQ bisects chords of the ellipse, li to 
OR ... (I) 

But these chords are also chords of the 
ellipsoid 

the diametral plane of OR bisects these 
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chords ... (2) [ Def. (Art. 128, (a)) ] 

From (1) and (2), the diametral plane of OR passes thro' OQ, 
i.e,, thro’ Q. 

Also the diametral plane of OR passes thro' P 

[ (Art. 130) V the diametral plane of OP, viz., the plane QOR 

passes thro' R ] 

,*. the diametral plane of OR is the plane POQ. 

Similarly the diametral plane of OQ is the plane ROP. 

Also the diametral plane of OP is the plane QOR (Given) 

OP, OQ, OR are conjugate diameters of the ellipsoid. 

[ Def. (Art. 128, (6) ) ] 

EXAMPLES 


X* 

**1. P is any point on the ellipsoid ^ 2 “ d" ^ 

and 2a and 2!3 are the principal axes of the section of the ellipsoid by 
the diametral plane of OP. Prove that OP-— a"'-!-6^+c-— a- — and 
that a.3p=G6c, where p is the perpendicular from O to the tangent 
plane at P. [ -Ag. U. 1956 ] 


**2. If P, {Xi, yu Zi) is a point on the ellipsoid 

v2 yS ^2 

" — ^ ' 


a 


and ( .f,, Vu Cl), (C 2 , V 2 , C 2 ) are extremities of the principal axes of 
the section of the ellipsoid by the diametral plane of OP, prove that 

Cl h Vz _ Cl U 

d\b-^-c-) “ b^c--a^) c-{a--6'-‘) 

(6--c=) -I- (c=-a^){i-+ =0. [S.U. 1942] 

”l fel 


SECTION II 
THE CONE 

134, Standard form. The equation ax2-l-by“+c2*=0, being 
a homogeneous equation of the second degree in x, y, z, represents a 
cone whose vertex is the origin (Art. 87, Cor.). 

Note. Standard form. The equation ax^ -\~by^ -\-cz- = 0 is the 
simplest form of the equation of a cone, and may be called the 
standard form. 

Cor. A cone may be regarded as a centra/ conicoid whose centre 
is the vertex. 
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Let the equation of the 
cone be 

ax^-i-by'^-^C2^=0 ...{!) 

Let Zi) be any 

pt. on the cone (I). 

Then aXi^-ybyi--\ cZi^ = 0 ... ( 2 ) 

Substituting the co-ordinates of the pt. P'(-Xi, — —z^) in (Ij. 
we get c{-z,)- = 0 

or byi--\ cz^- = 0 , which is true from { 2 ). 

P' also lies on the cone. 

’] 

or ( 0 , 0 , 0 ), t.e.> the origin. 

the origin bisects all chords of tlie cone, which pass thro’ it. 
it is the centre of the cone, and the cone is a central 
conicoid, [ Defs. (Note 1 , Art. 110 )] 

The co-ordinate planes are conjugate diametral planes, and 
the co-ordinate axes are conjugate diameters. [As in Arts. 127, 12'<j 


Now the mid-pt. of PP' is — 


(-x.) 


-i-z 

2 



135. As in the case of a central conicoid, the student can, and 
should prove the following results : 

1. Equation of the tangent plane. The equation of the tangent 
plane at any point (x^, yi, cj of the cone ax--Thy’ -rcz‘—(f, is 

axx,-i byy, - czz, = 0 . 

[ Rule to write down the equation of the tangent pl.tne at 
the point (Xj, yj, zj of a cone (equation in the standard form) : 

See Rule of Art. 70, ( 6 ).] 


2. Condition of tangency of a plane and a cone. The 
condition, that the plane lx-\ my-^rnz ^0 should touch the cone 


V 


m- 


is ---j- ^ 

a b 



Cor. The condition, that the plane lix-y.) m(y - M 
should touch the cone a(x— z)- i 6 ( 3 ^— I c{z -y)* 0, is 



0 




[ Change the origin to (^v '.o y). ] 

3. Equation of the polar plane. The equation of the polar plane 
o/ the point (x„ yi, Zi) with respect to the cone ox^ ^ by- - cz-=(), i.t 

axx, -i-hyVi d-czzi = 0. 


t Aid to memory. See Aid to memory in Art. 74. J 
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4. Equation of the pair cf tangent planes from a point. 

The locus of the tangents drawn from P (xi, yi, zf) to the cone 
ax- by- ■ycz^=0 {vertex O) is the pair of tangent planes 

(ax2-fby2 4-cz2) (axi^+byi^+czjs) = (axxi+byyi+czzj^ 

whose line of intersection is OP. 

[ Proceed as in Art. 94. Here the enveloping cone degenerates 
into a pair of planes. ] 

5 . Equation of the plane of the section with a given centre. 

T he equation of the plane of the section of the cone ax-+by--{-cz^~0, 
whose centre is (xupuZi), is axxi+byyj-f czz^=axi“+byj2-j-czi^ 
i.e., T=Si. 

6. Equation of the diametral plane. The equation of the 
diametral plane of the cone ax^-yby^-\-cz-=0, which bisects chords 

parallel to the line ~ - = is alx+bmy4-cnz=0. 

^ I m n 

Note. See Note in Art. 129. 

Cor. The diametral plane of OP with respect to the cone 
ax--\-by--^cz-~0 is also the polar plane of P with respect to the cone* 

EXAMPLES 


1. Equation of the normal plane through a generator. Find 

the equation of the normal plane of the cone through 

the generator x'l=y!m=:z’n. 

[ Normal plane. Def. The normal plane through any gene- 
rator OP of a cone (vertex O) is the plane through OP perpendicular 
to the tangent plane at any point of OP. ] 

2. Lines are drawn through the origin perpendicular to normal 

planes of the cone cj-=0. Show that they generate the cone 

a{6- c)“ fcCe— a)- c(a— 6)“ 

X" y- ' 

3. Prove that if a plane cuts the cone ax^q-6y--|-cz®=0 in per- 


= 0 . 


[ Bar* U. 1953 ] 


pendicular generators, it touches the cone 


X“ y‘ 
&q-c *^c4-a 


jL ^0. 

a-\-b 


4. Show that if a plane through the origin cuts the cones 
ax--i-by--\-cz-^ 0, y.x- ^^^y- ~ryz^=^ in lines which form a harmonic 

A A 

pencil, it touches the cone 


c'* 


j, I r__ 

a ' CO. -{ay aiS-{-by- 


= 0 . 


[ P. U* H. 1957 ] 

5, Show that the perpendicular tangent planes to 
ax'-j by- ; cz- 0 intetsect in generators of the cone 

aib ; c)x-q b(cq-aly"-i^ c(a-i b)z-=0, [P*U* H* 1957 ^ 
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[ The equation of the cone is ax-+6y-+c/-=0 ...(I) 

The equation of any tangent plane to the cone (I) is 

ux-{-vy-rwz=0 ...(2) 


where 



Let the equations of the line of intersection of the two tangent 
planes, (thro' the origin) be 



it lies in the plane (2), 

ul vm + wn=Q ...(5) 

The lines whose direction-cosines {u, v, w) are given by (3) and 
(5) are 1. ] 

**6, Prove that the lines of intersection of pairs of tangent 
planes to the cone ax^- by^- cz- — 0 which touch along perpendi- 
cular generators lie on the cone 

a2(b + c)xM-b^(c-a)y2-f c>-- blz'^^O. [ Ag. U. 1955 ] 

7. Through a fixed point [d, 0, 0) pairs of perpendicular tangent 
lines are drawn to the conicoid qx--{ by'^- C 2 ^=l. Show that the 
plane through any pair touches the cone 

L yl 4- — — =0. 

(ad®— 1 j(6-fc) c(ad®— 1) —a^ 6(ad®— l)-a 

8. Show that the plane through a pair of equal conjugate dia- 

meters of the ellipsoid = 1 touches the cone 


[ Proceed as in Ex. 4, Art. 132, (c), and prove that 


[ B, U. 1943 ] 


Jr (2a®-6®-c®) +^;- {26®-c®-a®) {2c®~a=-6®) 0. 

It will be found that the equation of the plane thro' two equal 
conjugate semi-diameters OQ, OR, i.e,, the plane QOR, the dia- 
metral plane of OP w.r.t. the ellipsoid, is c- 

X® 

It touches the cone 1 -.2 o =0, if 

a*(2a®— 6®— C-) 

I a2(2a*-6'-c=) = 0, i.e., if 2 (2a^-6— 0, 

which is true (Proved above).] 
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9. If the two cones Qx--\-hy--ycz‘=0, -j- =0 ■ have 

each sets of three mutually perpendicular generators^ any two planes 
which pass through their four common generators are perpendicular. 

10. Asymptotic cone. The locus of the asymptotes drawn 
from the origin to the conicoid ax* -r6>'’-fca*= 1 is the asymptotic 
cone ax“+by2-f cz*-— 0. 

( Asymptote. Def, An asymptote for, more fully, an asymp- 
totic line) to a conicoid is a straight line which meets the conicoid in 
two points at infinity {i.e., in two points which are at an infinite 
distance from the origin). ] . 

11. Prove that the hyperboloids 


• y- 



-V-f-'r. — V-Uand - - , — ^..- + V = 1 
fl" O’ c- a- b’ c- 

have the same asymptotic cone. 

SECTION III 

THE PARABOLOID 
A paraboloid and a line. 

136. A line through a given point AiX'^. y\, z^) meets a paraboloid 
ox- ’ by- 2z in P and Q ; to find the lengths of AP and AQ. 

The equation of the paraboloid is 

ax- -,-by'' = 2z ...(!) 

Let the equations of the line thro* 

I, m, n being actual direction-cosines. 

Any pt. on this line is {Xi-^.-lr, y^-^ mr,Zi_-rnr) ...(2) 

If it lies on the paraboloid (1), then 

a(xi— /r)=-f-ft{>'i+mr)-=2{ai-J-nr) 
or a(x, :-lrp-\-b{yi-^-mr}--2{z^-'rnr)=0 
or r-(a7- -| brn-) T2r{alXi-\-bmyi~n)-\-{axf^-hbyi-~2zi]=0 ...(3) 
which is a quadratic in r, giving two values of r, the lengths of ' AP 
and AQ. 

Cor. 1. Intersections of a line and a paraboloid. To find the 

points of intersection of the line and the paraboloid. 

Substituting the two values of r found from (3), one by one, in 
(-)/ we get the two pts. of intersection. 

Cor. 2. All plane sections of a paraboloid are conics. 

Proof. every st, line meets a paraboloid in two pts. [Cor. 1] 
every st. line lying in a particular plane meets the paraboloid 
and the curve of intersection of the paraboloid and the plane in 
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two pts. 

by Analytical Plane Geometry, the curve of intersection is 
a conic. 

Cor. 3. A line drawn through a point A parallel to OZ meets 
the paraboloid 

ax" by- — 2z 

in one point at an inSnite distance from A, and in a point P. 

*.• the line is ! to OZ (direction-cosines 0, 0, 1) 

/=0, m = 0 

from (3) (Art. 136), O.r- '!-2r( — n) — 2ri)--0 


one value of r is infinite, 
and the other value is 

2n 


[ coeff. of r- 0 ] 
, giving the length of AP. 


Diameter. Def. A line drawn through a pomt 
A, which meets a paraboloid in one point at an 
infinite distance from A and in a point P is called a 
diameter of the paraboloid, and P is called the 
extremity of the diameter. 

Thus a line ' to OZ is a diameter of the para- 
boloid ax- ^by- ~2z, [ Art. 136, Cor. 3 J 

Axis, The diameter, which is perpendicular to the tangent 
plane at its extremity, is called the axis of the paraboloid, and its 
extremity is called the vertex of the paraboloid. 

Thus OZ is the axis of the paraboloid (Art. Ill, (a) 

(iiY)), and O is the vertex. 

Cor. A line parallel to the axis of a paraboloid is a diameter. 

137. An elliptic paraboloid is a limiting form of an ellipsoid and 
a hyperbolic paraboloid is a limiting form of a hyperboloid of one sheet, 
[** Proof. Let the equation of the ellipsoid be 



or 



Changing the origin to (0, 0, — c), the equation 


(1) becomes 




or, multiplying thro’ out by c, [ To get 2z on the P. H, S. ] 

^^-1- ir y^+ Y = 2^, or ... (2) 


^ v2 J- ,.2.1. ^ ^ ^ y~ I ^ 


C 


c 
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Let a, h, c all 


so that 


a 




c c 

Then (2) becomes 

A' -i. y 

a- 0 


remain finite = a'S b'^ (say). 




0 when c » 


1 


which is the equation of an elliptic paraboloid. 

an elliptic paraboloid is a limiting form of an ellipsoid. 

Similarly a hyp 2 rbolic paraboloid ~ ^=2z^ is a limiting 


^ ~~ 


yi 

iy 




As in the case of a central conicoid the student can^ and should 
prove the following results : 

1. Equation of the tangent plane. The equation of the tangent 

plane at any point {xi,yx> Zx) of the paraboloid ax-~rby-=2z, is 

axxj - 4 - byyi = z-f-Zj. 

[ Rule to write dawn the equation of the tangent plane at 
the point (x,, y^, z,) of a paraboloid : See Rule of Art. 70, (b). ] 

2. Condition of tangency of a plane and a paraboloid. The 

condition, that the plane Ix-i-my-rnz = p should touch the paraboloid 

ax‘+by’-=^22, IS =-2np. 


Cor. 1. If the condition is satisfied, the point of contact is 

an ^ bn' n)' 

Cor. 2. The equation of the tangent plane to the paraboloid 
ax'^+hy- = 2z, parallel to the plane lx-\-my-\-nz=0t is 

2n{lx-{-my+nz) + -“ + 

3. Equation of the polar plane. T he equation of the polar plane 

of the point z^) with respect to the paraboloid ax'^-\-by^=2z, is 

axx^ byyj = z+Zi. 

[ Aid to memory. See Aid to memory in Art. 74. ] 


4. Equation of the [tangent cone or) enveloping cone. 

The locus of the tangents from a point (a, p, y) to the par^- 
boloid ax^-f-by- =2z is given by 

(axHby2-2z) (ax2-!-bp2_2y) = (a*x+bpy-z-y)2. 

Abridged notation. If S=ax^-+by-~-2z, so that S = 0 is the 
equation of the paraboloid. 
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so that S, is the result of substituting the 

co-ordinates of the pt. {Xx, yx. Z\) in S, 

T=axxi-hbyyi—(z-{-Zj), so that T=0 is the equation of the tan- 
gent plane at Zi), then the equation of the enveloping cone is 

SSi = 

5, Equation of the plane of the section with a given centre. 

The equation of the plane of the section of the paraboloid ax' ■ by- - 2z, 
whose centre is {Xx,yx, Zx), is axxj+byyj — z = ax^- : by, 2 -z,. 

Abridged notation. If S=ax^-\-by--2z, so that S = 0 is the 
equation of the paraboloid^ 

Si~aXx^ +byi^-~2zif so that Si is the result of substituting the 

co-ordinates of the pt. (x,, yi, Zi) in S, 

l!=axXx,-\-byyx — {z^Zx), so that T=0 is the equation of the 
tangent plane at {Xi, yx, Zx), then, from the result of (5), adding (— Zi) 
to both sides, the equation of the plane of the section is 

axXx-\-hyyi — {z-{'Zx'\=QXx’-\-byx'~2.Zx 

or T=S|. [ See Note 2, Art. 126. ] 

EXAMPLES 

1. Find the equation of the tangent plane at the point 

on the paraboloid ax^ + by'* = 2z. [ P- ] 

If Q are any two points on a paraboloid, and the tangent 
planes at P, Q meet in the line RS ; then prove that the plane through 
RS and the mid-point of PQ is parallel to the axis of the paraboloid. 

2. Show that the plane 8x-6y-z = 5 touches the paraboloid 



and find the co-ordinates of the point of contact. [P(P)* 1^573 ] 


3, Prove that the paraboloids 


2z X* 
bx^ “ c, 'fl.- 

have a common tangent plane if 



2z X- y 

Cz nr bj' 


Cj 


fll^ 0-% ^3* = 

bx\ h^, b^- 

Cx, C2, Cj 

4. Prove that two conjugate points on a diameter of a paraboloid 
arc equidistant from the extremity of the diameter. 

[ Conjugate points, Def, Two points, which are such that the 
polar plane of each with respect to a conicoid passes through the other, 
are called conjugate points with respect to the conicoid. ] 

•*5, Condition of tangency of a line and a para6o/oid. Find the 
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X — a y — ? 

1 m 


g-y 

n 


may touch the para> 


r 


condition that the line 
boloid ax--{-by“=^2z. 

»»r* 

Hence or otherwise find the eqnation of the enveloping cone 
having its vertex at (a, y). \_DiU* 1936 } 

6. Find the locus of points from which three mutually per- 
pendicular tangents can be drawn to the paraboloid ax^ +by‘ =2z. 

[ P. U: H, 1956 ] 

7. Prove that the locns of the centres of a system of 
parallel plane sections of a paraboloid is a diameter. 

Prove also that the tangent plane at the extremity of the 
diameter is parallel to the plane sections. 

138, To find the locus of the point of intersection of three 
mutually perpendicular tangent planes to a paraboloid. 

Let the equation of the paraboloid be ax--\-by-=2z ...(I) 

Let the equation of one of the three mutually _L tangent planes 
to the paraboloid (1) be :• 

hx~}-miy~^n^z==Pi, [ rrii, rii being actual direction-cosines] 
where + '^=-2n.p, (Art. 137, (2)), orft=- 2 ^£'^+ 

or, multiplying thro’ out by Oj, 

Similarly let the equations of the other two tangent planes be 


nJ.x-\-m,n,y-\-n.j^z=- J ^3j ■ 


n3hx-':m^n:,y^n;,^z=~- ^ 

[To find the locus of the pt. of intersection of the planes (2). /3). .M).l 
Adding (2), (3), (4) vertically. 

[ But Ij, rrii, /?! ; 7^. m-i, Wg being the direction-cosines 

of three mutually _L lines, viz*, the normals to the three mutually J_ 
tangent planes (2). (3). (4). 

h~= I. and so on ; -f /ns/? 2 +//‘ 3 n 3 — 0. and so on 

(Art. 58. (C). (D)) ] 
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which is the required locus. 

It is a plane 1| to the x;^-plane, i.e., j_ to the z-axis, i.e., 1 to the 
axis of the paraboloid. 

Normals to aa elliptic paraboloid. 

139. Equations of the normal. To find the equations of the normal 

V" 

at any point z,) of the elliptic paraboloid -f-^, =2z. 

The equation of the elliptic paraboloid is —2z. 

The equation of the tangent plane at (x,, Zj) is 

+ [ Rule (Art. 70, (6)) ] 


or 


a 

XXj 

fl- 




the direction-cosines of the normal are proportional to 

^1 


-I 

a- ' b- ' • 


the equations of the normal at (x,, y^, z,) arc 


X — X 


! ^ 


a- 


y-y 

yi 

b- 


z— z 


= ~f -(2) 


[ Art. 37, Cor. 1 ] 


x2 


Abridged notation. If 'P{x. y^ = —2z, so that 

F(x, y, z)=0 is the equation of the elliptic paraboloid, then 

cF _ J rF _ 1 . aF 

dy b’- t]z 

_ SF ^ 2y, aF __2 
ax, a- ' ayi b- ' az, 
from (2), the equations of the normal arc 

jf-jci y-yi o- 2i::i^L=y^yL=i::lL. 

aF’ , a'F , aF ' aF aF of ' 


I i:r 1 .. C’i T 

= —V 2x, — — 2y, .—= — 2 

ax h- ' 7^ 

aF' 2x, 


« • 


‘ ax, 


A 


a>'i 


c^l 


a*i 


ayi '-Z, 

[ See Note 1, Art. 119.] 


140. Number of normals from a given point to an elliptic para- 
boloid. To prove that there are five points on an elliptic para- 
boloid the normal^ at which pass through a given point ( 7 ., [i, y). 

X' V- 

Let the equation of the elliptic paraboloid be H =2z ...(1) 
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The equations of the normal at {Xi, Zi) are 

x-Xi ^y~yi_z_-Zi 

^ y±. * 


[Art, 139] 


L dF aF 


, here F{x, 2 ) = ^ 




dXi dyi dZi 

If it passes thro" (a^ y), then 

g-JCi _ ^-yi _ y—Zi _ 


-1 


= A (say). 


From the first and last members^ a-~Xi= ^ A 


“= ^.(l + ~-)= ^;-(a=+A) 


a-K 

a-'+A 


6-3 


( 2 ) 


" I ... (2) 

Similarly >^1= > ^i=y+A. J 

V {Xuyu ^ 1 ) lies on the paraboloid (1), 

.-. =2z. ... (3) 

Substituting the values of x^, yi, Zi from (2) in (3)> 
I ,1 

a- y- (6^-+A)2 


y— n = —A 


a- a- 


a- sa 


(a- rK)' (6= + X)=i’' -2(y + A). 

Clearing of fractions 

_ j-A)^+6-^fi2(a2+;\)2 =2{y-{-\){a^-\-\y{b^+Xy, 

which is an equation of the fifth degree in A, giving five values of A. 
Substituting these values of A, one by one, in (2), we get five pts. 
^ 1 ) on the paraboloid, the normals at which pass thro" (a, p, y). 

EXAMPLES 

1* (/) Quadric cone through the five normals from a point. 

Prove that the normals from (a, p, y) to the paraboloid 


X3 y2 

L ^ 9y 

a- ' b-^ - 


lie on the cone - t — = 0, [ P. U. H, 1961] 

X— a y — p ^ 2 — y ■' 

(li) Cubic curve through the feet of the five normals from a point* 


a p , a2-b2 ^ 

-a y-p 2 -y 
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Prove that the feet of the normals from any point to the 
paraboloid lie on a cubic curve which lies on the above cone. 

n . [P-U.H. 1953 ] 

iHij Prove that the perpendicular from (x, <3, ■/) to its polar plane 
lies on the above cone. 

2. Prove that in general three normals can be drawn from 
a given point to the paraboloid of revolution x--i-y-=2az. 

Prove also that if the point lies on the surface 

27a{x-+y2)^^8Ca-z)3 = 0, 

two of the three normals coincide. [ Ag. U. 1948 ] 


141 . To prove that the plane YOZ bisects all chords of the para- 
boloid ax^3-by^-r=2z, parallel to OX. 

The equation of the paraboloid is ax' ■ by^—2z ...(!) 

Let the equations of any chord to OXCy=0, z = 0) be y=f.t^ z = v. 

It meets the paraboloid (I) where [putting z = v in (I)], 


axH 6 ■'== 2n, or , or ± 

a \ a 


i.e., in the pts. P (V 


Iv-bfi' 


a 


P, 





The mid-pt. of PP' is (0, v), [ Art. 5, Cor. ] 

which lies on the plane YOZ (x=0). 

the plane YOZ bisects all chords of the paraboloid^ || to OX. 

Similarly the plane ZOX bisects all chords of the paraboloid, I 
to OY. 


142. (a) Diametral plane. The plane which bisects a system of 
parallel chords of a paraboloid is called a diametral plane. 


Thus the plane YOZ is the diametral plane 
of the paraboloid ax^ ] by’ = 2z, which bisects chords 
parallel to OX (Art. 141) or, more shortly, the 
plane YOZ is the diametral plane of OX. 

Similarly the plane ZOX is the diametral plane 
of OY. 

(b) Conjugate diametral planes. Def. Two 
planes, which are such that each is parallel to the 
chords which the other bisects, are called conjugate 
diametral planes of the paraboloid. 



Thus the planes YOZ and ZOX are conjugate diametral planes 
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of the paraboloid ax'+by-=2z. 

For the plane YOZ passes thro' OY, and OY is !l to the chords 
which the plane ZOX bisects (Art. 141). 

the plane YOZ is H to the chords which the plane ZOX 

bisects. 

(c) Principal planes. Def. Diametral planes, which are per- 
pendicular to the chords which they bisect, are called principal 
planes. 

Thus the planes YOZ and ZOX are the principal planes of 
the paraboloid ax-iby'^=2z. 

Cor. (The axes being rectangular) The equation ax^-hby“=2z 
represents a paraboloid referred to a tangent plane XOY {See 
Art. llh (a)> (hi)), and two principal planes YOZ and ZOX as the 
cO’Ordinate planes. 

143. Equation of the diametral plane. To find the equation of 
the diametral plane of the paraboloid ax“-\-by-—2z, which bisects chords 

parallel to the line -^ = = — • 

^ I m n 

The equation of the paraboloid is 

ax^ -i- by- = 2z ... {[) 

and the equations of the line are 


[ To find the locus of the mid-pts. of chords 
of the paraboloid (1), il to the line (2). 

(Def. Art. 142, (a) ) ] 

Let (Xi, yi, Zi) be the mid-pt. of any chord jj to the line (2). 

Then the equations of the chord are 

_ y-yi_ _ 

I m n * 

Any pt. on this line is (x^+lr, ^i+mr, Zi~\-nr). 

If it lies on the paraboloid (I), then 

a(xi+/r)"+6(3^i+mr)2 = 2{Zi-\-nr) 
or a{xi-\-lr)"-{'b{ yi+mr)~ — 2(zi+nr) — 0 

or r^ial'i bm-) -^2r{alxi’\-bmyi—n) -\-{axj^ -rbyi^—2zi) — 0 ... (3) 
which is a quadratic in r. 

*•* (-^ 1 / yu ^i) is the mid-pt. of the chord, the quadratic (3) has 
equal and opposite roots, sum of the roots = 0, coeff. of r— 0, 
z.e., alxi-rbmyi—n — 0. 

the locus of (Xi, >’j, Zi) is [changing (Xj, zf^ to {x, y, z) ], 
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alx -|- bmy — n = 0 ... (4) 

which is the required equation of the diametral plane. 

Abridged notation. If ^{x, y, z) = ax- -\-by ' — lz, 
F(x> z) = 0 is the equation of the paraboloid, then 


aF 


r cF , - f-r - 

cT = -- 

from (4), the equation of the diametral plane is 


r-F 


so that 


or 



=0 

■ cZ 

=0. (See Note, Art. 

c* 



Cor. 1. Any diametral plane of a paraboloid is parallel to the axis 
of the paraboloid. 

For, from (4) (Art. 143), the diametral plane is ,, to the axis of 
the paraboloid, i.e., || to the z-axis, if its normal (direction-cosines 
proportional to al, bm, 0) is ± to the z-axis (direction-cosines 0, 0, 1), 
i.e.t if a/(0)-|-6m(0J-f 0(1) — 0, or 0=0, which is true. 

the diametral plane is ii to the axis of the paraboloid. 

Cor. 2. Equation of any diametral plane. The equation of 
any diametral plane of the paraboloid ax--\ by-==2z, is al.x 4 bmy — n«.0. 

EXAMPLES 


1. Converse of Cor. 1. Any plane parallel to the axis of a 
paraboloid is a diametral plane. 

2. If the diametral plane of a line OP with respect to a paraboloid 
is parallel to a line OQ, then the diametral plane of OQ is parallel to OP. 

Let the equation of the paraboloid be ax- f by-=2z ...(1) 

Let the equations of OP, OQ be 

x y _ z — 

I ~~ m ~ n * i m' ~ n' ’ 

The equation of the diametral plane of OP w.r.t. the paraboloid 
(I) is alx-{-bmy—n=0, [ Art. 143 ] 

r ^ z)^ax--\-by^~2z 

L cy lz ^ 

If it is Ii to OQ, then its normal (direction-cosines proportional 
to al, bm, 0) is _L to OQ (direction-cosines proportional to I, m', n) 
o/r+6mm'+0(/i') = 0, or all' -rbmm' = 

The symmetry of this result shows that it is also the condition 
that the diametral plane of OQ should be [j to OP. 

Cor. Condition of conjugacy of two diametral planes. The 
condition, that the diametral planes alx-\-bmy~n = 0, al'xi bm'y-n'~0, 
of the paraboloid ax'^-\-by^=2z, should be conjugate, is all’ ~\ bmm'~(). 
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The equations of the diametral planes are 

alx-\-bmy—n=^ ...(1) 
aVx-\^bm'y~n’=0 .. {2) 

If they are conjugate^ the plane (I) is |1 to the chords which the 

plane (2) bisects^ i.e., I! to the line .,.(3) 

I m n 

its normal (direction-cosines proportional to al, bm^ 0) is X 
to the line (3) (direction-cosines proportional to V, m', n’) 
a/r+6mm'+0(/2')=0, ov all bmm' 
which is the required condition. 

3. The plane 3x+4y=l is a diametral plane of the paraboloid 
5 x2+6>'"=2j, Find the equations to the chord through (3^4,5) 
which it bisects. [ P. U. H. 1954 ] 

MISCELLANEOUS EXAMPLES ON CHAPTER XI 


1. Any three mutually orthogonal lines drawn through a fixed 
point C meet the quadric ax^-{-by~+cz^=i in Pg ; Qi# QajRi/ Ra 
respectively ; prove that 

P. P'r , _ QiQ.“_ , _ Ri 

CPi^.CP/ CQiKCQ.^ CRj-.CRj^ 

, I I I 

cPi . cp'a cqTTc^ crTTcrT 

are constants. [ P. U, H, 1937 ] 

**2. If P^ Q are any two points on an ellipsoids and planes 
through the centre parallel to the tangent planes at P^ Q meet PQ in 
P'>Q', show that PP'-QQ'. 

3. Prove that the locus of the foot of the perpendicular drawn 

2 2 2 

from the centre of the ellipsoid -j- + ^- = 1 to any of its tangent 

planes is n-x'H [ Ag, U. 1940] 

4. The normal at a variable point P of the ellipsoid 
•x- , y" . z* 

Qa +^r'r^a~ = l naeets the plane XOY in A> and AQ is drawn 

parallel to OZ and equal to AP. Prove that the locus of Q is given by 

= [P(P).U.m6] 

Find the locus of R if OR is drawn from the centre parallel and 
equal to AP. 

5. P, Q are points on an ellipsoid. The normal at P meets the 
tangent plane at Q in R, and the normal at Q meets the tangent 
plane at P in S. If p, q are the perpendiculars from the centre on 
the tangent planes at P> show that PR ; QS=q : p. 
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6. Prove that two normals to the ellipsoid ^ , ^ > 

lie in the plane Ix+my +nz = 0 and the line joining their feet 

has direction-cosines proportional to 

a2(b“ — c-)mn, b-(c- — a-)nl, C'(a- — b-)lm. 

Also obtain the co-ordinates of these points. [ P,U.H. 1957 ] 

[ The equations of the normal at (Xi, y\^ Zi) are 

x-xi ^ y-~yi ^ ^ 

Xi yi_ ^1. 

If it lies in the plane lx-\-my-{-nz = 0^ then 

1 % +m^+n^=0, 

and Ixi + myi + nr, = 0. [ Art. 43, (c) ] 

Solving for Xi,y,> r, by cross-multiplication, it will be found that 

x, _ _ 3'» = _ 

d^mn(6"--c-) ' b-nl{c^-a-) cHm {a--b^) 

X, yi ^1 . 

a b__ c 

amn{b^-c^) ^ ” clm{d^ ~b-) 

. /xr . , ^1" 

_ V g-^ 6^' ±± nj 

Taking -fve sign in the last member of (I), 
the pt. is yu ] 

r a^ mn (ft^-c-) _ b'nl (c^-a’) __ cHm ^ 

I V^a~m-nHb~-c~)- ' \'^a-m-n-{b~~c^j- ' VXa’m'n-~{b--c-)-\ 
and taking — ve sign in the last member of (1), 
the pt. is 

r a-mn{b‘^ - C-) _ b-nl^ --a^) cnmia-- b-) 1 

L~V ' V^a'm-h'W-c ^)- ' Vla-m^nW-t^f\ * 

These are the required co-ordinates of the two pts. 

The direction-cosines of the join of the above two pts. are 
proportional to a~nin{b^ — c^)> 6^nf(c" a~), c^/ni{n" — 6") . ] 

7. Show that the points on a conicoid the normals at which 
intersect the normal at a fixed point all lie on a cone of the second 
degree whose vertex is the fixed point. [ B. U. 1941 ] 

[ Find the equation of the surface on which the pt. (x,, y,, r,) 
lies, and then change the origin to the fixed pt. (*, fi, y). ] 
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8. Show that the normals to x^lar-hy-/b’-{-z^lc^=\ at all points 
of its intersection with lyz-\-m2X~\-nxy = 0 intersect the line 

fj[a u J945\ 

l{a:--b-){c--a^) n{c^~a^)[b^-c^) * ^ ■' 

9. Prove that the points on an ellipsoid the normals at which 

intersect a given line lie on the curve of intersection of the ellipsoid 
and a conicoid. [ P, C7. H, 1958 ] 

10. Prove that of the six normals from a point to an ellipsoid at 
least two are real. [ B. U* 1941 ] 

[ Proceed as in Art. 1 20. It will be found that 

-a-a2(A+6=)=(A4-c=}==-i=32(,\-fc^)2(A+a2j2-cV(X-l-a^)2(A+6T-"0...(I) 
Let / (A)==(X+aT-(A'f6'J-(A+c2)2-a-x3(x+62j2(A+c2)a 

-6^?2(A+c=)2(A+a®)=-cV(A+a')“{A+6=)^ 

[ Assume that a- > b- > c\ < -b^ < — c®. } 

Now/{— oo) = -|-co = -fve^ 

fi-a^) = ~a~o:^-a~-hb~yi~a~+cT- = -ve, 

/(_i=) = -b^~(i"~(-b=-hcr~(-b^-i-ar- - ~ve, 
f(-c-) = -cV{-c=+a=)-(-cH6T - -ve, 

/ (-f-oo) = H-co = +ve. 

at least one root of (!) lies between -oo and — and at least 
one between — c- and +oo, (From Theory of Equations) ] 


11. Prove that four normals to the ellipsoid ~ + — = ], 

q 2 g- 

pass through any point of the curve of intersection of the ellipsoid 
and the conicoid 

12. If the feet of the six normals from (a, X y) to the ellipsoid 

a~ feT + 7 ^ — 1 (Xr^yr^ Zr) (^=1/ 2, 6), prove that 

i.^) IP-U.H. m2] 

13. Prove that six normals can be drawn from any point P to a 

central quadric surface and that -these six normals are generators of a 
quadric cone with vertex P. [ p, y, ff, 1957] 

^*Prove that the conic in which the cone meets any one of the 
piincipal planes of the quadric surface remains fixed when P moves 
along a straight line perpendicular to that plane. [ Birmingham U.] 

14. Show thaty if the feet of three of the six normals drawn from 
any point to a central conicoid ax--hby^-~^c2^~=\, lie on the plane 

mj' I n^-i-p— 0 ^ the feet of the other three ,wilMie on the- plane 
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T + 


= 0. 


[ P. V. H. ] 


by . cz 1 

m n p 

15. If the feet of three of the normals from P to the ellipsoid 

1- + ^=1 lie in the plane — - ^ -=1, the feet 

i- ‘ b2 ‘ c- a b c 


of the other three lie in the plane — -i t _ ^ ^ ^ 

& o ^ 

lies on the line a(b’^ — C“)x — b(C“ — a“)y— c(a-— b’lz. U. 1^44] 

16. A is a fixed point and P a variable point such that its polar 
plane with respect to an ellipsoid is perpendicular to AP. Prove that 
the locus of P is the cubic curve through the feet of the normals 
from A. 


17. Pairs of planes are drawn which are conjugate with respect to 
the ellipsoid x-:a- 4-y-b- ■\-z- c-=\, the first member of each pair 
passing through the line y=mx, z = k and the second member of each 
pair passing through the line y= —mX/ z - —/c ; prove that the line 
of intersection of the two members of any pair lies on the surface 


(b'^-a-m-) 


[y^ — m'-X') {c'-^k') = 0. [ B. U.] 

[ Note, Conjugate planes. Dcf. Two plaiaes, which are such 
that the pole of each with respect to a conicoid lies on tlie other, are 
called conjugate planes with respect to the comcoid. ] 

18. Show that (he polar of a given line with respect to a central 
conicoid is the chord of contact of the two tangent planes through 
the line. 


19. If the normals at P and Q. points on an ellipsoid, intersect, 
prove that PQ is perpendicular to its polar with respect to the 
ellipsoid. 

20. Show that the generators of the cone which passes through 
the normals from a given point to an ellipsoid are perpendicular to 
their polars with respect to the ellipsoid. 



21. Show that any normal to the conicoid 

v2 \f- Z' 

X , y . ^ ... I 

pa i-q pb-\q ' pC-\-q 

perpendicular to its polar line with respect to 



the conicoid 




22. Prove that the line joining P to the centre of a conicoid 
passes through the centre of the section of the conicoid by the polar 
plane of P with respect to the conicoid. 

23. Prove that the locus of the mid-points of chords of the 
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conicoid which are paraUel to the plane x= 0 and 

touch the sphere x=-\-y^+2^=r^ is the surface 

by^bx--i-by^+cz--br^)+czHcx~-i-by^-hc2^-~cr^)=0, 

24. If three of the feet of the normals from a point to the 
ellipsoid lie on the plane /x+m>?+n^=P/ show 

that the equation of the plane through the other three is 

Also, show that if one of the planes contains the extremities of 
three conjugate semi-diameters, the other plane cuts the co-ordinate 
planes in a triangle whose centroid lies on a coaxal ellipsoid. [B. U*] 

[Note 1« Coaxal ellipsoid^ The ellipsoid ^ IS 

y^ 2^ t 

said to be coaxal with the ellipsoid ^ ^ * 

For they have the same axes, viz., the co-ordinate axes. 

Note 2. Note that, if (Xj, yi, Zi), (xa, y^^ ^s)/ (^3^ >^3> ^3) 
extremities of three conjugate semi-diameters, then 

^ xi -i x,+x3 y ^yi+y2+y3y _j_ = 3 . ] 

25. If (x„ y„ z,), (x,, y„ z,}, (xj, y^, Zj) be the extremities of 
three conjugate semi-diameters of the ellipsoid 


a= ^ b* ^ c3 


x‘ y 


= 1 , 


show that the equation of the plane through the three points 

(Xt, x,y X3), ( yi , y2, ys), (*!» * 3 » *3) 


, Yi j.fi 
•> -2 


Vs 


, .. T » •> 

\a- b- 


+ 




1 . 


Show also that it touches the sphere 

26. I{ P, (X,. y„ z,), Q, (x„ y„ z,), R. JK*, Z3) are the extre- 
mi ties of three conjugate setni*dianieters of the ellipsoid 


‘.2 ^ 


+ ^^=1. 


b^ 

and OP=ri, OQ=r2, OR = r3, prove that the equation to the sphere 
OPQR can be written 

. , , /'XX, . yyi zzA .2 /'xx^ m, z£2') 

x-~i-y~-i-Z‘-rr [-2 f yz + + fca + c- 7 

— ^3 i^Q2 ^ ^ C=> / 

and prove that the locus of the centres of spheres through the 
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origin and the extremities of three equal conjugate semi- 
diameters is 12(a-x--}-b'-’y" -l-c-Z') — (a- -f b- ---c-)-'. [ P.U.H. 1957 ] 

27. OP^ OQ, OR are conjugate diameters of an ellipsoid, and 
chords are drawn through a given point parallel to OP, OQ, OR. 
Prove that the sum of the squares of the ratios of the respective 
chords to OP, OQ, OR is constant. 

28. Prove that the sum of the products of the perpendiculars 
from the two extremities of each of three conjugate diameters on any 
tangent plane to an ellipsoid is equal to twice the square on the 
perpendicular from the centre on that tangent plane. [ Bar. U. ] 

29. Show that any one of three equal conjugates of an 


X- 


2- 


ellipsoid +--=:1 is on the cone whose equation is 


' b- c2 

X2 


(aHb^+c=)(~ +L 


[ As. U. 1955 ] 


**30. Show that any two sets of three conjugate diameters of 
an ellipsoid lie on a cone of the second degree. 

31. Conjugate diameters of a^x- *f bx}'' \ CxZ- 1 meet 
02 X--{'h 2 y^-\-c..z-=\ Prove that the plane PQR touches 

the conicoid WaX- -I- b^y- c-aZ- ^ I , 

1 b-t c.. b. , Co 

Oi c, Qi bx Cx 


a 


[ The equation of the first conicoid is fliX* l-AiV' r Ci^^= I ...(I) 
and that of the second is OiX--{-b.y--yc,z-—\ ...(2) 

and that of the third is ajX--\ i I ...(3) 

Let the equation of the plane PQR be lx-\ my-\-nz^ p ...{4} 
The equation of the cone whose vertex is the origin and which 
passes thro' the pts. of intersection of the conicoid (3) and the plane 

■> . t 2 . 2 //x-i-my+/72 

a2X-+b.y4c.z^ = ( ) ♦ 


(4) is 


V it passes thro’ three conjugate semi-diameters of the conicoid 
(1)/ (it will be found that) 

(. 7 )+‘’(;, )+"■(',) "■ a ) ] «> 

The plane (4) touches the conicoid (3), if 

L 

Oj 


From (A), 


4 


m 


bx 


• 1 

, m- 

n- 2 

c, “ • 


n 

-1 

2,0. 


1: - •• (C) 


• • 
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Compare coeffs. of in (C) and (B). ] 

**32. If through any given point (a, y) perpendiculars are drawn 

to any three conjugate diameters of the ellipsoid 1# 

prove that the plane through the feet of the perpendiculars passes 

f aH h’^ c^y ^ 

through the fixed point ( , c, , ) ' 

[p. y. i955] 

33. The enveloping cone from a point P to an ellipsoid has' 

three generating lines parallel to conjugate diameters of the 
ellipsoid ; find the locus of P, [ P. C/. H, 1961 j 

34. A line OP, drawn through the vertex O of the cone 
ax2-)-by2H-cz= = 0, is such that the two planes through OP, each 
of which cuts the cone in perpendicular generators, are perpen- 
dicular, prove that the locus of OP is the cone 

(2a-hb+c)xM-(2b-l-c+a)y2-f (2c^-a+b)a2 =o. [P.U.H. 1961] 

35. Show that two asymptotes can be drawn from a point P to 

theconicoid and that they are perpendicular if P 

lies on the cone a~{b-\-c)x^-\'b-{C'hci)y^-\'C^(i-\-b)z^ — 0. 

**36. Prove that the bisectors of the angles between the lines in 

which the plane ux vy -\-wz =0 cuts the cone lie on 

. «(6— c) , y(c— a) . w{a—b) ^ 

the cone - ^4- — 0. 

X y z 

[ The equation of the plane is ux-\-vy-{-wz = 0 ... (1) 
and that of the given cone is ax-+i>y--l-C 2 * = 0 ... (2) 

A cone of the second degree can be found to pass thro’ any five 

concurrent lines (Ex. 1, Art. 88). 

( As suggested by the form of the result to be proved# viz^ 
u[b~ c) yz -}-v{c—a)zx-rw{(i—b)xy=0) let us find the equation of the 
cone thro’ the three axes and the two bisectors of the angles between 
the lines in which the plane (1) meets the cone (2). 

Let the required equation of the cone be 

fyz 4 gzx 4 hxy ~ 0 ... (3) [Art. 89] 

The bisectors of the angles between two lines are 
(0 and (I'O harmonically conjugate w. r. t. the lines *. 
From (i)# the lines of section of the plane (1) and the cone (3) 
are J. 

(it will be found that) f vW‘\-gwui'huv ^ 0 

[ As in Ex. 2# Art. 102 ] 

or + A = 0 ... (4) 

u V w ^ ’ 

• Sec the author’s New Modern Pure Geometry for B. A. Studeots (Fourth 
Edition), Prop. 17. 
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Eliminating z from (1) and (2), it will be found that the equatio*is 
of the projections of the lines of section of the plane (1) and the cone 
(2) on the xy-plane are 

{aw^-\-ca-) x--\-2cuvxy cv'~) y~=0, z=0 ... (5) 

Similarly, eliminating z from (1) and (3), it will be found that 

the equations of the projections of the lines of section of the plane (1) 
and the cone (3) on the xy-plane are 

gux^ + {fu-\-gv—hw) xy-b fvy'’- =0, z = 0 ... (6) 

From (ii) above, the lines (5) and (6) are harmonically conjugate 

.*. ( it will be found that ) 

a jvw -f- bgwa + chuv = 0 [ai>fu6 = 2hh * ] 


or 


a/_ bg 

u V 


+ t = 0 ... (7) 


s 


- , — by cross-multiplication, and 
vw 


Solve (4) and (7) for 

substitute these values of /, g, h in (3). Divide thro out by xyz- ] 

37 . If the lines in which the plane lx \ my \nz=0 meets the 

cone are conjugate diameters of the ellipse in which 

it meets the ellipsoid = prove that the locus of the 

line ~= is the cone 

I m n 

a2(fi6M-yc-)x2H-t'(yc'+*a-) y‘^^c'-{xd- y>b')z^=^. 

[ By Analytical Plane Geometry, if the lines a'x-^2h‘xy^ b‘y^=0 
are conjugate diameters of the conic {-2hxy i by ~ I, 

then ab'-f a'b = 2hh . ] 

38 . Two perpendicular tangent planes to the paraboloid 

T V "" 

intersect in a straight line lying in the plane x=0. 
touches the parabola x=0, y' = !“«)• [ • 1 

[ The equation of the paraboloid is ^ 

Let the equations of the line lying in the plane x -- 0 be 

lx my -b nz = p, X — 0 . 


= 2z ... (I) 


• By Analytical Plane Gcomciry, the condition, Uiai the Ime^ 

ax2 + Ihxy + = 0. 

and a'.t2 + Vi’xy + 6'r* = ^ 

may be harmonically conjugate, is 

ab' -P a'b - 2hJi'. 
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i.e>, my-\-nz^p, x—0 ...( 2 ) 

From the given condition it will be found that 

m~{a+b)+n‘^a-h2np=Q ...(3) 

In order to prove that the line (2) touches the given parabola 

y^={a'j-b}(2z+a}, x=0 

let us find the envelope of the line (2) subject to the condition (i). 

Eliminating p from (2) and (3), the equations of the line (2) 
become m^{a-\-b)-\-n^a-}-2n {my+nz)=0, x=0 

or m^a-\-b)-\-2mny-\-n^ (2z'f a)=0, ;r=0 

or, dividing the first equation thro" out by n-, 

(a+6)+2 ^ y+(2z+a)=0, x=0. 

The first equation is a quadratic in the parameter / 

the envelope is 4y^=4{a-\-b){2z-ra), x— -0. 

(B®=4 AC (From Differential Calculus)) ] 

39. Show that the feet of the normals from the point (ac, y) to 
the paraboloid x^-\ y^—2az lie on the sphere 

x=+/-+2=-z(a-f>')-2^ (aH?')=0. 


[ B. U, 1948 ] 



CHAPTER XII 

PLANE SECTIONS OF A CONICOID 

SECTION I 


NATURE OF A PLANE SECTION OF A CONICOID 
144. Similar and similarly situated curves. Def, 
Two plane curves S and S' are said 
to be similar and similarly situated if 
the radii vectores drawn to S from a point 
O in its plane are in a constant ratio to 
parallel radii vectores drawn to S' from 
a point O' in its plane, i.e., if OP is to 

O'P', and ^^,=constant. 



145. All parallel plane sections of a 
and similarly situated conics. 

[♦♦Proof, Let the equation of the 
central conicoid be 

ax^ -{-by- i cz^ = I .- (1) 

Let C{Xi, y^t Zi), G (x*, y^^ z.,) be the 
centres of two [1 plane sections of the 
conicoid (1). 

Then the equations of the planes of 
the sections are _ . , 

QXXi-\-hyy^ \ czz^ — \ = ax^^-\-byv--\-cz^—\ [ T = Si ( rt. _ >) ] 

or axxi +byyi -i-czzi ^ axj ^ + byi^ T cz i'- - • (2) 
and axx 2 -\-byy-i-{-czz.i-ax^^ ■rbyi^-’rCZ 2 ~ ■■-(3) 

*.* these planes are H 

• or 

axj"^ byz czi ' x-z yi z-t 

Let CP, CP' be two 1| radii vectores of the conics, the sections 
of the conicoid (1) by the planes (2) and (3), [ Art. 1 14, Cor. 2 ] 

and let their direction-cosines be I, m, n. 

Then the equations of CP [thro’ C{Xx, yi, ^i)] arc 

x-x, ^y-yi ^ ^ 

I m n 

Any pt. on this line is (x,n /r, >», +nir, Zi - nr). 

If it lies on the conicoid (I), then 

a(xi+/r)* d-mr)- H-c(zi T nr)- = I 


central conicoid are similar 
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or r* (aP+6mHcn*)-f-2r (a/Xi+6m>'i+c/iri) 
which is a quadratic in r. 

{xu yi* ^i) is the centre of the section, the quadratic (4) has 
equal and opposite roots 

sum of the roots— 0, /. coeff. of r=0, 

i,e., alxi‘\'bmyi-rcnzi=0, and then from (4), 

r* {al^-\-bm^ +c/i®) +(axi* +6yi® 1) — ^ 


or 


i.e. 


r*= 


1 — 

a/^+6m®+cn“ 
rp2_ ^-axi^-byi^-czj^ 

\—aXi^—byi^—cz2^ 


Similarly CV'^= . 

^ ah+bm^+cn} 

CP2 \^.ax:^~byi^-cz{^ 

C?'^-l-.ax,^~by,^-cz^^' 

which being independent of I, m, n, is constant 

CP 


C'P 


.^constant 


.*. II plane sections of the central conicoid (1) by the planes (2) 
and (3) are similar and similarly situated conics. [ Def. (^t. 144) ] 
Similarly parallel plane sections of a paraboloid are similar and 
similarly situated contc.;.] 

EXAMPLES 

1. Nature of a pl'me section of a central conicoid. Find the 
conditions tbst the ss('*:on of the conicoid 
the plane lx my i . r? should be 

(i) an ellipsej f/*) t 'i^iri^bola, (iii) a hyperbola. [P.t/.H. 1955] 
The equation : ri-j c ..icoid is ax~^by^'^cz^=\ ...(1) 
and that of 0 e ; L /x+my+nz^p ...(2) 

and that of the plr-'c ' to ih: plane (2) and passing thro* the origin 
(0> 0, 0) is /x+m>’ -fnz=0 ...(3) 

The section ot the conicoid ( 1 ) by the plane (2) is an ellipse, 
parabola, or hyperbola according as the section of the conicoid (1) by 
the plane (3) is an ellipse, oaraboia, or hyperbola 

[ V It plane scc’^jons of a conicoid are similar and similarly 

situated conics (Art. 145)] 
Eliminating ^ from (i) and (3) [by substituting its value 

) from (3; in (I) ], [ Assume that n^O ] 
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or +c{lx \-myy=n~ 

or X- (an= + d2)+2 clmxy~{y^- (6n-+cmS)-n»=0. 

the equations of the projection of the section of the conicoid 

(i) by the plane (3) on the xy plane are 

(an=+c/-) X - +2 cltnxy -rcm~) y--n^^0, z=Q. 

[ Compare the first equation with ax--^.-2hxy-i^by-^2gx-\-2fy-\-c = 0, 

here "a”=an^+cl\ ^'b” =bn^ 

y ^0 . g =0 , h =clm.] 

It is an ellipse, parabola, or hyperbola according as 
{an^--j-cl~){bn^+cm-}-cH^m^ is +ve, 0, or -ve ...(4) 

[ "ab-h^” is ve, 0, or -ve. (From Analytical Plane 

Geometry) ] 

Now {an~ ~\- cl'){bn^ -\-cm‘) —c-l-ni^ 

= abn* 4- cam^n^ +bcnH- — c-hm- 

{bcl'+cam^+abn'^). 

from (4), the projection of the section of the conicoid (1) by 

the plane (3) is an ellipse, parabola, or hyperbola according as 

n~ {bcl^-\-cam^ ■ abri-) is -fve, 0, or -ve 

i.e., dividing by n-, (which ^,^0) 

according as hcF-\~cam^-\-Qbn- is H-ve, 0, or — ve. 

the section of the conicoid (I) by the plane (3) is an ellipse, 

parabola, or hyperbola according as 

bcl--\-cam--\-abn'^ is 4-ve, 0, or -ve 
[ V the (orthogonal) projection of an ellipse, parabola, or 
hyperbola is respectively an ellipse, parabola, or hyperbola 

(From Modern Pure Geometry) ] 

the section of the conicoid (1) by the plane (2) is also an 
ellipse, parabola, or hyperbola according as 

6cF ! carna l abn- is -fve, 0, or -ve. 

2, Prove that the section of a hyperboloid by a plane parallel to 

a tangent plane of the asymptotic cone is a parabola. 

3. Nature of a plane section of a paraboloid. Find the nature 
of the section of the paraboloid ax’+by-— 2z by the plane 

Ix+my-l nz= p. [ P. U. H. 1957 ] 

[The equation of the paraboloid is ax"-\-by^=2z ...(1) 
and that of the plane is lx-{-my+nz=p ...{2) 

and that of the plane I1 to the plane (2) and passing thro' the origin 
(0,0,0) is /x+my+nz=0 ...(3) 

Find the equations of the projection of the section of the para* 
boloid (1) by the plane (3) on xhcyz-plane {by eliminating x from (/) 
and (3) etc.) ] 
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Cor. All sections of a paraboloid which are parallel to the axis 
of the paraboloid are parabolas ; all other sections of an elliptic 
paraboloid are ellipses, and of a hyperbolic paraboloid are hyperbolas. 

SECTION II 

AXES OF A PLANE SECTION OF A CONICOID 

Axes of a central section* of a central conicoid. 

146. To find the lengths and direction-ratios of the axes of 
the section of the conicoid ax--rby^-|-cz^=l by the plane 

Ix-J-my +nz = 0. 

The equation of the conicoid is 
ax^- by--{-cs~ = l ...(1) 

and that of the plane is 

lx-myi-n2^0 ...( 2 ) 

(n) To find the lengths of the semi-axes. 

The equation of a sphere whose centre 
is the centre of the conicoid, i.e., origin 
and radius r, is x--!-_v-'rZ-=r" 

The equation of the cone whose vertex is the origin, and which 
passes thro' the pts. of intersection of the conicoid (1) and the 
sphere (3), is [ making (1) homogeneous by means of (3) ], 

a.x-+bf+cz'-= 



or 


or 


(a- -^V) (*- 72 )/--!- (c- -L) = 0 ... (4) 


The plane (2) meets the cone (4) in two diameters each of semi- 
length r. 

If r = length of either semi-axis, the two diameters coincide, 
the plane (2) touches the cone (4) 


1 


m- 


a 


•> 


r- 


b--^- 

r-^ 


-i- 


sr 


= 0 ... (5) 


c— 


■i 


'I 

_ a 




n 


4 . li -=0 (Art. 135 


> ( 2 ) ) ] 


or P (b - f)(c- 1) + (c- -1-) 

^Central section. Def. A section of a central conicoid whose plane passes 
through the centre is called a central section. 
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or 






or 




-: n 


or 


^V- ^2 (a+^>) ' ab ”] = 0 

^ (12-|-m2+n=)- J^|^l=(b-|-c)+m=(c+a)+n>-f-b) 

+ (l-.bc-f-m-.ca*i n“.ab) = 0 ...(6) 
which is a quadratic in I-, giving two values of ! , say, , 

* T" ' • I '2 

and hence r„ the lengths of the semi-axes. 

(6) To find the direction’ratios of the axes. 

Let A, V be the direction-ratios of an axis. 

Then the equations of the axis [ thro' the centre (0, 0, 0) ] are 


X— 0 _ 0 _ z — 0 


V 


(Art. 37, Cor. 1) 


or 


^ _ >L- 


V 


... (7) 


The plane (2) touches the cone (4) along the line (7). 

Any pt. on the line (7) is {'> (\ >^P, vp)- 

The equation of the tangent plane to the cone (4) at (Ap, Pf‘, vP) is 
(a- y,-) xAp + (6- yl^P + (c- yr) zun = 0. 
or, dividing thro’ out by P, 

(a~ y 2 ) Ax+(6- y,r) /'y l-(c- y, ) vz= 0 ... (8) 

V it is the same as the equation of the plane (2) 
comparing coeffs. in (8) and (2), 


A ( a 

r- 


b 


-vO 


...(9) 


1 m n 

giving the direction-ratios (x, p, v) of the axis of semi-length r. 

Substituting the two values of found from (6), one by one, 

in (9), we get the direction-ratios of the axes. 

Cor. 1. Area of a central section of an ellipsoid. The area of 


the section of the ellipsoid 


y- 2* 

+ — 1 by the plane 


c- 
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IS 


TTabc 


lx -1- my -f- nz = 0, 
V 1^ -f m2 -h n2" 


x/a21i -f- b2m3 -f c^n- 

X- 


The equation of the ellipsoid is 1- ^" = 1 ***(0 

and that of the plane is Ix+my +nz=0 ... (2) 

[ Compare (1) with ax- -f by- + cz^ ~ \, 

here"a”=^. 

The equation giving the lengths (r) of the semi-axes of the section 
of the ellipsoid (1 ) by the plane (2), is 

(}'■ WF' ~cW qW ) =° 

[i [P -)-m“ +n-) - [;={6 +c) +ni-(c -l-a) +n-{a -i 6) ] 

- {l-.bc-^m‘.ca~\-n-.ab) = 0 (Art. 146, (6) ) ] 

which is a quadratic in \ t giving two values of , say, — o,- > pr* 

Now area of the section (ellipse) is 

A = Tcrj To . . . (4) 

But from (3), (product of the roots) 

I- , m- 


6-d 


u 

c-a- ' a^6- 


Q-r “T- o-m- 


rr * rV- 


i f' I — f> ^'2 

^ rtx ^ri 


d-b-c-(P+m^+n^) 


. , d-bV- (l-+m-+n-) .t, Vl-+m-+rP 

■'■ a-P+5'-m--c^'n- ' VdHHb-nP+c-F 


from (4), A = -abc 




vV'P hbW-l-c2a2 
Cor. 2. Condition for a central section to be a rectangular 
hyperbola. The condition, that the section of the conicoxd 
ax 2 T by2-|-cz2 = l by the plane Ix-l-my -: nz=.0, should be a 
rectangular hyperbola, is 12{b c) m2(c -j-a) -i-n2{a'fb)=0. 

The equation of the conicoid is ax- ■rby^-\-c 2 ^=\ ...(1) 
and that of the plane is /x-rmy-t-n^— 0 ...(2) 

The equation giving the lengths (r) of the semi-axes of the 
section of the conicoid (1) by the plane (2), is 

' , (!--i m-i-rP)-\ [ r(6-rc)+m"-(c+a)+n’-(a r6)] 

-|-{/®.6c-r/n^ca+/i^.a6)=0 ...(3) 
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which is a quadratic in giving two values of say, . 

r* T" Tj * r 2" 

If the section is a rectangular hyperbola, 

r.,“=— fi" [6-— —a- (From Analytical Plane Geometry ] 


r2^H-ri^=0, or dividing thro’ out by r,- r.r. 


rr 


=0 


sum of the roots of the quadratic (3) = 0, coeff. of ^-o- = 0, 

i.e.^ P(b +c) ^m’fc -i-a} ii-(a b) 0, 

which is the required condition. 

EXAMPLES 

1. Find the axes of any central plane section of an ellipsoid. 

[ A:y. U. 1954 ] 

If 23(, 2(3 are the lengths of the axes of the section of the 

ellipsoid ^ -f- = I by the plane /x-fmy prove tliat 

„ . c-'d- ‘-h-)n~ 

a-b-c' n') 




dH-+b'm^ ■ c-n- 

2. Find the lengths of the semi-axes of the conic given by 

3x= : 2y- I 6j=-= 1, x-l->'-f-z = (). [ P. U, H. 1938 ] 

[ The equation of the conicoid is 3x--f2y--f-6z-=l ...(1) 

and that of the plane is x-i-y-^z =0 .. (2) 

[Compare (1) with ax=-i 6yH-cz"-=l, and (2) with Ix - mydnz 0, 

here a = 3, 6-=2, c=6 ; 

/=], m=l, n = l ] 

the equation giving the lengths (r) of the semi-axes of the 
section, is 

(Pdm- i n^)~ [lHb3-c) \-m-{c-\-a) \-n-iadb)] 

-t (F.6c+m-.ca -| n^a6) = 0, (Art. 146, (6)) 
f*e./ (substitute the values of a, b. c ; I, m, n). ] 

3. Prove that the equation of the conic x:--]ly- -\0z~=\ , 
x+2y-f3z=0, referred to its principal axes, is 47x2- 1 4/- = 14. 

4. Prove that the axes of the section of the conicoid 
ax2-{-6y2 4-cz2=l by the plane /x-fmy-fnz=0 lie on the cone 

(b—c) — 4 (c- Cl) ^ +(ti— 6) ‘ 

X y ^ 

[The equations giving the direclion-ratios of the axes are 
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H- b 




I 


m 


n 


=k (say) (Art. 146^(9)) 


1 


«-7T= - 

6- 4 == 


Ik 

X 

mk 


b—c 


c— a 


c- 4 = 


a—b 


nk 

n v'\ 

Multiply these equations by 6— oc—a/fl— 6 respectively/ and 
add vertically. ] 

5. Prove that the axes of sections of the conicoid 

ax2 + by= + C2- = 1 


He on the cone 


which pass through the line -j- = ^ “ 

(ly— mx)=0. [P.U.H. jf959 ] 


b — c. c — a . - . . a — b 


(mz-ny) -f- 


(nx — 


Ix -f my-fnz = 0 is 


X • - . y . Z 

6. Area of a centra/ section. Prove that the area of the 
section of the ellipsoid x* a=-Ly-/b=+zVc3 =1 by the plane 

5 where p is the perpendicular from 

P 

the centre to the tangent plane which is parallel to the given 

plane. E D. U. H. J954 ] 

1. If Ap Ao, A, are the areas of three mutually perpendicular 
central sections of an ellipsoid/ show that Aj'^+Ag'-d-As"^ is constant. 

8. Find the axes and area of any central plane section of 

an ellipsoid. [ Ag. U. 2954 ] 

If central plane sections of an ellipsoid be of constant area, 
prove that their planes touch a cone of the second degree. 

[ P. U. H. 1934 ] 

r/t\ t “Hn* T^cthc / \ 

[(6) -abc = constant = - - (say) 


Va*/"+6-m“ -t- c-n3 

It will be found that 

/2(a2-A-)-}-m=(62-^2)-j-n2(c=-^*)= 0. 
the plane /x + my + =* 0 touches the cone 


X- _ 

ar-k- 


y 


3 




+ : 




= 0 . 


[ Art. 135. (2) (V -^ + ^ + ^ 


a 


9. Prove that the section of the conicoid ax®-f-hy*“hcz* 1 
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by a tangent plane to the cone 
a rectangular hyperbola. 


^0. is 

c + a a-f-b 

[ P. U, H. J957 ] 


Axes of any section of a central conicoid. 

147. To find the lengths and direction-ratios of the axes of 
the section of the conicoid ax--fby-+cz- = 1 by the plane 

lx -}- my -r nz = p. 

[ Method of centre. ] 

The equation of the conicoid is Qx--.--by--TCZ- — I -.(I) 
and that of the plane is Ix—my-Vnz = p ... (2) 

[To find the centre of the section of the conicoid (I; by the 
plane (2). ] 

Let (X:,y„ Zi) be the centre of the section of the conicoid (1) by 
the plane (2). 

Then the equation of the plane of the section is 

axxi-\-byyi-\-czzi—l -^axi^-rbyi~-rCZi~ — \ \ aA-+6y- +CJ-— 1 =0 

[ T=S, (Art. 126) ] 

axXi+byyi-{-czZi—axi^-byi--cZi^ ... (3) 
it is the same as the equation of the given plane (2) 

.*. comparing coeffs. in (3) and (2), 

ox. ^ ^ cz, _ ox.-' ; ferr (say) ... (4) 

I m n V 


or 


or 


^ mo nf> ... 

a ~ b ' c" ”■ 


Substituting these values of x^yitZi in the last two members 
of (4), 

12, 


- - a „ Ho H-c I — 

p L o} 


b- 


J 


[Cancel /'] 


or 


P-= 


P m2 n* 
^+6 + c 




Put 


t 

a 


m- 

6 


I- , , -| 


P/ 

Substituting this value of p in (5), 

y - P- V = P 

^ a 6 p^i‘ 

Changing the origin to z,), the equation of the conicoid 

(1) becomes 

a(JC +Xi)2 ^biy +c(z +Zi)2= 1 

or ax^-\-by^+cz^-\-2{axXi-\-byyi+czZi) r{aXi-+byi^-{-c2i~~\)=0 ...(7) 


7 n p 



294 


NEW ANALYTICAL SOLID GEOMETRY 


[ Art. 147 


Substituting the values of Xi, Zi from (6) in (7), 
ax'-+by^+cz^+2 (ax-^- ^,+by ■^,+cz ^ 


P- P Mr " P iVn 


Po 


6- Po 


Po 


or ax-+by^-\-cz‘+2-^ Ux-\-my-{-nz]+^(^-^ + 


[ 


But — + ^ + 


a 


- 1=0 


or ax--\-by-i-cz^-r2 ~ {lx-rmy-}-nz)+^ 

Po Po 

2 

or axHby-vCz^'-j-2 K {Ix+my-rriz)^!- (say) ...(8) 

Po” Po 

The equation of the plane (2) becomes 

l{x+Xi) +m(y +yt) +n(^ -h^i) =P 
or lx-{-my^nz rf/ATi-r^Pi+nZi— p)=0 

[But (Xi, y^ Zi)y the centre of the section, lies on the plane (2), 

lXi-\-myi-\-nZi-=p] 

or lx~rTny^nz=0 ...{9} 

Now the section of the conicoid {8} by the plane (9) is the same 
as [substituting from (9) in (8}], the section of the conicoid 

aX'-\ by-~cz-^ -k~, i.e., ...(10) 

by the plane /v ; my -\-nz=0, 

[Compare (lOj with ax"-rby' bcz-—\, here *'^**~'0 

the equation giving the lengths (r) of the semi-axes of the 

i^P=0 ...(11) 


1 - 


seciion IS 


a 

k- 


1 




m- 


[ 


b 

k- 

/■ 


+ 


r- 
+ - 


c 

k2 


V- 


mr 


a~ 


r~ 


b- 


+ -^=0 (Art. 146, (5) )J 


^ r*’ 






.V)+-C4-fXF-F) 





Art. 147 ] 


AXES OF A PLANE SECTION OF A CONICOID 


295 


or 


or 


(i+c) [i— ^- 4 , (c+a) +^f ] 

-- [ P(b-c) + m^(c+a)4 n=(a-b) ] 


+^j- (l-.bc-i*in-.ca- n-.ab) = 0 ... (12) 

which is a quadratic in -4^, giving two values of V/ say, r 

r- r- Tj- r.r 

and hence rg/ the lengths of the semi-axes. 

The equations giving the direction-ratios {A, v) of the axis 

of semi-length r, are 





(Art. 146, 



where k 2 =l-? 2 , and P«"=-~ + T + — • 

P(^ ADC 

Substituting the two values of found from ( 12 ), onebyoii^, 

in (13), we get the direction-ratios of the axes. 

Note 1. Method of centre. Since in this method we first find 
the centre of the section of the conicoid by the given plane, it may be 
called the method of centre. 

Note 2. Rule to write down the equation giving the lengths 
(r) of the semi-axes of the section of the conicoid ax'-f-by- cz-^ 1 
by the plane lx | my ; nz^p from the corresponding equation 
for the section of the conicoid by the parallel central plane 

lx-‘ my 1 nz = 0. 

In the corresponding equation for the section of the conicoirf by the 
parallel central plane lx-{-my \-nz = 0, change a fo t ^ u- * ^ 


thus getting 


1 - 

a 1 "b" 

k^ 
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or 


(r-+m*+n2) _ (c^a)+n^ (a +6) ] 




(l^,bc+Tn^.ca-{-n}Mb)=0, 


where 




rrr 




”1* 


Similarly for the rule to write down the equations giving 
the direction-ratios (X, v) of the axis of semi length r. 

Cor. 1. // ri, r. are the leniths of the semi-axes of the section of 
the conicoid ax^-\-by--\-cz^^2 by a central plane lx-\-my-\-nz= 0, and 
Ti', ra' the lengths of the corresponding semi-axes of the section of the 
conicoid by a parallel plane lx-\-my-\-nz—p, then [ r =kr, i.e, ] 

rj' = kri, rj' = krj, 


2 12 m- n^ 


where k* =1— and Pq'— 

Po “ 


4- 


b c 

and the corresponding axes of the two sections are parallel. 

The equation of the conicoid is ax^-\-by^-\-cz- — I 
and that of the central plane is Ix^my-hnz = 0 

and that of the ;i plane is lxymy-\-nz =p 

The equation giving the lengths (r) of the semi-axes of the section 
of the conicoid (1) by the plane (2), is 


(1) 

( 2 ) 

(3) 


1 - 


m 


n 


1 

a- 




1 


« 0 ... (4) 




m 


n 


and the equations giving the direction-ratios (A, y) of the axis of 
semi-length r, are 

... Pj 

[ Art. 146 ] 

Now the equation giving the lengths (r') of the semi-axes of the 
section of the conicoid (1) by the plane (3), is 

From (4), changing a to ^ / 6 to ^ , c to and to ^ J 


a 


+ 


m 


n- 


1 


= 0 


[Art. 147] 


r'- 


A2 


r'- 




2 




ffi 


The expression is already in the students niemory^ 


For 


the condition, that the plane Ix+my+nz^p may touch the conicoid 
ax- !^6vHr2^=3, is (Art. 116). 

a D V 
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©o multiplying the denominators by k-. 




r'- 


h 


k’ 

r- 


■= 0 ... ( 6 ) 


f 

and the equations giving the direction-ratios (A', !>■', v') of the axis 
of semi-length f, are 


I m n 

[ From (5), changing a to b to c to and r to r', 

and >-, y to v' ] [ Art. 147 ] 

or^ multiplying the numerators by k'. 




k- 


’ » 


r - 


I m 

The equation (6) is the same as (4), 


n 


(7) 


if 


/f2 


1 




r 


r 


'2 = k-r\ or r' = kr. 


r^' — kr^, r./ — kr.,. 
k' ? 

Again, if , then (7) becomes 


A'(a-i-) 


(«) 


I m n ' 

Dividing (8) by (5), 

A' __ _ v' 

A V * 

the corresponding axes of the two sections arc : . 

[ Art. 1 3, {b), Cor. 4 ] 

Cor. 2. If A is the area of the section of the conicoid 
axH 63 /M'Cz 2 =/ by a central plane lx ^n\y \-nz = 0, and A' the area 
of the section of the conicoid by a parallel plane Ix-i my 'vnz=p, then 

A' k^A, 

where k2=l_ P'., , and p„= -^ * - + . 

Pf)" a D c 

The equation of the conicoid is ax--^ by- -\-cz‘ — 1 ... (1) 

*nd that of the central plane is lx-\-my - nz 0 ... (2) 

and that of the li plane is /x4- my -y nz p ... (3) 

Let Tj, Tz be the lengths of the semi-axes of the section of the 
conicoid (I ) by the plane (2), and r,', rg' the lengths of the corres- 
ponding semi-axes of the section of the conicoid (1) by the plane (3). 
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Then = kr^, = kr^. 


where kr^l— and Pq-= - — h ^ ~ • [ Cor. 1 ] 

po ^ a 0 c 

of the section of the conicoid {\) by the plane (3), is 
A' = Trri' r/=:t(^:ri) (Arg) =k- (^irirg) = 

where h= = l— , and po^= L. + -f- — . 

Po“ a be 

Cor. 3. Area of any section of an ellipsoid. The area of thi 

n O 

section of the ellipsoid -- — 1 — j =l hy the plane lx-\-my-\-nz^pf 

a 0** c 


n- 


area 


IS 


-abc — fl P" ~1 

^/aT^ -! b'WH-c^ni L +bW+c%^J 

V- t ;2 g 2 

• .4 «a« .A. .V M a 


X~ V“ 2- 

The equation ot the ellipsoid is •" 

and that of the plane is Ix-rmy'rnz = p ... (2) 

and that of the I; central plane [ i.e.^ !1 to the plane (2) and passing 

thro' the centre (0, 0, 0) ] is 

lx + my -- nz = 0 ... (3) 

area of the section of the ellipsoid (1) by the central plane (3) is 

V l '-Tni'-in~ 


A --abc 


T- - (4) 


[ Art. 146, Cor. 1 ] 


\' a' r - b'm' -h c'n- 
Now area of the section ot the ellipsoid (IJ by the '! plane (2), is 

A t f ^ . m ^ 1 


A' - /. A ... (5) 


[ Cor. 2 } 


where A '- I - - • 


P‘ 


and ;v - 


I 


a 


4 I ^ 

J 

nr 

1 

6 - 


1* 

4 

\ 

L ' 


r— f.t 


!1 

a 


m- 

b 


•y 


■'* + ~ (Art 


. 147) ] 


* ♦ \ 


a-r - P-m' 

k~ I - - . 
a- 1 

from (5), 


« I 


t ‘ 


/ • 


I % 


U'/T 


A'=rj — . ■ 

L 


c !r j 


i -.abc ^ 


.=5;:abc 


V'l' 


;1 


VaT^ + b 


1 - 




v'a-/-+f>“/n“-hcV 

P- - ~| 

a'l'-j-b-m'^-h®"®^ J 


i-h^AMPLES 

1. {a) Find the rebi ^ i, , tv.ccn the axes of a central section 
a parallel section of a cen,r..l conicoid. [Ag,U*1938] 


and 
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(6) Find the co-ordinates of the centre and the lengths of the 
semi-axes of the section of the ellipsoid 6x--f 6y- -i-3z- = 5 by the plane 

2x -i- 2y + z = I . 

[ (6) (ii) The equation of the ellipsoid is 

I x~ -r + ! 2 ~ = 1 ... (I) 

[ Form ax^ -f dy~ -h C 2 ~ = 1 (JVoie ^/iis step) ] 
and that of the plane is 2x-h2y-i~2 = I ... (2) 

[Compare (I) with a)c-+6y--}-cz-= I, and (2) with /x-rmy~/j 2 =p, 
here a = h b = t c = § ; 

I = 2, m= 2, n = \, p =l ] ... (3) 

The equation giving the lengths (r) of the semi-axes of the 


section is [l-(6+c)-i-/n-^(c+a) rn^(a-' b) ] 


4- p-[ /^6c-l-m^ca+n^a6 ] = 0 [Art. 147, (12) ] 

[ Substitute the values of a, b, c ; I, ni, n ] 
i.e,, (it will be found that) 

r‘ r-k- \5) ' k'Ks) 


or 


. I _ 6 2 

" 5k- "3k- 

r = V^k, k ... (4) 


Now k-= 1 
here p=l. 



[ From (3) ] 

•> -t 

+ 1 - + 

0 c 






V22 
“ 5 ~ • 


Substitute this value of k in (4). ] 

2. Axes of any section of a cone. Prove that the axes of the 
section of the cone ax--i-by- ■. c 2-=0 by the plane lx \-my rnz=p are 




m- 


n- 


. - = 0 , 


given by — 2 •» i •> T t — ^ ■+* no, .. 

ap,/r- 4- p- bpyy-r- 4- p- cp^-r- -h p- 

[ Ag, U. 1947 1 


where + 

a 0 c 

Note. Sometimes the word 'axes' is used in the sense of semi- 
axes, as here. 


(a) If OP, OQ,, OR are conjugate semi-diameters of an 
ellipsoid, prove that the area of the section of the ellipsoid by 

the plane PQ,R is two-thirds the area of the parallel central 
section. [ j 
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(b) Show that the area of the section of an ellipsoid) by 
a plane which passes through the extremities of three conjugate 
diameters, is in a constant ratio to the area of the parallel 
central section. [ P. [/. H. 1956 ] 


4. Find the area of the section' of the ellipsoid — + 


^+^- = 1 


[ P. U. H. 1952 ] 


by the plane ~ -f- = 1 . 

^ a b c 

5. Find the locus of the centres of sections of the ellipsoid 

.Y" V" Z" 

^ whose area is constant, {=T.k-). [ P, U, H. 1957 ] 

V“ 

6. Prove that tangent planes to — f-l= 0 which 

a- 

*1^2 y2 jjS 

— 1=0 in ellipses of constant area Tck^ have 

a- b- ^ 

their points of contact on the surface ,-+ crd" ^ „ « 

a* b'* c* 4a-b"C“ 

7. Relations between the direction-cosines of the axes of any 

section. Prove that if Aj, ; Aj, are the direction- 

cosines of the axes of any plane section of the ellipsoid 


X2 


a* b- C“ 


z- 




A,A« 

a=(b3_c=J b^(c^-a^) c3{a3-b3)- 

X" V' z~ 

[ The equation of the ellipsoid is Qr+ p' ^ ••■(U 

the corresponding axes of any section of a central conicoid 
and the ' central section are 'j (Art. 147, Cor. 1) 

the direction-cosines of the axes of the 1| central section are 
also > 1 . Pj ; Ao, ff., v- 2 - 

Let the lengths of these semi-axes be Tj, r^. 

Then the extremities of these semi-axes are P(Air„ ^'ir„ I'lri), 
Q(.Lr., V.r^) (Art, 8). 

Now the semi-axes OP, OQ are conjugate semi-diameters of the 
section (ellipse), 

if OR is the semi-diameter whose diametral plane is the 
plane POQ, then 

OP, OQ, OR are conjugate semi-diameters of the ellipsoid (I). 

[Art. 133] 

. ^Ti.Aoro /Sr,. //gra , Viti.v.ri ^ 

•• b '- ?— =0 

+ ^’^“=0 (Art. 131 (B))] 
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?01 


Also the semi-axes OP, OQ are .L 


/. ..-( 3 ) 

Solve (2) and (3) for by cross-multiplicati')n. ] 

8. Show that the condition, that the section of the conicoid 
ax^+by^-{-cz^ = \ by the plane Ix+my-'r-nz—p should be a rectangular 
hyperbola, is l-(b+c) + m’(c+a) fn"(a't-b) = 0. 

9. Show that the plane x-i-2>'-f-3z=l cuts the hyperboloid 
22 ”= 1 in a parabola, the direction-ratios of whose axis 

are (I, 4, -3). [ P. U. B.Sc. H. 1955 ] 


Axes of any section of a paraboloid. 

148. To find the lengths and direction-ratios of the axes of 
the section of the paraboloid ax-— by- = 2z by the plane 

lx-rmy-rnz = p. 

[ Method of centre. ] 

The equation of the paraboloid is ax^+by'‘—2z ...(1) 
and that of the plane is Ix-rmy -nz=p ...(2) 

[ To find the centre of the section of the paraboloid (1) by the 
plane (2). ] 

Let (Xi,yp 2 ,) be the centre of the section of the paraboloid (!) 
by the plane (2). 

' Then the equation of the plane of the section is 

axXi-\ byyi~{z-\-Zi) = axi’-\-by^^-2zi \ ax- ■ by- 2z = 0 

[T = S, (Art. 137, (5) ] 

or axxi-\ byyi—z=axi-+byi’~zi ...(3) 

•.* it is the same as the equation of the given plane (2), 
comparing coeffs. in (3) and (2), 

axt^byi^ —1 ^ 

I m n p 


or 


/ m 


axi^-\-b}Y-Zi--- 


_ P 


n 


Zi=axr-\ byr-^ [Substitute the values of x„yi found above] 

a-n- b-n- n /jx a b ^ 

Changing the origin to (x,,>»i,2,). the equation of the paraboloid 
(1) becomes 

a(xH x,)H h{y-\-y,Y=2{z-\ z,) 


...(4) 
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or 

or 


aix -f 6(y -\-yiV-2{z +r,) = 0 

ax-+by~-i-2(axxj-j-byyi—z)+{axi^+byi~-2zj)=0 ...(5) 
Substituting the values of Xu yi, from (4) in (5), 

ax^+bf-+2 [ax(- ^)+by (- ^)-z ] 

r a~+b 7^-2 —J— + ^ +np )"]=0 

L a-n- 0-/1“ n^\ a b ^ / J 


-I- 


or ax'-+by^- ^ (lx+my+nz)-t^- f-,- \ p=0 

^ . o 

or ax'-\-hy~~ ~ {lx+my-\-nz ) — ^ H-2/ip ^=0 


or Qx^-Vhy- — {lx-\-my+nz)—^~0 

n n*" 

2 


[ Put -^+ — +2ni)=p„2j 


or a.xH6y=- — {lx-\-my-{-nz)=^=k- (say) ...(6) 

The equation of the plane (2) becomes 
l{x-rXi)+Tn{y-\~yi)‘yn{z~yzi)=p 
or lx-rmy-i-nz-i-{lxi-\-myi-ynzi~p)~0 

[ But (ati, y^, Zi), the centre of the section, lies on the plane (2) 

or lx-\-my~^nz=0 ...(7) 

Now the section of the paraboloid (6) by the plane (7) is the 
same as [substituting from (7) in (6)] the section of the cylinder 

ax--^by~=k', t.e., X" y-= 1 ...( 8 ) 

by the plane ZA: :-/ny+n2=0. 

■ Compare (8) with ax-^by~-\-cz-^\, here ''6"=4 ;/V'=o1 

. k- h J 

the equation giving the lengths (r) of the semi-axes of the 

section is 

P m- n2 


a 

k 2 


-h 


r 2 


b 


T + — -{ 9 ) 




r 2 


a — 


•3 



^=0(Art. N6,(5))] 
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or 


or 

or 







^ (12-l-m2 + n=)- ^^2 [ 12(b) -l-m2(a)4-n‘(a-rb) ] 

4- (n2.ab)=.0 ...(10) 


which is a quadratic in -V# giving two values of , say, — ^ , 

r* r* ^ 

and hence r„ the lengths of the semi-axes. 

The equations giving the direction-ratios v) of the axis 

of semi-length r, are 




where k 2 =P« ^ and 

n- 



a 




2np. 


n 



(Art. 146 



Substituting the two values of V found from (10), one by one, 

in (1 1), we get the direction-ratios of the axes. 

Note 1. Method of centre. Since in this method we first find 
the centre of the section of the paraboloid by the given plane, it may 
be called the method of centre. 

Note 2. Rule to write down the equation giving the lengths 
(r) of the semi-axes of the section of the paraboloid ax^- by2 = 2z 
by the plane lx-rmy-(-nz = p from the corresponding equation 
for the section of the central conicoid ax^-l-by^-f-cz^— 1 by the 
plane 1x4 = 

In the corresponding equation for the section of the central conicoid 
ax^-i-by'^-\-cz^—I by the plane lx-\-my-\-nz—p, put c=0, thus getting 


V 

a 


1 









or J [I^b)4-m2(a)4-n'-^(a ! b)]+j^\ (n^.ab) =0, 
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o * 1* rt * 

where and Po^= — + -g- -r2“P* 

[ Note the new mines of and ] 

Similarly for the rule to write down the equations giving 
the direction-ratios (A, A', v) of the axis of semi-length r. 

Cor. 1. Area of any section of a paraboloid. The area of the 
section of the paraboloid ax^+by^=2z by the plane lx+my-{-nz=p, is 






-L2np j. 


The equation of the paraboloid is ax^-^by-=2z ...(1) 
and that of tne plane is lx-{-my+n 2 =p •••(2) 

The equation giving the lengths (r) of the semi-axes of the 
section of the paraboloid (1) by the plane (2), is 

[ i=(6)+m^{a)-i-nHa-f6)]+^ (n»,a6)=0...(3) 
^ [ Art. 148. (10) ] 

which is a quadratic in giving two values of say.—, / — , * 

Now area of the section (ellipse) = -rjra ... (4) 

But from (3). (product of the roots) 

! 1 /r‘ n-ab 


7V * r,- ~ ■/:*(/= ^ 

/c= 

from (4). 

area of the section =- — 

n Va6 


r/ or ri“ ra" = 


n-ab 


j^But k^= (where Po" — ^ +2np) 


+ t + )] 


^ ri- 


n Va6 


TT 'v/l“4-na"+“® 

V ab 




•The expression -^-h^4-2np is already in the student’s memory. For 

*1 0 

ihe condition, that the plane Ix+my-^-nz^p may touch the paraboloid 

ax--T fyy- — 2z, Is —■ + "■. =~'2np, or -;r'l" — h2npa0. 

(JO a o 
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Cor. 2, Condition for any section to be a rectangular hyperbola. 

The condition, that the section of the paraboloid ax* -by-^2z 
by the plane lx+my-f-nr = p should be a rectangular hyperbola, 

is l-(b) -t-m*(a) - n-{a -i-b) =0. 

The equation of the paraboloid is ax-+6y- = 2z ... (1) 
and that of the plane is lx -my -nz =■ p ... (') 

The equation giving the lengths fr) of the semi-axes of the section 
of the paraboloid (1) by the plane (2), is 

•p-y“+m-+n=)- [ nb)-rm-'-{a)+nHa^, b) ] 

+ y {n-.ab) = 0 ... (3) [Art. 148, (10)] 
(where , and pj= " - 2 / 1 / 2 ) 

which is a quadratic in giving two values of , say, . 

If the section is a rectangular hyperbola, 

r.^= — ry^ [6- — —a- (From Analytical Plane Geometry)] 

or = 0 or, dividing ihro’ out by rr ri-, j. z ^ j =0* 

sum of the roots of the quadratic (3) = 0, coeff. of =0, 

i.e.. [ l-‘{b)+m‘ {a)+n-(a+b) ] = 0, 

or l-(b) -f m-(a) -f n- (a-fb) = 0, 

which is the required condition. 

( Aid to memory. In ihc condition for the section of the ccniral conicoU 
a.x--\ by--\ cz~- 1 by the plane Lx \-niy-\ ii: ■ p to be a rectangular hyperbola, u'.-., 
(6-|-c) +/«■- (c l'a)-f-/i- ia \-h) -0, [ Lx. 8, Art. 147 ] 

pul c=0, thus getting. 

I^(b) + m2(a) -f n- (a i-b) 0, 

which is the condition for the section of the paraboloid a.x~ \-hy- - Zz by the plane 
lx Ymy-^nz-p to be a rectangular hyperbola (Coi. 2). Compare Note 2, Art. 148, j 

EXAMPLES 

1. Find the lengths of the semi-axes of the section of the 
paraboloid x- -f 2y2= z by the plane x-f-y4z = 1. 

[The equation of the paraboloid is x-'\-2y^ -= z 
or, multiplying thro’ out by 2, [ Note this step ] 

2x^ 4y- ^ 2z ... {\) (Form ax'’-~\-by~ = 2z) 

The equation of the plane is x4-y+z = 1 ... (2) 

[ Compare (1) with ox'-f 6>^^=2r, and (2) with lx-\-my-\-nz=p, 
here a = 2, 6 = 4; 

f = 1, m = y n = 1, p = 1 ] ... (3) 
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The equation giving the lengths (r) of the semi-axes of the 
section^ is 

yV {nKab) - 0 

(Art. 148, (10)) 
[ Substitute the values of a, 6 ; m, n ] 

i.e., it will be found that ~ 

T* 


+ 


or 


12 

*'• '’'""2(3^3) 

,_3r- 3TV3 ... ... 
r - , — =-.-{3±v'3). 


8 

/c» 


= 0 . 


[Rationalize the denom.] 


• • 


Now 


here 


r =-^ V3±V3 ..■(4) 

h2 _P»>“ 

A — „ > 

n- 

Po'=~ -1“ ^ - +2np, which from (3). 


n= 1 

^ ^ . Q- 

• • IV ^ ^ — 2 * 

Substitute this value of k in (4). ] 

**2. A plane section through the vertex of the paraboloid of 
revolution x--ry- = 2az makes an angle with the axis of the surface. 
Prove that its principal semi-axes are a cot 6 cosec Q, a cot 0. [P.U.] 

3. Find the locus of the centres of sections of the paraboloid 




> 

a- which are of constant area tt/c-. [ R. U. H, 1961 ] 

4. Planes are drawn through a fixed point (a, [3, y) so that 
iheir sections of the paraboloid ax“-|-by-=2z are rectangular 
hyperbolas. Prove that they touch the cone 

=0. [ p. u. H. mi ] 

b a aH-b ■' 


SECTION m 

CIRCULAR SECTIONS OF A CONICOID 
Circular sections of a central conicoid. 

149. Circular sections of an ellipsoid. To find the circular 
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y 


a- ' 


sections of the ellipsoid 
[ JVlethod of sphere. ] 

The equation of the ellipsoid is 


z 2 


b- ^ c 


= 1 . 




>’ 


4 - - 

Q- ’ b- c- ~ 


or 


X- . 


Consider the equation 


lT + lr + l,--\-k*{x^-'-y'-+z^- |-)=o+ ...(2) 

It is a homogeneous equation of the second degree in x, y, z. 

If it represents a pair of planes, they meet the ellipsoid (I /where 
[substituting from (I) in (2)] they meet the sphere 

+ -^- = 0 ...(3) 

Le,, m two circles. [ v a plane meets a sphere in a circle J 

Now (2) is ( = 0 ,..(4) 

[ Compare this with ax~ +by^~^cz^’ -\-2fyzJf.2gzx \-2hxy=Q, 

here ‘-o'’ -k, “V' ^ -k. "c”= -*;/=0, ^ = 0, A -0.] 

It represents a pair of planes if 

( i )( '. 

[ abc+2j^h 

i e if /c~~ * * 


-/c )= 0 , 
aj--bg^~ 


ch-=0 (Art. 35) J 


• and noi -\-k lo avoid negative values of A in uhat follows, 
tnow to uriic lliis equation. Write the equation ellipsoid -k fsnhrr.^ n 
V//^w/,/VwW.v /„r 'L.ll.s. of ,Uc 0,00, ion of , ho oUipsouHl ], s 
l-c,,,socro).,oolsofor,hey,hcrc\,he e„oa,ion of , he sphere beln, 

Ihe e,oa„on ell, p, o„l -k Inhere) - is a ho, oopc neons eqoa,ion of , he sc mi 
ilegne in X, y\ z. ^ J 

Thus here wc have taken the equation of the sphere to be L ^ q 

bccauw, by Join, so, .he equation - I ^ ^ 

ho.ncgcneous equation of the second degree in a-, j, e, the constant tern, t- 1 ) in the 

’ellipsoid’ cancelling the constant term —k ( 

k 

'I ,imilor ,rlck mn be osefoi in ,hc case of any ccniral conieaid or a paralo'oi.i 
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Substituting these values of k, one by one, in (4), 

- -?>•+(? - -i) 

(i - - t) 

Let a" be > > c^* Then 

the planes (5) are imaginary, 

[ *.* coeff. of is -f-ve, and of is also +ve j 

he planes (6) are real, [ V coeff. of is -ve, and of z- is +ve J 

ind the planes (7) are imaginary, , 

[ coeff. of ;c"- is -ve, and of / is also -ve J 

the equation of the planes of real central circular sections is (6), 

Dr, transposing, 

or x= 


a 


V a— b= ± -- Vb3-c- =0, 

& ^ 


a V 

^hich pass thro’ z=0. x=0. i.e., thro’ the y-axis, i.e., thro’ the 
nean axis. 

the equations of the planes of the circular sections are 


a 


L-y/b‘^-6^ = A, 
c 


X 

a 


Va^-b^ - ^Vb^-c^ = ^ 


for all values of A and 

[ II plane sections of a conicoid are similar and similarly 

situated conics (Art. 145) J 
Cor. 1. Important. The value of k which gives real central 

circular sections is ^v, i.e., which lies between the other two values of 

viz., -i- . -4 • This value o/ is called the mean value of 

a* c“ ^ 

k. Hence we have a short cut. 

'’so that the equation of the planes is of the fonn B>'2+Cr“=0, where B, C are 
-1 ve, j.e., B>’2 = -Cz2, or y'fl;— i I’v Cz, which are imaginary- 
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Short cut for numerical examples. In a numerical example, 
after finding the three imlues of k, arrange them in ascending* order of 
magnitude, take the mean value of k, i.e.. which lies between the other 
two values of k, and substitute it in the equation of the planes, and find 
their separate equations. [ Rule (Ex. 3, Art. 35 ) ] 

Cor. 2. The radius of the central circular sections of the ellipsoia 






2 




Substituting the value of fe — ( which gives real central 

circular sections ( 6 ) ) in (3), the equation of the sphere becomes 

+ z-—b- — 0 , or x- y- = b-, 

whose radius b 

the radius of the central circular sections is also ^ b. 

EXAMPLES 

1. Find the real central circular sections of the ellipsoid 

X- 2y- 4- 3z- - 4. 

2. Find the radius of the circle in which the plane 

Vd--b^ 4- \ '6W- = A 

a c 


cuts the 


ellipsoid 4- 4- — 1- 


[ P. V. H. 1955] 


^2 


The equation of the ellipsoid is ^.r + (-r 

and that of the plane of the circular section is 

^ v'a-“6- 4- ^V6 --c- = A ■■•(2) 
a c 

and that of the 11 central plane is 

\-^6--c-=0 ...(3) 

a c 

The radius of the circular section of the ellipsoid ( 1 ) by the 
central plane (3) = 6 . [ Art. 149 Cor 2 ] 

radius of the circular section of the ellipsoid ( 1 ) by the plane 
( 2 ) ’ =Afe ...(4J [ r' = /cr (Art. 147, Cor. 1) ] 

[Compare (1) with ax=4 6 yM-c 2 ^=l, and (2) with lx-\^my+nz^p. 

here 'V’= ' 

1= ^ y/a-~b~, m = 0, n= * V b-~c-, p = >^] ■■ (5) 
a c 


• or descending 
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Now /c2=i_P 


Po' 


here, from (5), p=A 

"t+T^ "f ” =15 “=+0+-^ 

=a2-62+ft2-c2=a2-c2 


V 


V 


3. Ccntfdl circular sections of a hyperboloid of one sheets 

Prove that the central circular sections of the hyperboloid of one sheet 
^ 2 

~ ^ y Va=-6" ± y VaHc^^O- 

Cor. The radius of the central circular sections of the hyperboloid 
of one sheet y + ^ = /^ (^2 > 

4. Circular sections of a hyperboloid of two sheets. Prove 

that the circular sections of the hyperboloid of two sheets 

X' f- 2= 


a 


■i 




ere 


y\/aH6= + y =A, 

Va'-+65 - Vb=-^ = 

for all values of A and /'♦ 

found that the equation of the sphere is 
X- } y-+a-+6"=0, or x--ry^-r2^~~b-, radius of the sphere=f6. 

ladius of the central circular sections is also = ib, which is 
imaginary. 


.. the ceiLral planes y v'^0"4-fe“ d: y V6"— = 0, do not meet 

the liyperboloid of two sheets in real pts. They are the. planes thro' 
tlie centre lo the systems of planes which meet the hyperboloid of 
two sheets in real circles. 



5. Show that the section of the hyperboloid of two sheets 

ty n 

^ 2^ 

~ b-^ “ yV^-Tfi^ + —a/ 62^ = A 

real if + c^. 


Art. 150 ] 


CIRCULAR SECTIONS OF A CONICOID 


311 


150. Any two circular sections of an ellipsoid which are 
not parallel lie on a sphere. 


2- 


Let the equation of the ellipsoid be -f “ = I 

a- b~ c- 






-b -1 - 0 ... ( 1 ) 

Let the equations of the planes of any two circular sections 


which are not I1 , be 


Vb^~c^ = 

Cc ^ 


)• ...(2) [Art. 149] 


-- - 6- - ^-Vb’-C’ = /S 

a c ' J 


so that their combined equation is 

( v'it— c- )=0...{3) 

The equation of any conicoid thro’ the pts. of intersection of the 
ellipsoid (1) and the planes of the circular sections (3), is 


a- ’ b- ^c- 

Tf i, f " 

It IS a sphere if 

coeff. of X- ^ ' coeff. of y- - coeff. of z - ; 
and coeff. of yz=0, coeff. of jx- 0, coeff. of x>'=0, 

if *= (“'-b'-) =1: = y. - (b'-c^) ...(5) 

[ V coeffs. zx, xy are each=0 ] 
From the first two members, 

--^r [Cancel J 


or 


*= ' . 
0“ 


Substituting this value of /cf -- ' ) in (5), we get 


V b 
c-^bH- 

or ^Lj. 1 1 _ 1 I 1,1 I 

b- a*' 6- c- c- b'^ '* b- 

which is true, 

the circular sections (2) lie on a sphere. 


6 - 


1 

b^ ' 
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Cor. To jind the equation of the sphere on which the two circular 
sections lie. 

f~> 1 -• ..t- 1.*^ hf ^ tr» (A\ 


Substituting the value of k!^= in (4), 


+ -Kl ^ 

q 3 -f ^2 -f 


-1 


+ I II ] l^-v^- - f 

[-S+ a'6-- 


J. - 
T" ~L~ ■- 

0 " a 




y c 


^Vb‘-c‘(^-n+^ A/i=0 


or if,r+t-2- + ir 


- r u+^') ^Va’-p (>'-« +F 

or, multiplying thro' out by 6^ 

Av'a-2-6i+(A-/i) ^V'6^=+(A^'-6')=0, 

(Z ^ 

which is the required equation of the sphere. 

EXAMPLES 

1. Prove that any two circular sections of opposite systems, of 

an ellipsoid, lie on a sphere. [ P. U. H. 1952 ] 

Prove that the planes 2x+32— 4=0, 2x— 3z+6=0 meet the 

hyperboloid -jc=+3/ + 122==16 in circles which lie on the sphere 

3x=+3/+3z"+4x+30z-40=0. 

2. Find the locus of the centres of spheres which pass through 

the origin and cut the ellipsoid — h ^ circles. 

(2 0 C 

3. Find the locus of the centres of spheres of constant radius k 

which cut the ellipsoid ^ P^^^ circles. 

[ P. a. Af. 194S ] 


151. Circular sections of any central conicoid. To find the 
central circular sections of the central conicoid 

f (x, £)^ax--\-by~-\-cz~-^2fyz~{-2gzx-\-2hxy=2* 

[ Method of sphere. ] 

The equation of the central conicoid is 

a x“ + by- -\-cz--\- 2fyz + 2gzx + 2hxy = 1 
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or QX^-\-by^-\-cz^-\-2fyz-\-2gzx-\-2hxy~\—(\ ...(I) 

Consider the equation 

ax'^-\-by^-\-cz^-\-2jyz^2gzx^■2hxy ~ \ -k {x.~-\-y‘^z-- ) = 0*...(2) 

It is a homogeneous equation of the second degree in x, y, z. 

If it represents a pair of planes, they meet the conicoid (I) where 


[substituting from (I) in (2)] they meet the sphere x--\-y~-\ z"^— 




i.t., in two circles. [ a plane meets a sphere in a circle ] 

Now (2) is 

(a-/c) X'-\-{b—k) z--\-ljyz-\-2gzx+2hxy^Q ...(3) 

[ Compare this with ax- -rby- -^cz- + 2fyz -\-2gzx 2hxy=0, 

here *'a"=a—k, *'b"=b — k, "c'’=c~k ] 

It represents a pair of planes if 

{a~k){b-k)(c-k)-\-2fgk—{a~k) f'^~{b-k) g^~ic~k) h-=0 

[ abc-r2fgh-af^~ bg^~ch-=0 (Art, 35) ] 
or, multiplying thro' out by —1, 

{k-a){k-b){k-c)-2fgh-{k-a)r—{k~b) g^~{k-c) A^=0, 
which is a cubic in k, giving three real values of /c. 

[ From Theory of Equations ] 
Arranging them in ascending order of magnitude, taking the mean 
value of k, i.e., which lies between the other two values of k, and substi- 
tuting it in (i), we get the equation of the planes of real central circular 
sections. 

The separate equations of these planes are the required equations* 

[ Rule (Ex. 3, Art. 35) 1 

EXAMPLES 


1. Find the real central circular sections of the conicoid 

3x=+5y2+3z2 + 2xz = 4. [ Ag. U, 1953 ] 

The equation of the conicoid is 3x^ -i-5y‘^ ]-3z^-i-2xz = 4 
or 3x^-\-5y-+3z^-{-2zx~4 = 0 ... (I) 

Consider the equation 

3xH5;/--f3z*+2zx-4-/c(x'-i-/+a“- == 0 ... (2) 

It is a homogeneous equation of the second degree in x, y, z. 

If it represents a pair of planes, they meet the conicoid (I) where 

[substituting from ( 1 ) in (2)] they meet the sphere ^ =0 

i.e., in two circles. [ a plane meets a sphere in a circle ] 

Now (2) is 

{3-k)x^HS-k) f-M^-k)z^-+2zx = 0 ... (3) 


*How to wrilc this c<iuation. See the fooluotct on page 307. 



314 


NEW ANALYTICAL SOUD' GEOMETRY 


[ Art. 151 


[Compare this with ax“+by--\-cz^-h2f yz ’\~2gzx+2hxy — 0> 

here a=3—k, b~5—k, c—3^k} 

/=0, ^-0] 

It represents a pair of planes if 

{3~k) {5~k) (3-A)+2 (0)-(3-;f)0-{5-A:) (l)=-(3-fr)0 = 0 

[ abc-\-2f gh-ap-bg^—ch^ = 0 (Art. 35}] 
or^ multiplying thro' out by — U 

^k-3){k-5){k-~3)-{k-5) = 0 
either k—5 = Oj i.e., k = 5, 
or, dividing by k—5, 

(/c-3)2-l = 0, or (A:-3)- = 1, or k-3 ^ ± 1 
or k — 4, 2. 

/. A = 5, 4, 2, 

or k ~ 2, 4, 5. [ Arranging in ascending order of magnitude] 

The mean value of A: — 4. 

• Substituting this value of A: (=4) in (3), 

-x^ 4 -y'- 2 ^-+ 2 zx = 0, or y-- {x^—2xz 4- z^) = 0 

or yi^[x—zy = 0, or {y4-x-z]{y-x4-z) = 0 

or X'[-y—z == 0, x—y—z = 0, 

which are the required equations of the planes of the central 
circular sections. 

2. Find the equations of the real central circular sections 

of the conicoid 5x^ — Sy- — 14yz — 10zx4-18xy + 27 = 0. 

3. Find the real circular sections of the surface 

4x--j-2y--l-Z"+3yz-{-2x = 1. [P.U’H* J952] 

4. Find the conditions that the equations 

f (X) y, z)=ax* + by''^-; cz--[-2fyz4-2gzx+2hxy = lj lx-rmy'f“*=® 
should determine a circle. [ P. £/. //. 1951 ] 

The equation of the conicoid is 

ax- H- by- 4- cz- 4- 2fyz -h 2gzx + 2hxy — 1 
or ax- + by- cz- + 2fyz + 2gzx + 2hxy—\ ~ 0 ... (1) 

and the equation of the plane is lx 4 - my 4 - nz = 0 ... (2) 

[ To find the central circular sections of the conicoid (1). ] 
Consider the equation 

ax-4-by-4-cz--i-2fyz4-2gzx4'2hxy~\ — k (^x^4-y^4~Z''~ 

It is a homogeneous equation of the second degree in x,y, z. 

If it represents a pair of planes, they meet the conicoid (1) where 

[substituting from (1) in (3)] they meet the sphere X"4-y'-^2 ^ — ^ 

i.e., in two circles, [ a plane meets a sphere in a circle ] 
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Now (3) is 

{a~k)x--\-{b—k)yr-^[c—k)z--\-2fyz T 'lgzx — 2hxy~ 0 ... (4) 
[Compare this with Qx'-]rhy--rcz~ + 2jyz-2ozxr2hxy = 0. 

here = a~k, "6" = b~k, "c” = c — k. ] 
It represents a pair of planes if 

ia-k){b-k)ic-k) r2fgh~{a-k) f--(b-k)g- -(c~k) h- = 0, 

[ abc-T2fgh—aJ-~~hg-~ch- =--■ 0 yAix, 35) ] 
or, multiplying thro' out by ( — 1), 

(A— a) (k—b)(k—c) ~2fgh~{k—a) f~~(k—b g-~ik~c)lv -- (), 
which is a cubic in k, giving three real values of A. 

[ From Theory of Equations ] 
If the section of the conicoid (1) by the plane (3 ) is a circle, 
then the plane (2) is one of the planes (4). 

let {a—k)x-A-ib-k)y--A{c—k)z-'-2fyz---2gzx-r2hxy 


= {lx :-my-'t nz) 


a-k h k c~k 
l m ■' n 


[ Adjusting coeffs. of x-, r- ] 
[ Assume that none of I, ni, n —0 ] 
Equating coeffs. of yz, zx, xy on both sides, 

ni,b~k) 

^ n m 


2g = 


/(c— A) , n(a-k) 


n 


-h 


l 


...( 6 ) 


'yh - Kb-k) , /n(rt-A) 

j/i- ^ ...I/; 

From (5), 2fmn~m-{c — k) {-n'ib—k), ; 


From (6), 2gnl= I- {c-k)-\ n-{a — k), A — 


_ bn-- cni' — 2fmn 
m- 4 n- 

cl- arr — 2grJ 


From (7), Ihlm-^l' {b-k)-rrri-{a-k)^ : 

equating the values of A, 

bn'-\-cm'—2jnm __ df—arr 2gnl 
+ ri^ 


A - 


/r r-/- 

am~ — bl- -2hlm 

I'-rtn- 


ani' \ bl- -2hlni 
I- ■ nv 


'vhich are the required conditions. 

5. If /x+m;^=0 is a circular section of ax--i 6y--!-ce--^-2/i.vy~ I, 
prove that (b—c) l~~2hlni-hia—c) ni--0. 

6. Find the conditions that the section of ax- i /y- 1 I by 

should be a circle. 

Circular sections of a paraboloid. 

152. To find the circular sections of the paraboloid ax- f by-~2z. 



316 


NEW ANALYTICAL SOLID GEOMETRY 


[ Art. 152 


The equation of the paraboloid is ax"’ ■\~by^ =^2z 

or ax“+6y^— 2z==0 ...(1) 

Consider the equation 

ax'^+by'^—2z—k — ^ •••(2) 

It is a homogeneous equation of the second degree in x, y, z. 

If it represents a pair of planes, they meet the paraboloid (1) 
where [substituting from (1) in (2)] they meet the sphere 

x=+/+2=- ^=0 ...(3) 

t.e., in two circles. [ *.* a plane meets a sphere in a circle ] 

Now (2) is {a~k)x"-\-ib—K)y-—kz"=0 ...(4) 

[ Compare this with ax^-Tby'^+cz"-\~2fyz+2gzx+2hxy~^t 

here **a’*—a—k, *‘h"=b—k, ; 

f =0, g =0, h =0. ] 

It represents a pair of planes if 

{a~k){b—k)(~k)=0 

[abci-2fgh-ap~bg"~~ch^=0 (Art. 35)] 

i»e., if k^-a, b, 0. 

Substituting these values of /c, one by one, in (4), 

(6— a) y*— 02^=0 ...(5) 

(a-b) X’~bz-~0 ...(6) 
ax--\-by-=Q ...(7) 

Case I. Let a, b be both +ve, and a>6. 

Then the planes (5) are imaginary, 

[ •/ coeff. of y" is — ve, and of z- is also — ve ] 
the planes (6) are real, [ coeff. of x^ is -fve, and of z* is — ve ] 
.ind the planes (7) are imaginary. 

[ V coeff. of X’ is +ve, and ofy- is also 4ve ] 
the equation of the planes of real circular sections thro' the 
vertex is (6) 

i-e., {a - b) x-=bz~, or \/a-b x= ±\/b,z 
or Va-b x±\/b,z=0, 

the equations of the planes of circular sections are 

Va-b xA-\/b,Z—\, \/a^ X — \b.Z~i*‘, 

for all values of A and 

[ *.• t| plane sections of a conicoid are similar and similarly 
situated conics (Art. 145) ] 

Case II. Let one of a and b, say, a be +ve and (the other) b 

be — ve. 

Then the planes (5) are imaginary, 

[ coeff. of y~ is — ve, and of z^ is also — ve ] 
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the planes (6) are imaginary, 

[ coeff. of X- is -l-ve, and of is also -rve ] 

and the planes (7) are real. 

[ V coeff. of x“ is rve, and of y- is — ve ] 

In this case, *.* k=0, 

radius of the sphere (3)= /r = 0] 

the circular sections (7) are of infinite radius, i.e., st. lines. 
They are the St. lines in which the plane 2—0 meets the para- 
boloid (1). 

Cor. Important, The value of k which gives real circular sections 
through the vertex is b, i.e., which lies between the other two values 
of K viz,, 0, a. [ a->b ■'d, O-^b c.a ] 

This value of k is called the mean value of k. Hence we have a 

short cut. 

Short cut for numerical examples. See short cut for numeri- 
cal examples in Cor, /, Art, 149, 

EXAMPLES 

1. Find the circular sections of the paraboloid x- + 5z^:=2y, 

[ P. U. H. I960 ] 

2. Find the radius of the circle in which the plane x -i-22 = 3 
cuts the paraboloid 5 x^+ 4 y'= 82 . 

Umbilics. 


153. Umbilics. The centres of 
parallel plane sections of a conicoid lie 
on a diameter of the conicoid [ Ex. 3, 

Art. 126 and Ex. 7, Art. 137 ], and the 
tarigent plane at an extremity of the 
diameter is parallel to the plane sections. 

if P, P' are the extremities of the diameter on which lie the 
centres of a system of parallel circular sections of an ellipsoid, the 
sections of the ellipsoid by the tangent planes at P, P , being similar 
and similarly situated to the parallel circular sections (Art. 1-45), aie 
circles of zero radius. 

Umbiltc. Def. A circular section of zero radius, of a conicoid 

is called an umbilic. 

Cor. Important. The tangent plane at an umbilic of a conicoid 

is parallel to the plane of a central circular section of the conicoid. 

^ [ Art. 153 ] 
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154. UmbiHcs of an ellipsoid. To find the utnbilics of the 




X- . y- . 


ellipsoui —r+iz , — h 
^ a- 0 - c- 


The equation of the ellipsoid is ■••(0 

Let (Xi, Zi) be an umbilic. 

The equation of the tangent plane at (Xj, yi, Zi) to the ellipsoid 


(1) is 


a- “*■ c- ~ 


V it is II to the plane of a central circular section 


-- Va^-b' ±~Vb^-c^=0 
a c 


[ Art. 153, Cor. ] 


a- 


b-' 


C" 


1 / •. 

va- 

a 


- 6 - 


0 


-- Vi"- ” 

c 


c- 


[A = 

LA' 


^ (Art. 27, Cor. 2)] 


or 


a\-^ fi-— 6“ 

a 


or 


u--b- 


yi ^ 
0 

o' 


c v' b--c- 


-1 


= V 


V - i> 2 ^2 

^ -u -L £l 

— L** 1 •% 

a- b" c“ 


±y/l>‘~c- 


•N/a--ZjH-(0)-4-6--c2 
± 1 


rr 


<:'r 


Va-— c- 

[ | . "b ^ — b since (;ci, Tj) lies on the ellipsoid (1)] 

__ >’i _ _ ±A 


' .» Ill 

a\ a-~o- 


0 


hc\/6--c- 


•V: 




\/a*-c2 

c\/ 6--c2 


Va-— c- 


/ — •> 


V a 


:d\ arc the required co-ordinates of the umbilics. 

N, B. The co-ordinates of the umbilics of the ellipsoid 

‘ , '1 
. - ■' /r ^ 


X . ^'a — b- ^ 2 , \/b- — c- , 

= ± — : T ' y — - - = zh — ♦ (^“ > b- > c*} 

a c V^a^— 

EXAMPLES 

V* 

1. Show that the umbilics of the ellipsoid "b ^ ~ ^ 
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lie on the sphere X“ 'f 3^" - 1 - 2' — a~—b- -!- c-, 

2. Prove that the perpendicular distance from the centre to the 

X“ V" 

tangent plane at an umbilic of the ellipsoid i •- ~ ^ 

is ac'b* [ P. U. H. PjyH ] 

3. Prove that the central circular sections of the conicoid 
(a — 6)x-+ay'^-r(a4-fc)2^=I are at right angles and that the uinbilus 

are given byx= 2 a [a~b) ’ 'V 2 « a 

4. Prove that the umbilics of the conicoid 

•> O '> 

4- y- I- = 1 

a^-b a a — b 

are the extremities of the equal conjugate diameters of the ellipse 

X- z- 


[ .4j>. U. I‘y>u ] 

5, Umbilics of a hyperboloid of one sheet. Sho\i> ih.it lllii 


y = «>a;b a:b=‘ 


hyperboloid of one sheet 


a- 


s=y has no real umbilics. 

b- c- 


6. Umbilics of a hyperboloid of two sheets. Prove lhat the 


umbilics of the hyperboloid of two sheet 


X- 

s . — 

/J*' 


i 9 

y 

/)- 


z- 

r- 


I are siven by 


x= ± 


v=0. z= J- . (6^ >c-) [P.U.H. IVM] 

V 


V* I ^ I • 

>^=^0, z = J: — . 
n-d-c- va- c- 


7. Umbilics of an elliptic piraboloid. Find the umbilics of the 


elliptic paraboloid - -i- 

MISCELLANEOUS EXAMPLES ON CHAPTER XII 

1. Show that the section of a conicoid by a tangent plane to the 
asymptotic cone is two parallel straight lines. 

2. Find the angle between the asymptotes oj the section oj the 
conicoid ax~-\^by- -\ cz- — I by the plane lx -my \-nz ti. 

The equation of the conicoid is ax'-i-by- ■ cz- I .- (I) 
and that of the plane is lx ■ my . ns =- 0 ... (3) 

The equation giving the lengths (r) of the semi-axes ol tlie 
section of the conicoid (i) by the plane (2j^ is 

■~i (P + tn^-rn-)— [ l'{b c) ' m\C ' «)-) «'(« ; bi ] 

{P.bc : m~.ca ' li-.ob) ^ 0 ,..f3) 

[ Art. 1-16, (6' ] 

which is a quadratic in , giving two values of , say, ^ 
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The equation of the section (hyperbola) referred to its axes as 


co-ordinate axes, in their plane, is — — 2 

Ti r2 

- ^^ = 1 (From Analytical Plane Geometry) J 
and the equation of its asymptotes in that plane \s 

+ 


= 1 . 


t. 


1 


r 


= 0 ... (4) 


0 ^ I 

I - -^=0 (From Analytical Plane Geometry) J 


X 

b 

[ Compare (4) with ax^ + 2hxy + = 0, 

here a = , b = -K , h = 0] 

fi r2 

if & is the angle between the asymptotes (4), 


then tan 


V 


+ '1 

rr 


[ ^ ~ Q V ft* (P™™ Analytical Plane Geometry ] 


-4 *- -L 

^ r,= ■ 2 


or, squaring, tan^ S=~ *' ...(5) 

Now from the quadratic (3), 


^sum of the roots, i.e.,) + :^ = 


P(6+c) +m®(c-i-a) +n«(a+6) 

and (product of the roots, i.e.,) -f • ^ 

Substituting these values in (5), 

P.6c4-m®.ca-fn^.a6 


-4 


tan“ 0 = 








l\b + c) + m\c-\-a) 4- n\a-^b) 

F 

— 4 ( l- .bc~\~m^.ca-rn^.ab) (F-h m " H- n-) 

[ F(6-fc)4-mTc+a)H-nTa+^») 

X^ yZ 0-2 


3. If through the centre of the ellipsoid ^ ^ ^ 


perpendicular is drawn to any central section and lengths equal to 
the axes of the section are marked off along the perpendicular, the 
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locus of their extremities is given by 
where 

4 . One axis of a central section 


-•> 

C'Z' 


bY I — _Q 
[ P. U. H. 1952 ] 

of the conicoid 


ax-+by- + C2- = l 

lies in the plane ux+vy-f-'vz=0. Show that the other lies on 
the cone (b— c)uyz -}-{« — a)vzx + (a — b)wxy^O. [ P. V. H. 1958 ] 

[ The equation of the conicoid is ax-'i-by~+cz-= 1 .. (1) 

Let Aj, vi ; Ao, be the direction-cosines of the axes of a 

central section of the conicoid (1), then 

aAiA2+b/‘,/S+ci;i!;2=0, [ As in Ex. 7, Art. 147 ] 

and A.A^ + + i;iV 2=0 [ the axes are 1 ] 

by cross-multiplication, 

jAiA, ^ ^ , 1 

b—c c—a a~b ' J 

5. Show that, if the plane lx-\-my-\-Tiz=p cut the surface 
flx*+ 6 y 2 _}.c 22 -i in a parabola, the co-ordinates of the vertex of the 
parabola satisfy the equation 


<py(A LV {A.u,\ 

l\b c m\c a n \ a b J 
[ The equations giving the direction-ratios (A, ^ v) of the axis 
of semi-length r of the section are 

KV-?) 

7 


If the section is a parabola, 


. Aa VC ^ ^ 

■' L~ JL 

a b c 

the direction-ratios of the axis are 

I m n 

a * b ' c * 

If 2 i) is the vertex of the parabolic section, then the line 

of intersection of the tangent plane at (x^yi, to the conicoid and 
the plane lx+my-ynz=p of the section is X to the axis of the 
section. ] 

6. If Ai, A 2 / As ; K ^3 are the areas of the sections of the 
eUipsoids^+|^+^^ = l. + J = I. I>y conjugate 
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diametral planes of the former, prove that 

Ai' _ 4 _ ^ 2 " j fcL^ 4 , .VM IP U H 1959^ 

7. If Ai, As, Ag are the areas of the sections of the ellipsoid 

o o o 

*' ' = I by the diametral planes of three mutually per- 


a- 52 • c 

pendicular semi-diameters of lengths t -*, fg, prove that 

A, 2 . A,2 . A,2 „ /h^c- . c^ar . 


r,- 


+ 1 


'2 

i 


I 2 

+ rT='^ 

'3 


a 


1 4. " - 1 


8. The normal section of an enveloping cylinder of the ellipsoid 
A: 2 /n 2 -ry 2 624 - j 2 /c 2 = 1 has a given area -/c2. Prove that the plane of 
contact of the cylinder and ellipsoid touches the cone 


X“ 


z- 


aWc^-k') b'(/a--k')'^ c'(o?b--k') ^ ^ 

**9. Axes of a central section of any central conicoid. Prove 
that the lengths (r) of the semi-axes of the section of the conicoid 
f {x,y, z)^ax--\-by- -\-C2’^2fyz -\r2gzx'y2hxy~ 1 
by the plane lx-rmy+nz = 0 are given by 

[ {a-\-b+c){P-\-m"-rn")-f {I m, n)] 

...-\-2Fmn Of 

where A = bc—f-, F—gh—af, .... 

Prove also that the axes are the lines in which the plane cats the 

cone {rnz-ny) ?/-f (nx-Zz) ~-b {ly^mx) ”==0. 

tX oy dz 

[ Proceed as in Art. 146. It will be found that the equation of 
the cone is 


^ 2‘-h2fyz+2gzx-\~2hxy=0 ...{4) 


/ ' ' f 

i a~ X- - 


r- / 


the plane (2; (Art. 146) touches the cone (4) 

+ ...=0 

[ A/H-Bm2-f-C/i2+2Fmn-h2Gn/T2H/m=0 (Art. 98) ] 
Again, it will be found that 


72 y 


hk+(b- 7) 
m 

gy+li--+ (c- ^ y 


n 


(say) 
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. aX^-h‘-'--\-gv 1 A 

" I ‘ r- I ^ 


or 


r- I 


a\ 


^ etc. 


/I l) 

Multiplying these equations by — . etc., a. id adding 


vertically, 

I \m n J 


the axes ^ ^ ) lie on the cone 


. { 


1 {ax hy -{- g 2 ) (ny~mz)'^0, i.e., on 1' (mz-ny) ' ^ =0. 

Also the axes lie on the plane. ] 

**10. Find the lengths of the semi-axes of the sections of the 
conicoid 4y2 — 5zx‘i-5xy=2 by the planes 

(0 x-y 4 - 2 =n, (h) 2x-y l-c 0. 

**11. Find the condition that the section of the conicoid 

ax~ 't- by- + cz- 2fyz -i- 2gzx : 2hxy 1 
by the plane /x+my-fnz=0 may be a rectangular hyperbola. 

[ The equation of the conicoid is 

ax--\-by^-\cz-->r2fyz-\-2gzx-r2hxy I ..-(H 

and that of the plane is lx~ my-^nz=0 ...(2) 

Let r„ Ta be the lengths of the semi-axes of the section of the 
conicoid (1) by the plane (2), and /i, nii, Ui ; niy. n, their direction- 
cosines. The direction-cosines of the semi-diainctcr of the ellipsoid 
J, to the plane (2) are /, m, n ; let its length be r. 

V the pts. (//!, m,r,, n,r,), (/jr 2 , (lr,mi,nr) lie on 

the conicoid (I), .’. (it will be found that) 

aJ,'‘4^bm,-4-cnr-\-2jm,ni-{-2gnih-\-2hf,m^ - ...(?) 

2^4-bmi^4cn-^+2fm-A‘ + 2gnJi[-2liU^ ■■■{4) 

m 

al^ 4-bm- -\-cn- -\-2fmn +2gnl -\ 2hlrn = ..■{>} 

Adding (3), (4), (5) vertically, it will be found tliat 

a + 6+c = V-r A, + ...«•>) [ Art. 58, (C). (D) ] 

If the section is a rectangular hyperbola, then ry— —fi', 

— 4- --=0 

r 2 ^ a 
'1 *^2 


al 


• • 
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from (6), a+6+c=^ [ which from (5) ] 

=al‘‘\-bm--¥cn^-\-2fmn+2gnl i-2hlm 

or (a+6 +c)(/“ + m- + n^)=al^ -rhm^-rcn^ -\-2fmn -{-2gnl+2klmf 
which is the required condition. ] 

**12. Prove that the axes of the section, whose centre is P, of a 
central conicoid, are the lines in which the plane of section meets 
the cone through the normals from P. 

•*13. Show that the area of the section of the conicoid 

ax- -'rby^ -\-cz~+2fyz -\-2gzx+2hxy= I 
by the plane which passes through the extremities of its principal 

/(a+b+C^ 


axes iS 


3\/3 'V V A 

where A~abc+2fgh — ap~bg^~ch^ 


) 


X* y* I 

[ Find the area of the section of the ellipsoid +‘^ 2 — h 

by the plane — -- = 1, and use invariants (Art. 101, Cor.) ] 

a p y 

H. Through a given point (a, ,S, y) planes are drawn parallel to 
three conjugate diametral planes of the ellipsoid 

Show that the sum of the ratios of the areas of the sections by 
these planes to the areas of the sections by the parallel diametral 

planes is 3- • [ ^g. U. 1957 ] 

a- 0“ C“ 

15. Find the area of the section of the cone ax^+by“+cz®=0 
by the plane lx4-my-f-nz=p. 

The equation of the cone is aX"-\~by'^-\-cz-—0 ...(1) 
and that of the plane is lx-\-my'\-nz=p ...(2) 

Consider the central conicoid ax--\-by^-\-cz'^=d ...(3) 


I.C., 


...(4) 


I^Compare this with ^ + |r + ^ 


= 1> 


here "q“”=— , "c“”=4-1 

a 0 c j 

The area of the section of the conicoid (4) by the plane (2), 

r. P“ 1 
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7Z 


Vabc 


Vl^+m^+Ti' Tj 


ri” j 

b V 


/F, m* ^ L” 

Taking the limits when c/-*-0 [so that the conicoid (3) becomes 
the cone (1) 


the required area {in magnitude) = — — 

Vabc 


Vl--^m--rn- 


II , m\ 
a b 


n- ^ 


[ Rule to deduce the results for the section of the cone 
ax^4-by^-|~cz^=0 by the plane Ixfmy — nz=p from the corres- 
ponding results for the section of the central conicoid 
ax 2 _^by 2 ^ 02 * = l by the plane Ix-j-my 

(i) Consider the central conicoid ax- ' by--rcz^—d, 

ie v* 4--^- V* 4-- - z^=l 

ue., ' 

and write down the corresponding result for the section of this conicoid. 
(ii) Simplify the result as far as the powers of d are concerned. 

{Hi) Take the limits when d-*0. ] 

16. Show that the locus of the centres of sections of the cone 
ax^-y-by^-ycz"^ = 0, such that the sum of the squares of their axes is 
constant, = k-, is the conicoid 



[ See Note in Ex. 2, Art. 147. ] 
17. If the area of the section of 
equal to the locus of the centre is 


+ — =2x be constant and 
c 


+ F + "wT = ’ 

[ Rule to write down the results for the section of the para- 
boloid by^-|-cz^ = 2x by the plane lx-fmy-lnz = p from the cor- 
responding results for the section of the paraboloid ax^ 4 by2=2z 
by the plane Ix-f-my +nz — p. 

In the corresponding result for the section of the paraboloid 
ox^-\-by^=2z by the plane IxVmy-^-nz—p, change a, b, c cyclically, 
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i.e>, change a to b,b to c, c to a ; z cyclically, i.e., change xtoy, 
y to z, z to X ; and I, m, n cyclically, i.e., change I to m, m to n, n to L 
Example. The area of the section of the paraboloid ax^’^by’=2z 
by the plane', lx^my~\-nz = p, 

- + y+2np ) . [Art. 148, Cor, 1] 

Changing a, b, c cyclically, x,y,z cyclically, and l,m,n cyclically, 
we get : 

The area of the section of the paraboloid by^-\-cz^=2x by the 
plane my -h nz A- lx = p, i.e., by the plane lx + + nz = p, 

18 . Show that the section of , -r = — by the plane 

0 * c- a ^ , 

nz=0 is a rectangular hyperbola, if {h"~c-)V--\-m-h^—n^c^—0. 

[Ag. U.1955\ 

y2 ^3 

19. Show that all plane sections of -}~=r which are rect- 

a 0 

angular hyperbolas, and which pass through the point (x, y), touch 

the cone + >-J[)!_=o. [ D-U.M. 1947] 

a b a—b '■ 

20. If fp P;, p3 be the lengths of the perpendiculars from the 

e.^treinities of three conjugate semi-diameters on one central circular 
section of the ellipsoid + ^^ -|- -V = l, show that 

n*' n- 


Pi- P-^ + ft" = [ P-U.H- 1917 ] 

’"•^ 21 . The normals to the ellipsoid * 1 at all points 

of a central circular section arc parallel. to a plane tliat makes an 


an^le cos‘‘^ 


ac 


with the section. [ D* U. 1949 ] 


y 


bv a- — b--i-o“ 

[The equation of the ellipsoid is ^ — }- = 1 ... (1) 

Let the equation of the plane of a, central circular section be 

-I- - A/6-LTa == 0 ... (2) 
a c . ' 

Let (.Vj, ^ 1 , Zi) be any pt. on this circular section. 

= 0 ... (3)- 


Then 

a c 
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The equations of the normal at {x^, yi, Zi) to the ellipsoid (1) are 

y^yi ^ 

y^^ Zi 

a- 'c- 

If it is It to the plane lx - my -r nz = 0 ... (4) 


then 


l^x ^ ^yx , _Zx 


-r ” 0 ... (5) 

Comparing coeffs. of x^yy, z^ in (5) and (3), 

m _ n 

0 " ~ c\ b-~c- 


I 


a\d-—b- 


Substituting these values of 1. m, n in (4), 

a Va--b- X -r c V b~~c^ z = 0 ... (6) 
which is the equation of the plane to which the normals at all pts. 
of the section (2) are || . 

Now find the angle between the planes (2) and (6). ] 

22. Prove that points on an ellipsoid, which are such that the 
product of their distances from the two central circular sections is 
constant, lie on the curve of intersection of the ellipsoid and a sphere. 

23. If the radius of the sphere which passes through two circular 
sections of an ellipsoid is equal to its mean radius, the distances of 
the planes from the centre are in a constant rario. 

24. Prove that the radius of a circular section of the ellipsoid. 



at a distance p from the centre is b\ (1 — /j-6- a’c-j. [P.U.H. I957\ 


25. Circular sections of a cone. Show that the circular sections 
of the cone ax^ by- 4- cz- = 0, a > b > c, are given by 


xV a~b ±z Vb — c for all values of A, and that these also give 
the circular sections of the cone (n ••'O-V" • (^ ■■‘^)y' • (c ■ 0. 

26. If the section of the cone whose vertex is P('/., >, •/)» and 
base the conic ax- i by- I, z 0, by the plane x = 0 is a circle, prove 
that P lies on the conic ax'^-bz-=-- 1, y-O, and the section of the cone 
by the plane (a—b)yx — 2a y.z-Q is also a circle. 


( It will be found that the equation of the cone is 

a{yz — yx}- f 6( 'iz — - (z - 7)- = 0 . . - ( I ) 

Further it will be found that ;i ^0, Qy.‘~b'/^ 1 .. (2) 

(To prove that the section of the cone (I) by the plane 
(a— 6)yx— 2a'/z=0 is also a circle. ) 
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The equation of any conicoid thro' the pts. of intersection of 
the cone (1) and the pair of planes x[{a—b)yx—2ay.z\—0, is 
a[a.z~yxy-\-b{^z—yy)^—{z—y)^ +Ax[(a— 2aaz]=0. 

It is a sphere if 

coeff. of x*=coeff. of 3/®=coeff. of z^ ; 
coeff. of yz—0, coeff. of zx—0, coeff. of 

Use (2). ] 

27. Show that if the squares of the axes of an ellipsoid are in 
arithmetical progression the umbilics lie on the central circular 
sections ; if they are in geometrical progression the tangent planes at 
the umbilics touch the sphere through the central circdlar sections ; 
if they are in harmonical progression the circular sections arc 
perpendicular. 


( 

\ 

\ 

« 

« 
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CHAPTER XIII 

GENERATING LINES OF A RULED CONICOID 

SECTION I 

RULED CENTRAL CONICOID 

155. Ruled surface. Def. A ruled surface is a surface gene- 
rated by a moving straight line. 

The straight line in any position is called a generating line or a 
generator. 

Thus a cone and a cylinder are ruled surfaces. 

[ Defs. (Arts. 85, ]04) ] 

156. To prove that a hyperboloid of one sheet is a ruled 
surface. 

Let the equation of the hyperboloid of one sheet be 

, y- _ 22 _ 

"^2 c - ~ 


d- 


Transposing, 

Factorising, 


r2 


-•> * 
a- c- 0 - 


^-v)(v-v)=(>+ 


b ) 


I- 


b) 


(>- 1 -) -w 


or, interchanging the factors on the L.H.S., and changing A to on 
the R.H.S,, 

From (0 and (n), the hyperboloid is generated by the variable 
St. lines 

and (2) 

where A and are variable parameters. 

As >■ varies, taking in turn all real values, the line (I) moves so 
as to generate the hyperboloid completely. 

Similarly as varies, taking in turn all real values, the line (2) 
moves so as to generate the hyperboloid completely. 

the hyperboloid of one sheet is a ruled surface. 

( Def. (Art. 155) ] 
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Cor. To prove that the two systems of generating lines are distinct. 
V it is impossible to give values to A and so that the equations 
of the line (1) may become the same as those of the line (2) 

no member of the system of lines (1) coincides with any 
member of the system of lines (2), 
i.e.f the two systems of generating lines are distinct. 

Note. A- and systems of generators. Def. 

The system of st. lines 

where A is a variable parameter, is called the A-system, 
and the system of st. lines 

where is a variable parameter, is called the f^-system. 

[ Rule to write down the equations of a generator of the 


/^-system, of the hyperboloid of one sheet 


y- 


z- 


a- 


C“ 


the equations of a generator of the A-system : 

In the equations of a generator of the X-system, change c to — c and 

A to IK 

For, changing c to — c and A to in (1), we get (2). ] 

EXAMPLES 

1. CP, CD are any two conjugate diameters of the ellipse 

x'^ia-^yW-=hz=c. 

and CP', CD’ are the two conjugate diameters of the ellipse 

x~ia~‘ry-lb-=h z=~c, 

drawn in thp same directions as CP, CD. Prove that the hyperboloid 
lx- a ' Iv- b- — 2'' c"=l is generated by either PD' or P'D. 

[ Ag. U. 2950 ] 

2. Show that there are two systems of generating lines on 

.» fjcrboloid of one sheet. [ P, U. H* 2956 ] 

157. If three points of a straight line lie on a conicoid, the straight 
lies wholly on the conicoid. 

Let the equations of the line be ^ ^ ...(1) 

and the equation of the conicoid be ax--{ by’~Kcz-—l •••(2) 

Any pt. on the line (I) is (Xi-Klr, yi ^-mr, Zi-i-nr). 

If it lies on the conicoid (2), then 

a(Xi +/rF +t\yi -i-mr)=+c(r, ^nry~ 1 
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or r-(al^^bm--i-cn^) -{-2r{aIxi-{-bmyi -f cn^i) ^(axr-hbyi- 'rcz^^ - 1 ) =^0 

which is a quadratic in r. ^ 

If three pts. of the line lie on the conicoid, the quadratic (3) is 
satisfied by three, i.e., more than two values of r, 

it is an identity, [ From Elementary Algebra ] 

i.e,, it is satisfied by all values of r. 

all pts. of the line lie on the conicoid. 


158. To find the conditions that a given straight line should 
be a generator of a given conicoid. 

Let the equations of the line be ^ ^' = /j) 

I m n 

and the equation of the conicoid be ax- ^-by- -rcz-=\ ...(2) 
Any pt. on the line (1) is {x^+lr, yx ■ mr, z^ -r-nr). 

If It lies on the conicoid (2), then 

afx, r/r)-+6(>'i+mr)-+c{z, + nr)-=I 
or r%al-+bm-+cn-}+2rialxr'rbmyi^cnZj)‘riaxi--^byi--\-czx^—\) = 0 

which is a quadratic in r. 

If the line is a generator of the conicoid, all pts. of the line lie 
on the conicoid. 

.*. the quadratic (3) is satisfied by all values of r, 
coeff. of r*=0, coeff. of r=0, constant term=0, 

[ '■* ^'(0) ■; ^(0) H-0=0 for all values of r ] 
i.e., at' -- bm- + cn- =0 ...(4) 

alXi-i-brnyx+cnZi =0 ...(5) 

aXi--’-byx^ :-cZx-—\ 0 ...(6) 

(4), (5) and (6) are the required conditions. 

Cor. 1. Any point of a generating line of a conicoid lies on the 
conicoid. 


[ .* the pt. {xi, yi, Zi) of the line (1) lies on the conicoid (2) 

Cor. 2. A generating line of a conicoid lies in the tangent plane at 
any point on the generating line. 


For the equation of the tangent plane at the pt. (x„ y, z \ ai 
the generating line (1) to the conicoid (2), is 


axXx+byyx-\-czzx=\ 
The generating line (I) lies in the 

alxx -\-bmyx-\-cnZi=Q, and ax^^ 
each of which is true. 


...(7) 

tangent plane (7} if 
4 6yi2 4czr=l, [Art. 43, (c)] 

[ From (5) and (6) J 
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Cor. 3, Through any point (xi, Zj) of a conicoid there pass two 
gener ating lines of the conicoid. 

For, from (4) and (5) (Art. 158), we get two sets of values of 
I : m : n. Substituting these sets of values, one by one, in (1), we 
get the equations of the two generating lines thro" (xi, yj, Zi). 

Cor. 4, To find the direction-ratios of the two generating lines of 
a conicoid through any point (xj, y^ Zi) of the conicoid. 

Identically, 

{al- +bm^} {axi^ -\~hy^) — [alxi -\-bmyff 
=aH~xf^ abl“y^-{-abm-x^ -{-b^m^y^ — {arl-xr ^2ablmx,yi -i-b-m^yi-) 
=o6(/“yi=— 2/n2Xiyi+m-Xi") = aftflyi— mxi)" 

aft(/y,— mxi)- = {al--\-bm‘){aXj^-^byi-)—{alxi-\-bmyi)- 

[ Substitute from (4), (6) and (5) ] 
= (— cn") {\—czi^)—c~n-Zi^ =— 

Dividing thro* out by ab, [ Note this step ] 

(/yj-mxO^ = 


or 


or 


lyi-mxi ± 


or 


V 

/ 


ab 


n 


lyi-mx, ± 0 

Solving (5) and (8) for /, m, n (by cross-multiplication), 
I 


m 


n 


cZiX, cy ,::i =F ax 


V 


c 

ab 


-aXi^-byf^ 


Cor. 5. The only ruled central conicoid is a hyperboloid of one 


•^heet. 

For, from (8), the values of / ; m : /i are real only if — +ve 
c 

if^^ is — ve [ Multiply the numerator and denominator by c] 

i.(., is — ve [ But c- is always -f ve ] 

if abc is — ve, he., if two of the three quantities a, b, c are 
ve and one is — ve 

[ all the three quantities a, b, c cannot be — ve, 

since, if a, b, c are all — ve, then from (2), the conicoid is an 

imaginary ellipsoid (Note, Art. 109, (a) ) ] 
i.e., if from (2), the conicoid is a hyperboloid of one sheet 
(Art. 109, (6) ). 


RULED CENTRAL CONICOID 


333 


Art. 158 ] 

♦*Cor. 6. The lines through the centre of a conicoid parallel to the 

generating lines generate the asymptotic cone. 

For, the equations of the line thro' the centre (0, 0, 0) to the 

^-0 

generating line (1) are . = — ^ = „ 


ue., 


... (9) 


X _ y_ _ 2 

I ~ m ~ n 

Eliminating I m, n from (9) and (4) [by substituting their values 
from (9) in (4) ], the locus of the lines thro' the centre to the 

generating lines is ox’ 4- by' — cz- = 0, 
which is the asymptotic cone (Ex. 10, Art. 135). 

EXAMPLES 

1. Find the equations to the generating lines of the hyper- 
boloid ^ ^ 1 which pass through the point 

4 ‘ 9 lo 

(2, 3, -4). 

The equation of the hyperboloid is ^ 

The equations of any line thro (2, 3, —4) arc 

x-2 ^ y-3 ^ ^ ’ 4 

I m n 

Any pt. on this line is (2+;r, 3 — mr, — 4 + or). 

If it lies on the hyperboloid (1), then 

(2 Wr)=+ ly (3+mr)-- (-4 +nr)"- = 1 

4n 
16 
1 
9 


X- 


4 . _ f 

^9 16 


[ P. U. H. 1960 ] 

= 1 ■ to 


... ( 2 ) 


or r 


c:-* 


m- 

9 


or r- 


P , m- 

4+9 


16 J 

+ 2r 

\ 4 

+ 

3 ^ 4 . 

9 



- 1 - 

1 

4 ' 

(4) + 

n '^ \ 

[b J 

+ 2r 

( 2 ' 

+ 



;) 


(9)- ,'^-(16)- 1=0 


+ 4 ) = 0 ...(3) 


which is a quadratic in r. 

If the line is a generating line of the hyperboloid, all pts. of 
the line lie on the hyperboloid. 

the quadratic (3) is satisfied by all values of r 
coeff. of r~ = 0, coeff. of r = 0, 

n~ 


i.e„ 


P m- 
4 9 


16 


= 0 ... (4) 


2 + 7 + I 


Substituting the value of n (= —2/ — i m) from (5) in (4), 
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i 


4 9 


^ (2' + -r'«)==0^ 


I- , m- 1 , 16 . 16 2\ n 

or -^-+ (4P + Y ^'”+ T ^ ^ ° 

or — J Im = 0^ or 2m = 0 

ei^Aer 2 = 0, or m = 0, 
i.e., e2f2zer 1. 2+ O.m+O.n = 0 ... (6) 
or 0. 2-1“ l.m+O.n = 0 ... (7) 

Solving (5] and (6) for 2, m, n (by cross-nnultiplication), ' 

1 __ m n 

0' ~ 1 “ -h. 

I Ttl fl 

or (multiplying the denoms, by 12), "o' = *3“ ~ "4 *“ 

Solving (5) and (7) for 2, m, n (by cross-multiplication), 

2 _ _ n 

0 ~ h 

cr {multiplying the denoms. by 4)^ ~ ^ ... (9) 

Substituting these sets of values of 2, m, n from (8) and (9), one 
by one, in (2), 

x—1 _ y—'i _ 2-1-4 

0 “ 3 - -4 ' 

.X — 2 __ y— 3 _ 2-^4 
-] ~ 0 ~ ‘2— ' 

which are the required equations of the generating lines, 

2. Find the equations of the generating lines of the hyper- 

»> 

boloid ^ which pass through the point (—2, 1, — i) 

3. Find the equations of the generating lines of the hyperboloid 
23C-^-cx-^3.\3’-r6=0 which pass through the point (0, — 1,3). 

4. Find the equations to the generators of the hyperboloid 

^ ’ a- — 1 

a- ' b- c- 

which pass through the point (a cos a, b sin a, 0). [P.C/.H. 7959] 
The equation of the hyperboloid is -f- ^2"“ “ * •" 

The equations of any line thro' (a cos a, b sin a, 0) arc 

X— a cos a 3'— 6 sin a 2 

I m n ^ ' 

Any pt. on this line is (a cos a-f/r, b sin a-fmr, nr). 
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If it lies on the hyperboloid (Ih then 


I 

d^ 

-(a cos 

a + /r)2+ 

-(6 sin a 

-fmr)' 

, 1 

C2 

1- 


nr ^ 

1 +2r( 

1 cos a 

, m 

sin a 

& 


' C- J 

a 

d 

6 

1- 


n~ " 

\ 1 Or f 

' 1 cos a 

. ^ 

sin 7 

d^ 

^b- 

C’ / 


a 


b 


/ 


=0 


) = 0 ... (3) 


which is a quadratic in r. 

If the line is a generator of the hyperboloid, all pts. of the line 

lie on the hyperboloid. 

the quadratic (3) is satisfied by all values of r 
coeff. of r"=0, coeff. of r=0. 


i.e 


— 0 (4) 

6 “ c- 

I cos a , m sin a « I cos 7 . 

— - H , =0, or - 

a b a 


m sm X 
b 


or 


I 

a 

sm a 


m 
~b 

— cos X 


[ Note this step ] 




m-_ 

b- 


\/sin” a+cos- a 


= But, from (4), 


r- 


n~ 


, /I- ; m2 ^ n 1 

■■■ y j 


± 


n 


[ 


or 


I 


_ ^ ” 
a sin a “ —6 cos x ic 

Substituting these sets of values of I, m, n in (2), 

X — a cos a_ y — b sin « z 

a sin a — b cos a + c 

which are the required equations of the generators. 

[ Aid to mcmorj’* The generator passes thro’ (a cos *, b sin %, 0), 
the numerators in its equations arc 
x-~a cos a, y—b sin *, z. 

The denominators of the first two members are the partial differential co- 
enicients, w.r.t. «, of the respective numerators. 

Thus (x— a cos x) o sin a, — (y-ft sin *)= -h cos a : and the deno 
minator of the third member is ic. 
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Cor. Equations of any generator. The equations of any 


t ♦ • S ^ I 1 

generator of one system, of the hyperboloid 

X— a COS a_ y— b sin a ^ 

a sin a — b cos a c 


X- 


y‘ z 


'2 

.7 


For any generator of the hyperboloid ^ 2 — 2 

wholly on the hyperboloid 

y^ 

it meets the principal elliptic section z=0, + 52 

pt. (a cos a, b sin a, 0 ) (say). 


= 1 


lies 


= 1, in a 


its equations are 


X — a COS a y— b sin a ^ 


a sin a — b cos a c 

The equations of any generator of the other system are 

X— a cos a _ y— b sin a _ 
a sin a — b cos a — c 

Note 1. As oL varies from 0 to 2:t, each of the two above 
generators moves so as to generate the hyperboloid completely. 

Note 2. Comparison of the different forms of the equations 
of generators of opposite systems of the hyperboloid 


o n o 

1 

a3 “ h’ c- “ 


The equations of generators of opposite systems, in tlie 
symmetrical form, 

X— a cos a y— b sin a 2 , 


and 


a sin a — b cos a c 
X — a cos a y— b sin a z 


a sin a — b cos a 

are sometimes more useful than 
the 


and 


cquMions + f = ■» (l+ f f = x('" f ' 

[ Note, Art. 156 ] 

5. Prove that the equations of a generating line through 


any point of the hyperboloid of one sheet + 

A** 


xL ^ ^=1 


can 


be written in the form 


X— a cos a_ y— b sin a 
* — b cos a 


z 

±c' 

[ Ag. U. 1949 ] 


a sin a 


Art. 159, (a) ] 
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Two important properties of the and systems of gen- 
erators. 

159. (a) To prove that no two generators of the same 

system, of a hyperboloid of one sheet, intersect. 

Let the equation of the hyperboloid of one sheet be 



Let the equations of any two generators of the A-system be 




z 

c 

^A ( 


■ ■■{i). j 

... (I) 


X 

a 

2 

C 

I 

“ A 

(‘- f) 

1 ... (ii) J 


and 

X , 

' ■ ~r 

z 

= A' 1 

0+6-) 

-m - ) 



a 

C 



!- 

... (2) [Note# Art. 156] 


X 

a 

z 

c 

1 

“ A' 

(l - 

V b J 

1 - (ll^) J 

• 


[ To solve Ci), (iz). {Hi) for x. y, z. ] 
From (i) and (in)/ equating R. H, S. s, 

v) 


or. 


either • + ~ 

y 

dividing both sides by 1 -f / 

A = which is impossible. 

[ V if A = >•'/ the two generators (1) and (2) coincide ] 

••• '+ 6 -=°' 

Substituting this value of in (i) and (ii). 



X g _ 1 

a c >■ * 

Adding and subtracting# 

2x _ 2 ^ _ _2 

a A ' c A 





1 
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Substituting these values of ^ ^ ~ in {iv), we get 

or 4 = T' 

which is impossible, [ Proved above ] 

the two generators (!) and (2) do not intersect. 

Similarly no two generators of the ^-system intersect. 

159. (b) To prove that any generator of the A-system, of a 
hyperboloid of one sheet, intersects any generator of the y- 
system. 

Let the equation of the hyperboloid of one sheet be 


a- 


62 


2‘ 




Let the equations of any generator of the A-system be 

T + ^ = + ] 

, ^ ••• (U 

T- f =t('-v)- J 

and the equations of any generator of the M-system be 

!-...(2) [Note, Art. 156] 

[ To solve (/), (ii), {Hi} for x,y, z. ] 

From (u) and (m), equating R. H. S.'s, 


or 


f 1 -;-A ^ 


)= 


1-A^ 


3L _ 

b ‘l+x^* ’ 


b\\J~ A 
Substituting tliis value of -j- in (z) and (h). 




.X 

a 

A" Z 

a c 

Adding and subtracting, 

2x _ 2(A-r'^) 2^ _ 2(A-m) 


_2A_ 

1+A^* 


AV l+X 


1 / 2A ^ ^ 

“ A “ 1+A.^ 


a 

X 


C 

l+.\^ '7 


l+A^ 


Arts. 160, (a), (6) ] 
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Substituting these values of 


J- 

b ' c 


in {iv), we get 


or 


A+.u ^ _ -L/'l- 

l^A/" ^ V i-i-W 

2x I 2.V^ 2A _ 2A 

y i+A.“ i+A!* 


which is true. 


the two generators (1) and (2) intersect. 

Cor. Co-ordinates of the point of intersection. The CO-ordi 

nates of the point of intersection of a generator of the ‘/-system and a 
generator of the /‘-system, of the hyperboloid ^-+ — ^r = l' 


given by 




1 — A/^ z 

1-t-A '^ ' 7 


A-/" 

1+A/^* 


ICO. (a) Section of a ft>^per6o?oid of one sheet by the tangent plane 

at a point The section of a hyperboloid of one sheet by the 
tangent plane at a point is the two generating lines through the 

point. 

Let P be a pt. on the hyperboloid of one 
sheet. 

the hyperboloid is generated completely 

by either of the two systems of st. lines 

[Art. 156] 

thro’ P there pass two generating lines PQ, PR (say), one of 
each system. 

• • PQ meets the hyperboloid at P in, at least, two coincident pts. 

/. PQ is a tangent to the hyperboloid at P. 

Similarly PR is a tangent to the hyperboloid at P. 

PQ, PR lie in the tangent plane at P ...(1) 

Now the section of the hyperboloid by any plane is a conic 

[ Art. 114, Cor. 2 ] 

the section of the hyperboloid by the tangent plane at P is 
the two generating lines thro’ P. 

Note. The plane through luo intersecting generators of a hyper- 
boloid of one sheet is the tangent plane at their point of intersection. 

For PQ, PR lie in the tangent plane at P. [ Proved in (1) ] 



160. (b) Any plane through a generating line. Any plane 

through a generating line of a hyperboloid of one sheet is a tangent plane. 
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z. - - 
T . 


Let a be any plane thro' a generating line 
PQ of the hyperboloid of one sheet. 

The section of the hyperboloid by the plane « 
is a conic of which the st. line PQ is a part 

the other part is also a st. line RS (say). 

Let PQ, RS, lying in the plane a, meet in T. 

*.* PQ meets the hyperboloid at T in, at least, 
two coincident pts. 

PQ is a tangent to the hyperboloid at T. 

Similarly RS is a tangent to the hyperboloid at T. 

PQ, RS lie in the tangent plane at T, 

Lfi., the plane a is a tangent plane to the hyperboloid at T 

EXAMPLES 

1. If (x„ Vi, zj) is a point on the hyperboloid 



^ _ 
a- b- 




=1, 




interpret the equation ^ 

a- b- 

2. Prove that the line 






yi_ 

2 ■ c2 ) 


(^) 


—Q 


lx-{-my-}-nz-i-p=sO, l'x-|-m'y+n'z+p' = 0 
is a generator of the hyperboloid x*/a+y^/b +Z“/c = l if 
al- ■-f-bm--f-cn^s=p-,ar*-r bm'-'|'Cn'^=p'^, and all'-|-bmm' +cnn' — pp . 

[ P, u. H. 1956 ] 


161. Locus of the points of intersection of perpendicular generators. 

To find the locus of the points of intersection of perpendicular 
generators of a hyperboloid of one sheet. 

Let the equation of the hyperboloid of one sheet be 



Ti/ 2i) be the pt. of intersection of two X generators. 
Let the equations of a generator thro’ {xx^yi, zf) be 

I m n ' ' 

Any pt. on this line is (xi+/r, ViX/nr, Zi+nr), 

It lies on the hyperboloid (1) 



(Xi-4-/r)* + 



(zi+nr)*=l 
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which is a quadratic in r. . , • j .,11 r.f line 

the line is a generator of the hyperboloid, all pts. of the line 

lie on the hyperboloid. 

the quadratic (?) is satisfied by aU values of r 

coeff. of r'^=0, coeff. of r=0, constant term 0. 


r- 


m- n- _Q MV 

m>-,_nr,^0 ...(5) 
a 'i ^ b - c - 


t*e,, 


2 


-i=o ...(6) 

» ^ b- C’ 


■: the two generators whose direction-ratios (!, m, n) are given 
by (4) and (5). are X ^ , , , V 1 ' V n 

“ (Note. Ex. 5. Art. Ufi) ] 


a'b" 


(c‘-b°-) + 7 W ° 

t/no’ cat ^ [ ^o,e tb,s s.ep ] 

(c'-a-) +fl , 

[ Note this step ] 


fl- 0 


or, multiplying thro’ out by h. 


( 6 "— c=) -f"'*', 

(X <\ 


,, X,^ (,.+5=_c=)-x,= 1-^" (a=+i.= -c^)-..- ^(a= + 6-c=)-e.= = 0 

or“(a=.hi-c^)(^M-^^f^)-r-^*=-^‘=° 

[But = ' 

V' ^l^'itson the director sphere x=+>'-'i-^-=“--' 

.. (x.,y,, -i) [As in Art. 117 ] 

of the hyperboloid (1). ^ 

But (x.,;t., 2 .) also lies on the hyperboloid + jr- jr = ' 

[ From (6) ] 




•> 


•Why this step. To gel J, , • “(./ instead of 

tXtldss.tr TO get -cMas it occurs in the equation of the hyperboloid, 
instead of c’- in the terms which follow. 
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/. the locus of (x„ yu ^i) is the curve of intersection of the 
hyperboloid and its director sphere. 

162. Co-ordinates of any point on a hyperboloid of one 
sheet in terms of two variables. The co-ordinates of any point on 


X- 


.2 


the hyperboloid of one sheet 

(a cos d sec 0, b sin 9 sec 0$ c tan 0). 
The equation of the hyperboloid of one sheet is 

y2 ^2 

3r = i ■■•(•) 

Substituting the co-ordinates of the pt. 

(a cos 9 sec 0, b sin 9 sec (p, c tan 0) 

in (1)^ we get 

q 2 cos“ 5 sec“0 , b- sin^0 sec^0 tan20 , 

■ n” .» 1 


d- 


[ cos^^-j-sin-^=I ] 


6” c 

or sec20 (cos-tf-fsin-0) — tan“0=l 

or sec“0— tan“0=l 

which is true. 

the co-ordinates of any pt. on the hyperboloid (1) are 
(a cos 9 sec 0, b sin 9 sec <p, c tan 0). 

Note. Point “0, 0”. Def. The point whose co-ordinates are 
(a cos 9 sec 0, b sin 9 sec 0, c tan 0) is, for shortness, called the 
point 0)”, 

Cor. For all points '*9, pj’* on a generator of the \-system, of the 

-V" V‘ 2 " 

hyperboloid — "^-- = 1, 0—0 is constant, and for all points on 

a generator of the i^-system, 0-f0 is constant. 

The equation of the hyperboloid is \r-f — ^^ = 1. 

Let the equations of a given generator of the A-system be • 

= ('+ f = t(‘- -f )• .56] 

it passes thro' the pt. 

i.e., thro' (a cos 0 sec 0, b sin 0 sec <p, c tan 0), 
substituting in the first equation^ 

in 0_^ /. , b sin 0 sec 0 
c — ' ^ 

, sin 9 


- 

a c 


[ Note, Art. 162 ] 


a cos 9 sec 0 , c tan 0 
a 


) 


or 


cos 6 sin 0 s„, . s 

cos 0 COS 0 V cos 0/ 
cos sin 0 = A (cos 0-}-sm 9) 


or 
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A _ cos 0+sin (f) 

T” ” cos 0 +sin 0 

by componendo and dividendo, , 

l+A cos0+smfl+cos0+sin^^^ (cos +cos (>)+ sm ^4-sm ^ 

1-A = cos^ 0 +sin'^^cos O-sin 0 (cos </>-cos tf)+(s>.i u-sm , ) 


0 4.0 0 — 


2 cos - 2 ■ 2 


4- 2 sin 


. 04-0 0-0 


COS 


rf -1-0 . ~0 — 0 - 

2 sin'^ sm ^ ^ + 2 cos ^ ^ 2 


[ Cancel 2 ] 


0-0 


0-L0 



0 


= cot 


0—0 . 

2 - IS constant, 

• 0 — 0 is constant. 

Similarly for all pts. "0. f on a generator of the f^-tystem, +’l> 

is constant. EXAMPLES 

**1, Find the equations to the generating lines through 0, / 


X- y- *■ 1 

of the hyperboloid ^ 4- y^.r ~ — *• 

X- 


^ y- ^ . 

The equation of the hyperboloid is • - - i. 

The equations of any generator of one system [ tliro 

x — a cos 7. _ }^b_sin^ _ - 
(a cos 7, b sin a, 0 ) ] are - ^ -6'cos c 

[Ex. 4, C'jr., Art. 1 5S ] 

If it passes thro’ the pt. 0 , 
i.e., thro’ {a cos 0 sec 7, 6 sin W sec 0, c tan 0), then 

0 cos 0 sec ^ ^ ' -.-( 2) 

a sin a ~ ^ ^ . 

[To find the values of sin x, cos x for the direction-ratios ol 

the generator (1). ] 

From the first and third members of (2), 

cos 0 . sin 0 ... 

— cos x = sin a - •••(3) 
cos 0 

and from the second and third members of (2), 

sin 0 sin 0> , 

-sin 7.=^ -cos a . •••(4) 


cos 0 


cos 0 
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From (3) and (4)^ 

cos 0—cos a cos 0=sin a sin (p, sin 0— sin ct cos 0=— cos a sin 0 
or cos a cos ^-f-sin a sin 0=cos Q, sin a cos 0—cos <x sin 0=sin 0 
or cos (a— ^)=cos Q, sin (a— 0)=sin 6 
or a— 0 = 0> 

a = 0-|-0. 

Nowfrom(l), the direction-ratios of the generator are 

a sin IX, ~b cos x, c, 

i.e., a sin (0-!-0)^ ~h cos (0+0), c. 

the equations of the generator thro’ 

(a cos 0 sec 0, h sin 0 sec 0, c tan 0) 

x—a cos 0 sec 0 _ y~b s in 0 sec 0 _ g— c tan 0 

a sin (0+0) —6 cos (0+0) c 

Similarly [considering the equations of any generator of the other 

w , . . :r-acosa 3^-6 sin a _ z ~\ 

system [thro (a cos a, b sin a,0)], ^ ^ ^ -6 cosT“ " 

the equations of the other generator thro' 

(a cos 0 sec 0^ 6 sin 0 sec 0, c tan 0) 
x—a cos 0 sec 0 _ y— sin 0 sec 0 _ c tan 0 
a sin (0—0) ”” —f> cos (0—0) — c 


are 


x2 


+ ^- - 


.a 


= 1 form 


2. If four generators of the hyperboloid 

a skew quadrilateral whose vertices are "0r/ <pr/’ r=l, 2,3,4, prove that 

0, 4- = 9. + «1, + 03 = 02 + 04- [^Is- U. 1956 ] 


163. (g) Principal elliptic section. Def, The plane z — 0 meets 

X’ V" X- y' 

the hyperboloid of one sheet -.r where 

which is an e//ip5e in that plane. It is called the principal elliptic 
section of the hyperboloid, and its equations are 



EXAMPLE 


X2 


Prove that the generators of the hyperboloid ^ + 


62 



given by \=t, — - are parallel, and that they meet the principal 

elliptic section in the extremities of a diameter. 


163. (6) Point of intersection of two generators through 

two points on the principal elliptic section. // x, ^ are the eccen- 
tric angles of two points P, Q on the principal elliptic section of the 


Art. U3, (6) ] 
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z- 


hyperboloid -r -f- ^3- = 1 , then the co-ordinates of R, the 

point of intersection of two generators of opposite systems, one drawn 
through P and the other through Q, are 

'j —X , 'i — X , 

sec~^^, - c tan ' , i.{'i>y.) 




acosf^+/-sec'^-\bsin' 


y: 




•> •• 

The equation of the hyperboloid is ■^., 4 - 1., — =1 ...(1) 

Let (xj, y,, z,) be the co-ordinates of R, the 
pt» of intersection of two generators of opposite 
systems, one drawn thro' P and the other thro' Q. 

The plane PRQ is the tangent plane at R to 
the hyperboloid (I). ( Note, Art. 160 , (a) ] 

its equation is 

H.* _L ^^i-i i-}\ 

It meets the plane 2=0, where [ putting 2=0 
in (2) ] 

xxx yy,_ 
a- 

the equations of PQ are 

Also, a, being the eccentric angles of P,Q, the equations of PO 
2— + ^-sin 2 =cos‘-2 , 2 = 0 

[ From Analytical Plane Geometry ] 
or, dividing the first equation thro' out by cos , 

[To get 1 on the R.H.S. ] 
P ~r 

comparing coeffs. in ( 3 ) and ( 4 ), 

= ^'-cosf‘+* sin sec 

a 2 2 ' b 2 ' 2 

[ V constant terms in the first equations of f 3 ) and ( 4 ) are equal ] 



are cos 
a 


^ P"' * fi — a , y 

a 2 2 


or Xi=acos 


P.j.x 


sec 




2 / yi=6sin -^eci_ ...(5) 


V zf) lies on the hyperboloid (1) 


• f y q. y^l _ ^1* __ t 


2 
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Substituting the values of Xi, yi from (5) in (6), 



1 „ „34-a 3— a l*o •<>?■{■* 

—0 a- cos* ‘--s— sec* + -j^b- sin- — .y- 

a- 2 2 0 " 2 

or 

sec 2 - 2 "( H-sin* 

9* - 

_^=i 

c- 

or 

o / 

,.3— a 2^~ . I 

2 - 7^=' [ 

cos* 

or 

-^ 2 -=sec- -^--l=tan* 


or 

2i . [i— g , ^ 

± tan 2 

— a 

2 ’ 


the co-ordinates of R are 



r S4-a 3 — a , . ?-l-g 

a cos - V- sec , b sm 

3— a 
S?C - .. 


2 c- 


fijfa 

1 


4'Sin‘ 


p+g 

2 


=■] 


±c tan — • 

L ^ ^ 2 J 

[ {Xuyu 2i) ] 

Note. Important. For problems relating to the point of intersec- 
tion of tivo generators of opposite systems drawn through P, Q, points on 

the principal elliptic section of the hyperboloid + 

useful to remember that the co-ordinates of the point of intersection are 


X - a cos ■' 2 ^ sec y = b sin sec tan 

(?>g) 

where r, 3 are the eccentric angles of P, Q. 

EXAMPLES 

1. P, D are the extremities of conjugate diameters of the 

principal elliptic section of the hyperboloid ^ 

generators of opposite systems through P, D intersect in Q. Fi^i^ 
the locus of Q. 

Prove also that QP^-f Q^D-=a'4-b^-f'2c‘. 

2. Show that the generators through points on the principal 

*> o o 

"K" V" 2*^ f 

elliptic section of ' . + f , — - =1, such that the eccentric angle 

a- b- c- 

of the one is double the eccentric angle of the other, intersect 
on the curves given by 

-= . y=- f+'if > * = i'*- t Ag. U. 1957 ] 

3. If a, 3 are the eccentric angles of two points P, Q, on 

• • • • • *1 
the principal elliptic section of the hyperboloid 

a* o ^ 
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Art. 164 ] 


and two generators of opposite systems, one drawn through P 
and the other through Q, intersect at R, the point ‘*4, 0”, then 

= 0-(f. = %. [ Ag. U. 1956 ] 

164. Projections of the generators on a principal plane. To 

prove that the projections of (he generators of a hyperboloid of one sheet 
on a principal plane are tangents to the section of the hyperboloid by the 
principal plane. 

Let the equation of the hyperboloid of one sheet be 

+ -(0 


0 “ b'^ 

Let the equations of any generator of the A*system be 
V + T b~)' a c'- A b 


( 2 ) 


[To find the equations of the projection of the line (2) on the xy-plane.] 
The equation ot any plane thro' the line (2) is 

F+ t-K‘+ - V - 

If it is _L to the xy-plane> i.e., z=0, then 

- c)'=o 

[ AA' -{- BB' -h CC' = 0 (Art. 27, Cor. I) ] 


• » 


k = \. 


Substituting this value of k in (3), 



or + (l- f) =0. 

the equations of the projection of the line (2) on the xy-plane 
are A=(l+ ^ + (^I_ = 0, a = 0 ... (4) 

The equations of the section of the hyperboloid (1) by the xy- 
plane are [ putting 2 = 0 in (1) ] 

^ + -^^,- = 1, z=0 ... (5) 

In order to prove that the projection (4) is a tangent to the section 
(5), let us find the envelope of {4), a being the parameter. 

The first equation of (4) is a quadratic in A. 
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the envelope is 

[ B“ = 4AC (From Differential Calculus) ] 

[ Cancel 4 ] 

X- V- 1,2 

" 0 = = 1 - z=0, or + 2 = 0 , 

which is the section (5). 

/. the projection (4) is a tangent to the section (5). 

Sinnlarly the projections of the generator (2) on the zx- 
planes are tangents to the sections of the hyperboloid by these planes. 

Similarly the projection of any generator of the ^-system on a 
principal plane is a tangent to the section of the hyperboloid by the 
principal plane. 

EXAMPLE 

Prove that equal values of the parameters give two generators of 
opposite systems, of the hyperboloid which pro- 
ject into the same tangent to the ellipse ^ = L 2 = 0, 

SECTION It 
RULED PARABOLOID 

165. To prove that a hyperbolic paraboloid is a ruled sur- 


face. 


Let the equation of the hyperbolic paraboloid be 


Factorising 


• M 

a- b- 




= 4 -- 2 A ...(0 

A 

or, interchanging the factors on the L.H.S., and changing A to ^ on 
the R.H.S., 

From (/) and (fi), the paraboloid is generated by the variable 
St. lines 

_ 4* 

•To take ihe first factor ( “- ) on the R. H. S. of the same form as the first 

A 

factor ---+ 4- on ihc L. H. S. 

Q O 
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(,) jL+y y = 2 a : 

' ' a 6 A a o 

and (2) -- a-+ 6 -2’ - 

where A and are variable parameters. 

As A varies, taking in turn all real values, the line (I) moves so 

as to generate the paraboloid completely. 

Similarly as varies, taking in turn all real values, the line (2) 
moves so as to generate the paraboloid completely. 

the hyperbolic paraboloid is a ruled surface^ ^ 155)] 

Cor, 1. To prove that the two systems of generating hues are 
distinct. 

it is impossible to give values to A and so that the equations 
of the line (1) may become the same as those of the line (2) 

no member of the system of lines (1) coiiicides with any 

member of the system of lines (2), 

i.e., the two systems of generating lines are distinct. 

Note. A-, and /'-systems of generators. Def. 

The system of st. lines 

A+ y = y-=2,\ ...(1) 

a b A a b 

where A is a variable parameter, is called the A-system, and the 
system of st. lines 

21 A b 

where is a variable parameter, is called the /'-system. 

[ Rule to write down the equations of a generator of the 

•> •> 

M-system, of the hyperbolic paraboloid -2z from the 

equations of a generator of the A-system : 

Jn the equations of a generator of the \-system, change b to —n and 
A to t*-. 

For, changing b to —h and A to in (1), we get (2). ] 

Cor. 2. The generating lines of the hyperbolic paraboloid 


* , I = 2 ," ...( 2 ) 


JC* 


a 


2 


= 0 . 

a 0 


are parallel to one of the fixed planes 

The equations of any generator of the A-system are 


.=L+y / A- y =2^..^l) 

a b A a b 
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It lies in the plane “ — 

X y 

which is !i to the plane — — y =0. 

X V 

/. the generator (1) is 1! to the fixed plane — - y=0. 
Similarly the generating lines of the /^-system are ll to the fixed 
plane “ + 


EXAMPLES 


1. A point, "t", on the parabola y—0, x^=2a^z, is {2at, 0, 2t% 
and a point, ''u", on the parabola x=0, y^—~2b^z, is (0, Jbu, — 2u*). 
Find the locus of the lines joining the points for which, 

(i) t— u, (it) t=—u. 

2. Find the two systems of generators of the hyperbolic 
paraboloid 

Show that two generators pass through a given point on it, 
one of each system. [ P. U* H. 1957 ] 


[ the hyperbolic paraboloid is generated completely by either 
of the two systems of st. lines (Art. 165) 

thro' a given pt. P on it (hyperbolic paraboloid) there pass two 
generating lines, one of each system. ] 


166. To find the conditions that a given straight line should 
be a generator of a given paraboloid. 


Let the equations of the line be 


^ ^ii£i ...( 1 ) 
l m n 


and the equation of the paraboloid be ax“-\-by^=2z ..-(2) 

Any pt. on the line (1) is (Jti-f/r, yi+tnr, Zj+nr). 

If it lies on the paraboloid (2), then 

a{xi-\-lr)- -\-biyi -j- mr)‘=2izi -i-nr) 

or a(Xi+/r)--!'6(j'i-f-mr)-— 2(Zi+nr)=0 

or r-{al^-\-bm^)~h2r{Qlxi-rbmyi~n)-\-{axi--\-byi^—2zi)=0 ...(3) 
which is a quadratic in r. 

If the line is a generator of the paraboloid, all pts. of the line 
lie on the paraboloid. 

the quadratic (3) is satisfied by all values of r. 


coeff. of r“=0, cceff. of r=0, constant term =0, 

[ r2(0)+r(0)d 0=0 for all values of r ] 
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j al--\-bm^=0 .. (4) 

QlXi-\-bmyi—n~0 -.-(S) 

axi"+6yi" — 2^1=0 ■••(6) 

f4) ^5) f6) are the required conditions. 

' ’ Cor. 1. To find the direction-ratios of the -o ieneratto^ 
lines of a paraboloid through any point (x^, y„ z*) o P 

boloid. 

From (4), al^ = -bm^ ^ 

or V^’ l=±^/^bm, or \/a. l±\/-f>m=0 
or ^/a. I ^ V'-b Tn-{-Q^ n=0 •■■(7) 

Solving (5) and (7) for I m. n (by cross-multipUcation). 

±V-b ~ -\/a ±ax,\/-b-va.byi 

Cor. 2. The only ruled paraboloid is the hyper bohc parabolo. 

For, from (7), dividing thro' out by y/o. 

' ± V ^ ° 

the values of / : m are real only ^ 

i.e., if ^ is -ve, i.e., if one of the two qttan.tt.es <t and 6 is +ve 
a 

and the other — ve, u i * -i 

i.e., it, from (2), the paraboloid is a hyperbolic parabolmd ^ ^ 

EXAMPLES 

x-x y-'.' ^ 

1. Find the conditions that the line j „i n 

should be a generator of the paraboloid ax-+by- 2z. 

Find the direction-ratios of the two generating^h^^’^ roug ^ 

'^2^^ Find the equations of the generating lines of the 

(x-F>/+z)(x+2y-2)-62 which pass through the pome (1, i, J- 

167. As in the case of a hyperboloid of one sheet the studmt 

can, and should prove the following results : „ ,rn. 

It (a) No two generators of the same system, of a i}p~t 

S'X?,,.,™., ./ ./ . 
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Cor. Co-ordinates of the point of intersection. The co-ordi- 
nates of the point of intersection of a generator of the A-system and 
a generator of the /^-system, of the hyperbolic paraboloid 



are given by — A, j = 2^A. ] 

2. (fl) .Section of a hyperbolic paraboloid by the tangent plane at 
a point. The section of a hyperbolic paraboloid by the tangent 
plane at a point is the two generating lines through the point. 

(6) Any plane through a generating line. Any plane through 
a generating line of a hyperbolic paraboloid is a tangent plane. 

[(a) Proceed as in Art. 160, (a). (6) Proceed as in Art. 160, (5).] 

3. Locus of the points of intersection of perpendicular generators. 

The locus of the points of intersection of perpendicular gene- 

2 2 

rators of the hyperbolic paraboloid ^ =2z is the curve of 

a- b- 


intersection of the paraboloid and the plane 2z-|-a2— b*— 0. 

[ Proceed as in Art. 161. ] 

4. Co-ordinates of any point on a hyperbolic paraboloid in 

terms of two variables. The co-ordinates of any point on the hyper- 

bolic paraboloid =2z are (ar cos 0, br sin Xr^ cos 29). 

[ Proceed as in Art. 162. ] 

Note. Point *‘r, 6”. Def. The point whose co-ordinates are 
{ar cos 0, br sin (), .Jr- cos 26) is, for shortness, called the point 

5, Projections of the generators on a principal plane. The 

projections of the generators of the hyperbolic paraboloid ~ 

on the planes YOZ, ZOX are tangents to the principal sections 

y-=^-2b-z, ; x-=2a'z,y=0. 

[ Proceed as in Art. 164. ] 

EXAMPLES 


1. Planes are drawn through the origin, O, and the generators 
through any point P of the paraboloid given by x'—y^=az* Prove 

that the angle between tlicm is tan“* , where r is the length of OP. 

[Ag.U.1947] 

2. Angle between two generators. Prove that the angle 
between the generating lines through the point (Xj, pi, zf) of the 
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hyperbolic paraboloid given by 


tan 0= 


V 


^1 + 


Q-—b’ 


3. Find the equations of the generating lines through "r. 0" of 

X® y- 

the hyperbolic paraboloid =2z. 

[See Note, Art. 167, (4), and proceed as in Art. 166 and Cor. 1.] 

4. Prove that equal values of the parameters give two gene- 

y- 

rators of opposite systems, of the hyperbolic paraboloid ~ = 2.-, 

which project into the same tangent to the parabola x- = 2a'-z, y=0. 

5. Find the locus of the perpendiculars from the vertex of 

the paraboloid = 2^ to the generators of one system. 

[P.U. H. 1956 ] 

[ Let the equations of any generator of the A-system be 

A,+ --»C= , i"— -^-=.2A ...(1) 

(2 6 A a 6 

The equations of any line thro the vertex (0, 0, 0) are 

4 -= .^-= ...( 2 ) 

I m n ' 

Any pt, on this line is (/r, mr, nr). 

(0 If it lies on the generator (1), then ? It will be found that 


(ii) If the line (2) is 1 to the line (1) [ dircction-cosines pro- 
portional to a, b, 2A ], then ? ..-(4) 

(ill) Eliminate A from (3) and (4), and then elimmate /, m, n 

from the result and the equations (2), 

This gives the locus of the perpendiculars from the vertex of the 
paraboloid to the generators of the A-system. 

Changing b to -b in the equation of the above locus, we get the 
locus of the perpendiculars from the vertex of the paraboloid to the 
generators of the /‘-system. (See Note, Art. 165.)] 

MISCELLANEOUS EXAMPLES ON CHAPTER XIII 

1. (a) Name all the conicoids which are ruled surfaces. 

[P.U.H. 1951 ] 
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( 6 ) Prove that the line of intersection of two perpendicular 
planes which pass through two fixed non-intersecting lines generates 
a hyperboloid whose central circular sections are perpendicular to the 
lines and have their diameters equal to their shortest distance. 

2. If P' are the extremities of a diameter of the principal 




elliptic section of the hyperboloid ^ ‘52 


+ ^-2 — Improve that the 

A-generator through P and the J^-generator through P' are parallel. 

3. Show that the shortest distance between generators of the 
same system drawn at one end of each of the major and minor 
axes of the principal elliptic section of the hyperboloid 

1 is labels / [ P. C/. ] 

4. Show that the shortest distances between generators of 
the same system drawn at the ends of diameters of the prioci- 


4, y\ 

a- ^ 6 ' 


X“ 


pal elliptic section of the hyperboloid To 


z 


-l=- = llieon the 


surfaces whose equations are — o = i • «> — [^5* 

* x-+y- a- — D* 

[ (i) Let the equations of the generator of one system drawn 

thro’ one end (a cos a, b sin a, 0 ) of a diameter be 


X— g cos g y— 6 sin g z 

a sin g ” —b cos a c 

Then the equations of the generator of the same system drawn 
thro' the other end (—a cos a, —fc sin a, 0 ) of the diameter arc 
[changing a to tt+x in ( 1 )], 

x-\-a cos a z__ 

--a sin a ~ 6 cos a ~ c ' 


Solve the question. 

(ii) For the equations of generators of the opposite systerUf c is 
changed to —c {Ex. 4, Cor., Art. 158) 

change c to ~c in the answer obtained above. ] 

5. Show that the normals to -h — ^ = 1 at points of a 

a* 0 " 

venerator meet the plane z=0 at points lying on a straight line, 
and for different generators of the same system this line touches a 
tixed conic. t U* 1945 ] 

6 . If A, A' are the extremities of the major axis of the principal 

elliptic section of the hyperboloid gene- 
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rator meets two generators of the same system through A, A' 
respectively in P', prove that AP.A’P'=6- -rc-. 

7. Show that, in general, two generators of the hyperboloid 

x^la}-‘ry'^jb--2’ic-= \ can be drawn to cut a given generator at right 
angles, and that if they meet the plane z=0 in P and Q, PQ touches 
the ellipse x~;a^-ry~,b^’=c\a^bK [ Ag. V. l^J44 j 

8. Show that for the hyperboloid yz-rzx-rxy-r\=0, the equa- 
tions of one system of generators are a— - fl =0, x+fA-f- 1 )2 -f-A — 0. 
where A is a variable parameter, and find the equations of generators 
of the other system, 

[ The equations of the line are 

X— Ay-f-x + 1 = 0 ... ff), "] 
x+(\ + l)?+A - 0 ...(ii) J 

(Find the value of A from (i) and of ~ from {ii). ) 


From (i), A= 


x + 1 
y-1 


; from (n). 



~z—\ 
z-fx ’ 



It will be found that -f- rx + xy -f 1 = 0. 

From (2), interchanging the factors on the L.H.S., and changing 
A to on the R. H. S., [ Compare Art. 1 56 J 



-z-l .. x-f 1 _ _1_ 
z-yx ' y-l F ' 

which are the required equations of generators of the other system. ] 

9. Prove that any point on the lines (/^ + 1) x == — = — (^ + 1 ) 
lies on the surface yz -\- zx + xy -h x -y y ^ 0, and find the equa- 
tions of the other system of lines which lies on the surface. 

10. Show that tangent planes to ^ =1 which 

a* D* C" 


b^c^x- 

are parallel to tangent planes to ^ 1- 

c — b- 


C2a2y2 

c2— a'^ 


a^b^z^ 


cut the surface in perpendicular generators. [ ^g^ U. 1945 ] 

11. Show that the points on the quadric ax^-yby“ -ycz-^yd = 0 
at which the generators are perpendicular lie on the cylinder 

{c~Q)x^-y{c-b)y^-ycd{a+b) I ab = 0. [ P. U. H. 1961 ] 

12. Show that the generators of the surface x'^+y-—z'^ = I 
which intersect on XOY plane are at right angles. [ P. U. H. 1955 ] 
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**13. Prove that the equations 

X _ sin g cos </j y_ _ cos 6 sin (/> z _ cos {Q—<f>) 
a ~ cos * b ~~ cos (0+^} * c cos (tf+0) 

determine a hyperboloid of one sheet, that 6 is constant for points on 
a given generator of one system, and that <p is constant for points on 
a given generator of the other system. 


[ 


a 

X 


+ 


a 


y _ sin 
h ~ cos(t^-i-9j 

y _ 

b “ COS (0+^) 


cos (^ — 0) 


...(Hi) 


z _ 

c ~ cos{(J-\-g>) 

Eliminating (0-0) from (ii) and (Hi) [by squaring (ii) and (m) 
and adding ], 


COS^ (0 + 0) 

Eliminating (0+0) from (i) and (iV), 


=sec^ (0+0) ...(ii^) 


z~ 

or — 


4xy . . 4xy z’‘‘ . 

-^ = 1 or, transposing, -^ = — 1 


or, factorising, = (f )( t~* ) ' ] 

H. Prove that the generating lines through any point P on the 
section z—c of the hyperboloid x®/a"+yV6^— 2®/c^=l meet the princi- 
pal section by the plane z=0 at the ends of a pair of conji^ate 
diameters. [M.T»] 

15. If the generators through P, a point on the hyperboloid 

'> o ^ 

+ ^ ^ — 1, whose centre is O, meet the plane 2=0 in A 

a- b- 

and B, and the volume of the tetrahedron OAPB is constant and 
equal to abc/b, P lies on one of the planes 2 =± c. [ Ag, U, 1937 ] 

**16. Through a variable generator x— y=A, x+y=22/A of the 
paraboloid x-— y- = 22 a plane is drawn making a constant angle a 
with the plane x = y. Find the locus of the point at which it touches 
the paraboloid. [ P* U, H* 1957 ] 

17, R, S are the points of intersection of generators of opposite 
systems drawn at the extremities P, Q of conjugate semi-diameters 
of the principal elliptic section of the hyperboloid 
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4- ^ - ^-1 


= 1 . 


Show that the volume of the tetrahedron PSQR is constant and equal 
to i abc, t P. U, H, 1959 ] 

18. The generators through P on the hyperboloid 

4- >i _ = 1 

meet the plane in A and B. If A and B are the extremities of 
conjugate diameters of the principal elliptic section, prove that the 
median through P of the triangle PAB lies on the cone 

2x^4. 2/== f-ilV- 

^ \c^ ) 

19. The generators through R on the hyperboloid 


X- , y- ^ 1 

•i T 


meet the plane ^=0 in P and Q. If the median through R of the 
triangle RPQ is parallel to the fixed plane Jx+my+nz-0, show that 
R lies on the surface z{lx+my)+n{c^-\-Z') = 0. 

{ Let a, :i be the eccentric angles of P, Q. so that their co- 
ordinates are (a cos b sin x, 0), (a cos b sm fi, 0). Then the 

co-ordinates of R are 

x=acos'^ + '- sec'4 >- = 6 sm sec ' ^ ■•■(«). 


sec' '-...(i). >' = 6sm^sec 


<l-x 


...(H), 


^ ^ c tan or, taking H-ve sign on the R.H.S., 


z=c tan ^ 2 *••■(”') 

Find the co-ordinates of M, the mid-pt. of PQ, and then the 
direction-ratios of MR. If MR is 11 to the plane lx+my+nz=0, it 
will be found that 


la cos 


+mbsin +«=0 ...(iV) 


[ To eliminate at, [i from (t)» (hL (uf)/ 1 

Substitute the values of cos ’^ 2 ^' and sin ^ from (i) and (iV) 
in (iV). It will be found that 

(Ix-rmy) cos ^ sin ^ +nc=0 .. (y) 
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Substitute the values of cos £ y- and sin from (iii) in {v).] 

20. Prove that the locus of the points of intersection of genera- 

tors of the hyperbolic paraboloid xy=az which are inclined at a 
constant angle a is the curve of intersection of the paraboloid and the 
hyperboloid tan^ a + a* = 0. 

21. Prove that the equations 

x=ae® cosh (pt y^be^ sinh (p, 2z — 
determine a hyperbolic paraboloid/ and that B-\-(p is constant for 
points of a given generator of one system, and B-~(p is constant for 
a given generator of the other. 


ANSWERS 




ANSWERS 


CHAPTER I 

Page 3. 

1. Co-ordinates of N : (x,y, 0) ; co-ordinates of A : (x, 0, 0). 
Page 5. 

1. (a) d=V{X 2 -x,)^+(yi-yi)^'\-izz-Zi)-- 

[* ’‘Complete distance formula. 

d=±V{xT-^)^+{y2-yj)'-r{z2-Ziy-. 
that sign being taken on the R.H.S. which gives a -rve result for d. ] 

{b) 6. 

2. (i) x-j;-h3z4 3=0, (fi) x^-^y--^z^~6y-\-20-k"=0, 

(in) 2x— 2);-l-6z4-6-t-A^=0. 

3. 2x— r=0. 


Pages 7 — 8. 


AXz+Xi 


_A^2'ryi 

« 2 “ 


1 , (a) X y= Y+{ - — ;^ + i 

(6) ih -i, l)< (0, -5, 7), (-3, -14, 19). 

CHAPTER II 


Page 12. 

where L m, n are the direction-cosines. 

2. 60° or 120°. 

Page 14, 

2. (a) See Art. 7 and Note 2, Art. 10. 

(i) If the direction-ratios of a line are a,b,c, the direction- 

cosines are ' Va-^+64'c^ 

(ii) The sum of the squares of the direction-cosines of a 

line, =1, but the sum of the squares of the direction-ratios is not 
necessarily = I . 

fux ^ L _L 

V3 ’ V3 ' V3' 

[♦•Note. There are four lines which make equal angles with the 

_L JL > . _ I * I 

V3 V3 ' V3 ' V3 ' V3 ^ V3 ' 
73 ' “ ^3 ' ’ V^3 ' “ v/3- “ “ 

the case, that the line makes equal acute angles with the -f-ve direc- 
tions of the axes, its direction-cosines are - * , * , ' . 1 

y J V j y J ^ 


axes* Their direction-cosines are — # — ^ 
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Page 15. 

Ex. 13. 
Page 16. 

2 . ^ 2 


3. 


3 ' 3 ' 
1 


2 . 3 

3 ' 5V2 ' 
1 


1 




5\/2 v'2 


I 

3' 


2 

3 


T 


V 2' V 2' 

Pages 23 — 26. 

1. {b) 60\ 

2. cos“^ {ll -f mm' + nn'), where m, n ; V, m , n' are the 

direction-cosines of the lines, (i) cos”^ 5^7'* " 

4. cos-'(-Y52-). 


5, A— cos“^^y, B=90^, C=cos“^ -?-• 

-7 2 3 1 o _i 1 

• y* cos ♦ 


Vl4 V14 v[4 3 

13. V{mini—m2nyy~+{nil,—n2li)^-\-{Iim2—l2mi)-. _ 

[** Complete result, ±\/(mina— m2ni)^+(ni/2— /i2/i)"+(/im2— /a^i)*-] 
Page 27. Art. 14, 

2 . 

MISCELLANEOUS EXAMPLES ON CHAPTER II 


Pages 27—28. 

1. cos“^ (• — ^ 8. X 2 Xj, y2 yi / ■^2 '^i* 

\ v^574 ' 

CHAPTER HI 

Page 32. 

Ex, (i) A cylinder generated by a st. line which is 11 to the 
j-axis, and intersects the circle whose equation in the xy-plane is 
x~-\-y-—a-. (It is called a right circular cylinder.) 

(i;) A cylinder generated by a st, line which is |1 to the 
z-axis, and intersects the parabola whose equation in the xy-plane is 
y-— 4ax. (It is called a parabolic cylinder.) 

Page 33. Art. 19, 

1. {i) y=b ; z=c ; x=a. {ii)x=a,y^b, 

2. (i) A plane || to the yz-plane, («) a line |! to the j-axis. 

3. (i) A line || to the z-axis ; (iV) a line 1| to the x-axis ; 

{Hi) a line || to the z-axis, and in the zx-plane. (tV) ^-axis. 

4. (/) A circle in the xy-plane ; 

(iz) a circle in a plane i| to the xy-plane ; 

{Hi) a parabola in a plane 1! to the ^x-plane. 
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5. (i) A pair of circles one in each of two planes i; to the 
xy-plane ; 

(if) two pairs of i| lines, each pair being | to the ^-axis. 

6. 2y^—lyz Vl>z--\-2y — 2z-2~Q ; 2z‘^i-2zx-^2x^ — 2z — 2x- 2 = Q ; 

3x^- 4xy 4- 3y^-4x+4y-l = 0. 

MISCELLANEOUS EXAMPLES ON CHAPTER III 
Page 33. 

1. (i) A system of planes || to the xy-plane. 

(ii) A cylinder generated by a st. line which is !| to the x-axis, 
and intersects the curve whose equation in the yz -plane isf{y, z)=0. 

2. A cylinder generated by a st, line which is II to the >'-axis, 
and intersects the parabola whose equation in the zx-plane is Z"—4ax. 
(It is caUcd a parabolic cylinder.) 

3. (a) In two dimensions* : a curve in the x>'-plane ; in three 
dimensionst : a cylinder generated by a st. line which is ! to the 
z-axis, and intersects the curve whose equation in the xy-plane is 
/(X, y)=0. 

(6) In two dimensions ; a rectangular hyperbola in the xy-plane ; 
in three dimensions : a cylinder generated by a st. line which is il to 
the z-axis, and intersects the rectangular hyperbola whose equation 
in the xy-plane is x-— y-=a'. (It is called a hyperbolic cylinder. ) 
Pages 35—36- 

2. 2 : 3, 4 : 5, -7 : 8. 


Page 38. 
I. 


3 

2 


Pages 39 — 40. 

1. (a) 



3 . 

2 

1 

2 


2 ' 

3 ' 


- 3 - . 

X , 


z , 

I 

= 0, 

X„ 

yi^ 

Zu 

1 


X2, 

y2. 

Z^^ 

1 


X:,> 

y^f 

z,, 

1 , 



2 . - 


v/14' 


3 1 

VI4 ' v'14 * 


where (xi,y„ z.), (x^, y., z^), (x^^ys^z^) are the three given pts. 
Pages 43 — 45. 

1. (0 60% (ii) 90% 2. 2x4-2y- 3z-t-3 = 0 

4; 2x-3y-f4z-f-ll = 0. 


7. CCS 


-1 ^2 


acute* 


in Analytical Plane Ceomciry, 
in Analytical Solid Geometry, 
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Note. Important. The tingle between two planes*’ means, for 
definiteness, "the acute angle between two planes/* 

Page 46, 

Ex, On opposite sides. 

Page 47. 

1. d=x' cos a+/ cos P + r' cos y—p. 

[•♦Complete perpendicular distance formula. 

d = ±{x' cos DC + y' cos li + cos y-p), 
that sign being taken on the R.H.S. which gives a H-ve result for d.] 
Pages 49—50. 

1. {a) d = where z.) is the given 

pt., and A:t+By4-Cr+D = 0 the given plane. 

[ **Complete perpendicular distance formula. 

j _ I Axi +C ji 4-D 

that sign being taken on the R.H.S. which gives a +vc result for d, ] 

(b) 2. 

3. 2, 1 ; No. 

4. 3x‘M-8y-+352--36y2— 24zx+12x>’— 8x— 12y-f-24z+4 — 0. 

5. ;c2+y2+2r3_4 = 0, 

Pages 51 — 52. 

, ox by cz + d _ I a'x -h b' y + c'z + d' 

** ^ + c'2 

3. 23x-l3y ^ 32ir + 45 = 0. 

Pages 54 — 55. Art. 32 (6). 

2. 12 -. 

Page 55. Art. 33. 

VT • 

Pages 57 — 59. 

1. (a) V = ^ ! xi, yu 2 ^ 1 , 

; Xo, y-i. Zip 1 

X3, ^3, 1 

^ 4 ^ 24^ i 

where (xi,yj, ^i), (x2,y2, (^4*^4/ ^4) are the co*ordi' 

nates of the vertices of the tetrahedron. 

[••Complete volume formula, V=±6 | Xu pu 2 u 1 / 

Xg, ya» 22/ 1 

XiP Pu 2zp 1 

Xu P 4 » 24/ 1 
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that sign being taken on the R.H.S. which gives a -{-ve result for V.] 

ib) i. 

2. 2x+3>»-2z + I0=0 or 2x+3>;-2z - 14-0. 

Page 61. Art. 35. 

2. abc-{-2a'b'c''-aa"^-bb'^'~cc'-=0. 


3. cos-^. 


CHAPTER V 


Pages 65 --66. 


J. ib) 


X — 


0 


a _ yj~b __ z—c 


0 


I 


1 


2. (a) X— 1 2=z--3. (6) cos * . 


Pages 67 — 68. 

3. ^ =>;+ 

5. cos * . 

V406 


4. 


1 


3 

\ N 


V'14 ' y/H 


-3 


4 


Page 69. 

3. aa' + cc' + 1 = 0. 

Pages 74—75. 

1. d = { {x'-af + (/-^>)* + {z'-cY 


4. a=l, b—1, c= — 1, d= -2. 


h 


— [ (x'-n) cos a-f(y-6) cos p-Kz'-c) cos y ]• } 

[•♦Complete perpendicular distance formula. 

d =±{{x'-aYHy'-b)-^-{z'-c)- 

— [(x'-fl) cos xHy'—b) cos p+(z'-c) cos 7 , 

that sign being taken on the R.H.S. which gives a 4-ve result for d, ] 


4. 


3V3 


\/t* '• \/14* 


5. V13, VIO, VS. 


6. aVS/ where a is an edge of the cube. 

Q _ y^- ^ • (I- _J -A') 

T" -1“ -4 ' ^ 3 ' 3 ' 3 J' 

Pages 76 — 77, 

2. 6. 3. 13. 4. (-1,0,1). 5. 1. 

6. a/+f)m+cn=0, and aa4-6^4-C7+d=0, 

The condition a/T6m+cn=0 means that the line is 1 to the 
normal to the plane, and aa*|-6{i ■!-cy4-d=0 means that its pt. 
(«, fi, y) lies on the plane. 

Pages 79 — 82, 

1 . (a) (i) al-i-bm-\-cn=^Q, and ax-\-b^j-\-cy+d^0, 

I m n 


\ 
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(6) al-{'bm+cn=0, and a«x+6?-rcy4-d=0. 


3. 

(6) y- 

4. 

(«) 

6. 

29x~: 

9. 

x + 5y 

13. 

x-1 

1 


^ 3 

V 7 ' ■ 


0 


5. (0,1, -I). 

8. 2x-3y+^-I4=0 


-14 
15 


-i4Mf 

Pages 83 — 84. 

2. X— z+2=0. 3. u{a'l-{’b'm-^c'n)—v{al-hbm-\-cn)=0. 

^ . 1 / . - , L ax-\-by-\-cz-i-d a'x-i-b'y+c'z-^rd’ 

5. Ix+my-^nz=^lJ+mg+nh, + 

Pages 85— 86. 

3. ' x-a, y-^, z-y =0. 

\, m, n \ 

m', n' 

4. (i) 25z=0 ; I7x— 5z— 34=0 ; 5x— 10=0. 

(li) 4>»— 32 + 1=0; 2x— 2 + 1=0; 3x— 2>’+l=0. 

Pages 87 — 90. 

1. If the equations of the two lines are 

x-x,^ >'->' 1 ^ 2-2i :>^2^ y~y^ ^ ^“'2, 

1 1 TTit ^2 


the required condition is Xo— y 2 —yif ;=0. 

Ilf TTl\t fl- 


I 


2* 


1* 


1 

IXi 


The equation of the plane is 


y~yu ‘=0- 

fj/ fTl\f 


4. x—2y-\-z-0. 

Page 91. 

2. I X, y, z 

bc'~b'c^ ca'—c'a, ab'—a’h 


I 


= 0 . 


y^c'-y'a, ct3'-a'p ‘ 

Pages 93 — 97. . 


1. Length: 
Equations : 


V 2 {mn'—m'nY 


x—7., y — 

1. m, 

mn'- m'n, nl'—n'h /tn'— /'m 


z~y .=^0, 

I 

n 1 


X-a , 




z-y 

r, m'f n' 

mn'—JTi'n, nl’—n'lf 


=0. 



ANSWERS 


3. J ; 2x~2y — ^=0, x + 2>; — 2^+4=0. 


. x-3 _ y_-5_ 2-7 , 


7. 2^/29 ; 


8. (2. 8, -3),(0, 1,2) ; V78. 


; (3, 5, 71 (-1, -I, -1). 


10 . 


5 / 7 ? — 10 

\/57n‘— 1 67n 17 


12 . 


V66 


, 3x-y— 2 = 0 =x+ 2 y+ 2 -l. 


Pages 98—100, 

3. If the equations of the two given lines are y=mx, 2 -c ; 
y=—mx,z=—c; and the equation of the given plane is 

ux-i-i;y-rwz=0*, 

the required locus is /n^i/x-l uy+mw'C=-0, r=0, which is a st. line. 

4. If the equations of the two given lines are y=mx, z=c; 
y=—mx, 2 =~c, the required locus is 7nx>^ -(I r-/??') C 2 = 0. 
Pages 101—102. Art. 48. 

2. x-1 = 0, 9x + 15^-52-19 = 0. 

3. 29x-7y-\0z = 0, 9x-2y-iz = 0. 

4. Ilx — 2>'— 4^—10 = 0, x~4y-f 32 = 0. 

5. 2x~2y-z-7 = 0, 4x-3>'-2-IO = 0. 

Pages 102-104. Art. 49. 

2. mxz — cy, 5. 36x" + l6y*— 92- = 144. 

7. If the equations of the two given lines are y=/7?x, 2 =c ; 
y=—mx, z=—c, the required locus is cy~mxz t yz—cmx)=0. 

8. If the equations of the two given lines are y=mx, 2 =c ; 
y=—mx, z—~c, the required locus is yz=cmx or cy=mx 2 . 

9. If the equations of the two given lines are y=/nx, 2 =c ; 
77?x, Z——C, and the equation of the given plane is 

UX+iy + lV2 = 0, 

the required locus is uicy-mxz)~vm{yz—cmx)—wm{ 2 ^~c‘) = 0. 

10. If the equations of the two given lines are y=77?x, 2 =c ; 
y=— mx, z= — Cf the required locus is 


x2 + 


- 1-22 = 


1 I 

3 -f- Vfi ' 3 -f- v/6 


)• 


1-^2 ' l-m2 • 

Pages 105 — 108. 

3 ^ 7 / J 1 I N 

3 v3-}-\/6^3-f- ^/6 * 3 -f- v/6 / 

Pages 111-113. 

6. The equation of the plane thro' the line of intersection of the 

•Why (0 take the equation of the plane as ux+vy-f-wz = 0. In order to avoid 
con usion in writing c and C, we have taken the equation of the plane as 

uxi-vy+wz *= 0, and not as Ax+B>-+Cz - 0. 
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Vlll 


7 ~ = 

'• 0 -b 


planes (1) and (2), and _L to the plane (3) is 

(OiX +CiZ +di) (aafla + Mu + C2C3) 

= (oaX ■^h.,y ■^rCzZ-\-d2){Q2pi +Mi +C 3 C 1 ). 

Similarly for the other planes. 

y-b _ ^ . 

c ’ 

( b-^ c'l 

Va~-~\-b--'i-c-- ' a-=-r6-"-rc-= ' a-H6-“+c-" / * 

Pages 114—116. Art. 54, 

2. (z) The planes intersect at a pt. 

(n) The planes have a common line of intersection. 

{Hi) The planes form a prism. 

3. (i) The planes form a prism. 

(zi) The planes have a common line of intersection, 

(zzi) The planes intersect at a pt. 

((V) The planes (3) and (1) are and the plane (2) intersects 

them. 

1 


4. 


6v'3 


MISCELLANEOUS EXAMPLES ON CHAPTER V 
Pages 116-122. 


6. 

r 2 

3 

4 N 

9. 

( 29 

' “ 29 ' 

29) • 

11. 

x~! 

1 ~ 

II 

z 

-3* 

13. 

14. 

17. 

9.v-3>'- 

60- ; X - 

-z 14 

- y z 

-= 0. 

= 0. 

16. 


13. 8x+y-26z+6=0 


19. 


_ ^ _± I8\ 

V II' irii/* 

21 . ? = = 


1 


^ 20. = ^ = ; (0> 3, 3). 

z X _ y _ Z 
2 - -1 * -1 ~ I " -2" * 

4 _ 6 

29 ' 29 ' 29 ) ' 

27. If the equations of the two given lines are y=mx, z=c ; 
y=:~tnx, z-’-c, and the ratio of the distances is k i It the required 
locus is 

I+;c2 


25, 


m 


-x2Ty“+(l+m-)(2=-f-c^)-2 (yfp) [mx>' + ( 1 4 m==) ] = 0. 


7y2 Oya 2 ’ I 

31. c^xH~^{a~z^-c~y-)i2c~z)^^ 32. - p- 



33. 

36. 


ANSWERS 


35. 2-~xy—c’=0. 


IX 



x-\-7y-3z-4=0, x-i-y~22-3 = 0. 



CHAPTER VI 

Page 124. 

1. (3, 5, 7), (1^ — 1, 4). 2. In the obtuse angle. 

Pages 127— 128. 

1 . ]f /|, TTii, rii I 2 , fit i rt^ are the direction*cosines 
of 0^, O^, then 

= I> 1 

/z* + = ], y... (A) 

^ 3 “ -r = 1 . J 


<2/3 + -T- 02/13=0, ') 

hh T m^roi + OjO,=0, j- ...(B) 
hh + mim, -i- 0 , 02 = 0 . J 


+ V- = 1 . ' 

011 H 012 ® + 013 ^ = 1 , y... (C) 


+ 02 * + 03 - = 1 . J 


O/iOi-f-ZO^Oa +02303=0, ' 

nJi + nJi + Oj/3 =0, )v...(D) 

I 

/i 07 i + l^m-i +^3023 = 0 . J 


CHAPTER VII 

Page 131. 

1. If the centre of the sphere is the origin and radius a, the 
equation of the sphere is x^+y^+z- = a% 

3. x^+Z+z-l 2X-22-2 = 0. 

5. The curve of intersection of the sphere x^+y*+j-’— and 
the parabolic cylinder y*=4az. 

Pages 132—135. Art, 62. 

3. (2) (-1, 2, -3), 4. Hi) ih ~K 2. 5. 1 ; 2, -1 ; 2. 

Pages 135 — 138. Art. 64. 

2. x^-\y--\^z~-ax-by~c2 ==0. 4. I, _2). 

9. If the volume of the tetrahedron=/c3, the required locus is 
4 xyz = ± 3k^. 

Page 139, Art. 65. 

3. x^-\-y^-\-z-- 3x+5y+7 = 0. 

Pages 139 — 141. Art. 66. 



4. 
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Pages 142 — 144, Art. 67. 

2. 3(x-+r+^‘)-2jc-3y-4z-22=0. 

3. y(X-+/+2==-Q=) = Z(a2 + !32-j-y2_a2J^ 6^ 

Pages 144 — 145. Art. 68. 

1. (2, -6, 3), (6. -3, -2). 

2. The cylinder x—2cj-!-c--/f==0, where c is the J_ distance 
of the given pt. from the given line, and 2k the fixed length inter- 
cepted on the given line. 

Page 146. 

Ex. xa -r-y^j -hzy=a”. 

Pages 147—148, 

1 . xx' -\-yy' -\-zz' -\-u{x-{-x')-\-viy-ty') +w[z -\-z') -\-d=0. 

3. X cos 6 sin (p-ry sin 0 sin <p+z cos 0=a. 

Pages 149 — 150, 

1. x=-[-/-+^-j-2x+4y+6^-lt=0, 
5(x'+/-f-r2)-4x-8y-I2r-13=0. 

3. If (x„ 3 ^ 1 , Jj) is the given pt-, then 
(0 the spheres are real if 

Xi~+yi--TZi"—2yiZi-2ziXi—2xiyi is — ve. 

(ii) the spheres are coincident if 

Xi" r3’i- + Zi- - 2y,Zi - 2 JiXi -2xjyi =0. 

4. The curve of intersection of the sphere 

X- +/“ -r 2 ' — 2cz + c- — ft ~ = 0 

and the cylinder A-—2CZ+C-—0, where c is the X distance of the 
given pt. from the given line, and ft the constant radius. 

6. Va'-- y±Va---^b-^~'-tr^ 2 

= ^/2; 

s. 

Page 152. 

1 . x.Vi " u(x r Xi) XyO +w{2 +z^) +d=0. 

Pages 154 — 155. 

2. If the equations of the four given spheres are 

X- -l-y ' +-C- X 2uiX+ 2piy ]-2wiZ = 0, 

X" +>■- +z- -f- 2ii..x + 2 i? 2 y -l-lWoZ -\-dn^ 0, 
x- Ty- +2= + 2 u;^s: -|- 2u3y + 2u'32 -f 4 = 0 , 

X “ -i-y ^ + 2 - -I 2 u 1 X + 2 t^iy + 2^42 +^4=0/ 
then the equation of the required sphere is 



ANSWERS 


Xt 


‘ X'-ryHz=, 

X, 


Z, 

1 

1 = 0 

1 

1 -d„ 


Vu 

Wi, 

-1 

1 

^2/ 

Hz, 

Vz, 

W.,, 

~l 

t 

-d,, 

U^, 

Vi, 


-1 


-du 

U4> 

Vx, 

^X, 

-1 



3. x2+/-+z2.l7;^^10^_5^ + 12=o. 


MISCELLANEOUS EXAMPLES ON CHAPTER VII 
Pages 162—165. 

1 rA *2 A /^S _iri 2-4 

•Is' 5”' V- ( 7 ' 7 ' 7 


5. 3(x=+y=+z^)-2x-2y-2^-l=0. 6 . (- 49 ' '/g'j- 

7. 2(u~u'), 2 ( 1 ; — v'), 2 Ch;-w'), d — d' 1 = 0 ...(A) 

h m, n, -p 

I m', h'. —p' ' 

the notation indicating that each of the four determinants obtained 
by omitting the fourth, third, second, first columns one by one in (A) is 
zero (Notation, end of Art. 53). 

8. x-^ y-+Z“— 2j— 14=0 ; 4x— 3y + 6z— 35=0, 

x-2 y- 1-1 _ z~4 

‘4 " -3 6 * 


9. 4(xM-r+z=)-f-10x-25y-2z=0. 

*0. 81(x=H-y=+z=)-126(x+y-fz)4-98=0. 

n. x“4-y-+22-2x-4y-5z-(-5=0 ; 

5(x^ 4-y +2-) — 2x - 4y - 5z + 1 = 0. 

12. xN-yM-2'-2x-f28yn-22-2=0 ; 

2x— 4y-l22 — 2=0. 

13. x^+y^+z’*— 8a(x-l y+2)-b32a2=0 ; 

x-4'y-H z2~2a(x-i-y+z)'l- 2a“ = 0. 

!4. x='f y'^+z^ J:2ox±2ay±2az + 2a2=o ; infinite number. 

15. 2x-y + 4z — 5 = 0 ; 4x—2y-2 — 16=0. 

16. x+2y + 2z-9=0; 2x4-y — 2z — 9 = 0. 

17. x-'l'yM-z2:ii2axi:2ay±2az+a2=o ; infinite number. 

18. f/H [(x-a)-+{y-6)^-J-(z-c)®] 

= [if^-S)n-{c-h)mY-^[{c-h]l-{a~f)nY-i-[{a~f)m-(b-g)l]\ 

19. 4 ; x'4-yHz2-10xi8y±8z+l6=0 ; (V. 0, 0). 

20. ;c7.+y,3+zy4-u(x+a)+i;(y-H3)4-u^(z+y)4-£/:=0. 
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21. ^+a»+6^+c==0. 


21. (L M). 26. cos-i “ ; 2(x2+);2+22)-14;c-3;;-l-8ir=0. 

27. 9(x2+>'=+2=)-10,x+20y- 20^-31=0 ; / -j-) ' 

5 V14. 

CHAPTER VIII 

Pages 167—169. 

2. ([) p{ax--\-by") = 2zilx-\-my’i-nz)* 

(ii) p-{x^-\-y~-{-z")+2pux{lx+my-ynz)+dilx-\-my-\-nzy=^0, 

3. 6-x-=fl'(y-+^=). 4. 422(ax2+5y-+cz=')=(axH?y®)'. 

Page 170. Art. 88. 

1. If the pt. of concurrence of the five lines is taken as origin 
and the equations of the lines are 


II 

2 X _ 

rti ' Ta “ 

V 

2 

’«2 

y^_ 

2 X _ 


2 


^4 /a 

^”5 



the equation of the cone is 




Z-, 


zx. 

xy : 

= 0 . 

; 2 
n / 

my, 

ny. 

Tn^rii/ 

UxU, 

hmi 


/ - 
•2 / 

my, 

ny. 



hmz 


7 2 

my. 

ny, 


n^h. 


1 

/ - 

my, 

uy, 

miTi^, 

n.xh. 



/ - 
*5 / 

my. 

n.y. 

m^n^, 

nJi, 

/jtns 



Pages 170—171. Art. 89. 

/.I’-'t /ixy==0. 


Page 172. 


1. 2_ , 


2. - 


v 3' r3' v3* • V3 V3' V3* 

Pages 173 — 174. 

1. 5(x--f-y"-lz-) — 8(j’2-J-rx-|-xy)—4x-h86y— 582+278 

3. A{x-~\y--\-z'')-\-9iyz^zx-\-xy) = Q. 

4. x-A-y^-rz~-i 6(>'z+2X+xy) — 16x — 36y— 42— 28=0. 
Pages 175 — 176. 

1. (i) afaz — yx)= + 6{32 — y>')= = (2— y)^ 

(; i) ([i2 - yy)‘ = 4a( az - yx) (2 — y) . 

2. (n) -i, (a^ -rxr-+ ^ ('^z-ryy-^iz-yY. 



ANS\^'E£?S 


xm 


Pages 177 — 178, 

1 . {x^-\-y- -{-z^-\-2ux-\-2vy-{-2wF.-\-d) x 

Ui“ +>'i" +-^1' + ‘“^1 + -f 2\vzy -I- d) 

=[xxi ^'ryy^ +zZi +u{x+Xi) +P(y+yi) 4 w{z-\-z,) i-d]’. 

Page 179. 

Ex. (1,2, 3), (2, -3,1). 

Pages 184 — 185. 

2. (,) cos-‘ ; (ii) cos-' 4- -'3 • 


^ _ JL- -L- i-. 

_i - 4 ~ 2 ’ -1 “ 2 “ 0 

Page 187, 

1. (a) [ See end of Note, Art. 100. ] 

Pages 190—191. Art. 102. 

= X y 2 

5 . x=-y = -z, - 3 - = -[ • 


MISCELLANEOUS EXAMPLES ON CHAPTER VIU 
Pages 191-197. 

1. ( 1 ) (I'O d-{7.x^-\-{iy''-^y2~)^{axj-by-\-cz)-. 

(Hi) x--z-H-3xy = 0. 

8. l9x2 + 13/4-3.e'-24>'j-12zx~8x>' = 0. 9. 120\ 

16. 2x=+>'* + 52'‘-42x = 0. 

17. x“(aw2 _ 2 gwu 4- CU-) + 2xy{cui^ -fwa - gvw 4 hw-) 

4->»* {bw^—2fvw-\-cif-) 


18. 

21 . 


Zz--\-4yz-zx~-5xy = 0. 

6«-‘+cm“ _ cf* I an- ^ am~-\-bl^ 
fmn “ gnl "" him 





CHAPTER DC 

Pages 198-199. 

2. 1 Ox- 4- 13;^- 4- 52^ + 6^2 - I22x4-4xy4-8x4-10y— 22 — 123=0. 

3. x24-/=a^ 

Page 202. Art. 107, (6). 

Ex. x‘‘4-3'’‘4-2“— 3^^— ^x— xy-4x4-5>'-z— 2 = 0. 

MISCELLANEOUS EXAMPLES ON CHAPTER IX 
Pages 202—205. 

2. 5x2 4-8/ 4-5z*-4yz-8zx-4xyH-22x-16y-14r- 10 = 0. 

3. 5xH-8/-|-5zH4y/4-8rx-4xy-I44 = 0. 
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4. x^’^y--\-z--ryz-zx-{‘xy—9 = 0. 

5. ^ry^ +z“—yz—zx— xy—\ = 0. 

7. (nx-r)"+ ^(ny—mz)- = 

8. ^x=-[^6y-~'r^z^- + Syz-2zx + 6x-24y-\$z-i-24 = 0. 

9. [ [x-ay^-(y-b)'H^-cy-r- ] 

= [l(x-a)-^m{y-b)+n{z-c)Y. 


CHAPTER X 

Page 215. 

x^ z^ 

1. (?) If the equation of the ellipsoid is 4- ; 5 ~ =1/ 

Q** O'* C 

and that of the given plane is lx-rmy-\-nz = p, the equation of the 


x- , v" , z- f /x+my+n 
cone IS -}- .-=(• 


a- b' \ p 

(ii) If the equation of the ellipsoid is 




— 4-'^+ — = 1, 

0 “ c- 


and that of the concentric sphere is X“+y®+r^=r^ the equation of 


the 


cone IS )x=+(^ - 






Page 219. 

Ex. (ti) Hyperbolic paraboloid. 

MISCELL.ANEOUS EXAMPLES ON CHAPTER X 
Pages 222 — 223. 

3. (a) Paraboloid of revolution. 


Page 227. 





CHAPTER XI 

■'*' =1. 

c- 


Pages 228—230. 

1. 4x+6y + 3r — 5^0, 2.i:~I2y'f-9z — 5 = 0. 

4. (6) Ix+my-\-riz^ b‘m'4-c-n^. 

Page 231. 

1. x- 4 -y"+ 2 -=a^ .b-~- c-, a sphere (called the director sphere 
of the ellipsoid). 

Page 233. 

2. The curve of intersection of the given ellipsoid and t c 


ellipsoid 
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Xlf 


,y 


2 3 


3. 


a 




- + - 


z,- 


a« "T* ^0 


Page 239. 

I. + + 

a~ 0 - c‘ 

Pages 24!— 242. 

1. (See Note, Art. 122.) axx+by'^.-\-czy=], axl-\-bym + c:n=0, 
^ a(h~c)y. , b(c-a)'i , c(a-b)y ^ 

3. ax,X2-\-byiy.,-\ cZiZ2=h axJ-.-r-byim.i-\-cZin2=0, 

axJi -\ by.imi-'rCZ2ni==0, a/i/^ f 6m,m2-fcnin2=0. 

4. {aXiXi-\-byiy.-\-cz^z.^-\){alj2+bmimi^cn^n..) 

= (a/iXj -\-bnuy.i-\ cniZ2)ial2Xi H bm^yi ) . 

7. >» + S = 0, 5x +y — 5z = 0. 

8. X — 23;-|-3z+ 1 =0, 2;t T-.V 1-^ = 0. 

Pages 243—244. 

1 . (ax- -\-by- -'t CZ-— I )(q 7.‘ ■( i'i- -\-cy-— 1 )‘={axy. +£'>', — 1 )* ; 
a(6 l-c)x’+6{c+a)y* -i-c{a -rb}z-=a-\-b-\-c. 


2. (0 z=±c. 

y- 


(I'O -r , = 1- 
aHo' 


3. 


z- 


7? — 77- =I/A=0; , .,- = 1 ^ = 0. 

O'— a- a-~-b- c- 

Page 246. 

1. [ See Art. 106. ] 

4.-VA H- I V^'-- -I- "'-V (^l-A >'^4- V 

\d^ ^ b- £2 -f Ij> I J.-. j- +^2-j • 

2. (axH by - -f cz= - 1 )(al- \-bm- i cn-) =(axl ^-bym +czn)-, 

' \d- ' 6’^ ^ c- Aa^ ^ b^ ^ ' ~A ‘ 

V(! , N _.xl ^ym^ z/i y* 

Pages 247—248. 

1. a«^-6;;?,+c^y=ar,“+6:i=+c/; x+6;/- 10^ + 20=0. 

2. (a) + yy + . SL . A1 

a- b‘ ^ c'‘ ^ b‘ c- ■ 


5. {ax^-\by‘+cz^)^ 


2-t 


p + 
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6. If the equation of the conicoid is 1/ and k is 

the constant distance of the section from the centre, the required 
locus is {ax^ -\-by- -rcz^y=k~{a^x^ 

8. xXi+yyi-rzzi=Xi-'^yi~-\-Zi^, 9. (-2, 3,-1). 

Pages 251 — 252. 

' c'^ 

2. (,) x+4>-3z-4=0 

(ti) X— 4y+6^-0. (m) ( — 4, 2, S)* 

3. Qx'^-\-hy~-\-cz'^=ax%'\-by'^^czy. 

Pages 255—257. 

1. (a) [ See Art. 130, Cor. ] 

6. The locus of the point of intersection of three mutually 
perpendicular tangent planes to the ellipsoid ^ ^ ^ = 1 


the director sphere x^-ry’-rz^~a^+b‘^-\-c-. 
Pages 264—266. 
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Pages 269—270. 

1. axy.-\-by^=z-^Y. 2. (8,9,5). 

5. {alv. -I- bm^i — n)“ = {al^-ybm^){a%- 2y) ; 

(ax“ -r fty 2 — 2r) (ax- + — 2 y) = (flxa + — 2 — y)^ 

6. a6(x--|->’‘) — 2(a-f 6) 1=0. 

Pages 275 -276. Art, 143. 
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MISCELLANEOUS EXAMPLES ON CHAPTER XI 
Pages 276—284. 

4. a^x^+b^y^+c-z=^c*, 

‘ a"- d- ^,2 + ^2 - 2 * 

CHAPTER XII 

Pages 286—288. 

3. If 77=0, the section is a parabola. If n#0, the section is an 
ellipse or hyperbola according as ab is +ve or — vc. 

Pages 291—293. 


1. If the equation of the ellipsoid is ^ 
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and that of the plane of the central section is lx--my'\-nz= 0 , th:n the 
equation giving the lengths (r) of the semi-axes ol the section is 
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a^b- 


= 0. 
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8. If the equation of the ellipsoid is 




c- 


r = 1, and 


that of the plane of the central section is lx-\-myynz=l), then the 
equation giving the lengths (r) of the semi-axes of the section is 


i iP-^m^+n^)- (p + -c:r)+m= (^+ p )+"V? 
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= 0 , 
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and the area T^obc . i ^2n" 

Vu'r + b'm- + C'TX- 

Pages 298 — 301. 

1. (a) If the equation of the central conicoid is ax-^by'-^cz-=\. 
that of the plane of the central section is lx-\-my-\-nz=i), and that 
of the plane of the parallel section is lx-\-my-ynz—p ) r,, are the 
lengths of the semi-axes of the central section, r,', r,' the lengths of 
the corresponding semi-axes of the parallel section, then 

j %2 /2 j ^2 

where ^^=1— '-2,andpo*= “+ ~ir + — * 
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4. ^^^Vbh^-H'a--\-a-b‘'^ 
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Pages 305 — 306, 

Vrns^). 3. a=4^(^+^j.+l)(*-l+^;-2zy=P. 

Pages 309 — 310, 

1 . x±z= 0 . 

Page 312. 
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Pages 313— 315. 

2. 4x-y-32 = 0, 2x-k-5y—z =,0. 

3 . :l-\-y—z = K x-y+2z = for all values of A and 

6. m2(c-a)=n2(a-6); or m=0, n’*(a-6)=/*(6-c) ; 

or n=0, c) = mr{c—a). 

Page 317. 
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1. j;-{- 2 ^=X, y— for all values of A and 
Pages 318 — 319. , Art. 154. 

7. ( 0, ± b Vci^—b^ » 
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MISCELLANEOUS EXAMPLES ON CHAPTER XII 
Pages 319—328. 

10. (i) ^^,1. (») 1> 1- 

CHAPTER Xm 

Pages 333—336. 

a: 4-2 y-l _ . x-\-2 _ y^ ^ z^ 
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X y4-l z — 3 . X y4*I z— 3 

= = 0“ ^ T ” -1"” “-3 * 


Page 340. .i ^ i ^ 

1. The equation represents the two planes^ one thro the origin 
and one generator thro' the other thro' the ori^^^ 

and the other generator ' tlirb' (xuyu z^). 

Pages 346-347. . / 
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Page 350, 
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where A and are variable parameters 


= 2/*; 
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Page 351. 

1. al^-\-bm^=0, ah+bm?.-n = 0, aa2+6?2-2y = 0 ; 
I m n 


±\/— 6 — Va ±_ay-y/—h—y/a.b^j 


x-\ y^\ _ z-\ x-l_y-l_ 

— 5 • = _ 4 ~ -1 ' 3 “ “ -1 I 


z-\ 


Pages 352—353. Art. 167. 


3. 


x—ar co^d __ y—brsin6 __ _z^ir-cos2B 


, the ambi- 


-t- a —6 ~ r(± cos 0+sin 0) 

guous signs being taken with the upper signs thro' out or the lower 
signs thro' out. 

2 I A* 

5. x-+y^+2z‘± ab = 


MISCELLANEOUS EXAMPLES ON CHAPTER XIU 

Pages 353 — 358. 

1. (a) Cone (and as a particular case, pair of planes), cylinder, 
hyperboloid of one sheet, and hyperbolic paraboloid. 

8. /ix+(/* + I)z + l=0, /^x-y+^ + 1 = 0, where /Ms a variable 
parameter. 

9. {A + l)x=-)/=— A U-^1)/ where A is a variable parameter. 
16. The curve of intersection of the given paraboloid and the 

cylinder (x+y)^ tan^y. = (x— >')“+2. 
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